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The result of Honda-Tate theory for abelian varieties is a bijective correspon-
dence between simple abelian varieties over finite fields and certain algebraic
integers, so-called Weil-numbers, induced by relating an abelian variety to its
Frobenius endomorphism. Working on the function field side of algebraic number
theory, we construct the analogue of Honda-Tate theory in this setting, general-
izing an earlier result of Yu for Drinfeld-modules to the higher-dimensional case
of A-motives and global shtukas.
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Notations

We will use the following notational conventions throughout, unless explicitly
stated otherwise:

C : a projective, geometrically irreducible, normal curve over .
oo : a fixed F,-valued point of C.

A : the ring O(C'\ {o0}) of rational functions of C' outside oc.

C" : the curve C'\ {00} = Spec (A)

Q@ : the field of fractions of A, also the function field of C.

C : the curve corresponding to some CM-algebra E/Q (see below)
Cy» Cy - the curves C' x Spec (k) and C' x Spec (k), respectively
Ag, Ay : the rings A ®p, R and A ®p, k.

k : a finite field extension of F, of degree e = [k : F,]

v @ a fixed F,-homomorphism A — k, making (k,7) an A-field.

e : the kernel of 7, the so-called A-characteristic of (k,~).

=

- @ residue field of €, i.e. F. = A/e

. an A-motiv (M, 7y;) over some A-field k

= =

: a global shtuka (N, 7y, ¢) over a base scheme S

QEnd, (M) : the Q-algebra of quasi-endomorphisms Endy (M) ® @

E : asub-Q-algebra in QEnd(M) of maximal rank rkg (M), called CM-algebra.
7 : Frobenius endomorphism of an A-motive/global shtuka

« : an abstract (Drinfeld-)Weil-number in Q#

0:Ar — Ag : themap a®r— a®ri.

o*M : the Ap-module M ®, Ay

k{r} : the skew-polynomial ring over k in the variable 7 with 7.z = x9.7.



u|v|w : places of the CM-algebra F, of F' = Q(7m) C FE or Q(a) C W, and of
Q, respectively

Zus Zv, 2w - Uniformizing parameters at places u, v, w, often simply written as z
F,,F,,F, : residue fields at u, v, w

Oc, : the local ring of C' at v.

A, : the completion of O¢, w.r.t. v.

Q. : the field of fractions of A,.

Apr - A®Fq L

Qv : A, inverted at z,.
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Introduction

A simple abelian variety A over a finite field I, may be associated with a specific
set of complex numbers via its Frobenius endomorphism. More precisely, consider
the minimal polynomial of the Frobenius, which will be a polynomial with integer
coefficients, and form the set of its roots. We call the elements of this set the Weil
numbers associated with A. It was shown by John Tate that two isogenous abelian
varieties have the same Frobenius minimal polynomial and therefore the same set of
associated Weil numbers. Moreover, we can describe Weil numbers in an abstract, but
very elementary way; they are complex algebraic numbers o which have absolute value
/¢ under every embedding Q(a) — C. One can therefore define an abstract Weil-¢-
number to be such an algebraic number, and having obtained this abstract definition of
Weil numbers, it makes sense to ask if it is possible, given an abstract Weil number «,
to associate an abelian variety A(a) to the class of abstract Weil numbers represented
by «, that is, to a conjugacy class of Weil-g-numbers under Galois operation, such that
the Frobenius of A(«a) is conjugate to a. It was shown by Honda that this is indeed
possible, and hence there is a one-to-one correspondence between the set of isogeny
classes of abelian varieties over finite fields and certain finite subsets of the complex
numbers. More precisely, if one denotes the set of isogeny classes of simple abelian
varieties over [, by sabVarIFq and the set of conjugagy classes of Weil-g-numbers by
W, one has a bijective map

sabVargy <> Wy .

The existence and description of this correspondence is usually referred to as Honda-
Tate-Theory for abelian varieties. It is a part of number theory in characteristic zero,
that is, the theory of finite field extensions of Q and its growth into arithmetic geometry.

Modern number theory exists in two parts, the first being the theory in characteristic
zero, dealing with number fields, the aforementioned finite extensions of @, and the
second the theory for characteristic p > 0, dealing with function fields — finite extensions
of the fields F,,(t). The two sides are rich in analogues and similarities that have been
researched and understood over the years. Elliptic curves and abelian varieties belong
to the number field side; the endomorphism ring of elliptic curves includes the ring Z
of rational integers. On the function field side, the ring Z is replaced by an (admissible,
see Section. 1.1 for details) ring A of characteristic p > 0, the most simple example
being F,[t], and its field of fractions @, in our example F,(t), takes the place of the
rational integers Q. The uniquely determined, natural characteristic morphism Z — k
for any field k£ has to be replaced by a chosen morphism v : A — k, and the kernel
g = ker of this morphism is called the A-characteristic of k. In particular, it allows
us to consider k as field extension of F. := A/ker~. The notion of Drinfeld modules



plays the role that elliptic curves play for number fields, a Drinfeld module being some
non-trivial ring homomorphism ¢ : A 3 a — ¢, € k{7}, with k{7} meaning the skew-
polynomial ring over k in the variable 7, with action given by 7-b=07-7 for b€ k. A
Drinfeld-A-module ¢ has a rank, which is in the case of A = F,[t] simply the 7-degree
of the highest 7-power in ¢; with non-vanishing coefficient.

Every Drinfeld module ¢ defined over a finite field k¥ = Fge possesses a Frobenius
endomorphism 74, given by the ¢°-th power map 7¢. Furthermore, it was proven by
Yu ([Yu95], see also [Gos96, Thm.4.12.15]) that the roots of its minimal polynomial
min, o € Q[X] in Q2 classify its isogeny class in a similar fashion as Weil-numbers
do for elliptic curves and abelian varieties . In other words, if we write A — DM},
for the set of isogeny classes of Drinfeld-A-modules of rank 7 over a field k of size (¢°)
and DW™(A, g, e, r) for the (suitably defined, see Chapter 3) set of conjugacy classes of
Drinfeld-Weil-numbers of rank r, there is a bijection

A—DM~(k,r) «+1s DW™(A,q,e,r)

given by mapping a Drinfeld-A-module ¢ of rank » with Frobenius endomorphism
to the conjugacy class of roots of min; . Thus, there is a Honda-Tate-Theory for
Drinfeld modules.

Now, similar to how elliptic curves are just the 1-dimensional case of abelian varieties,
Drinfeld modules can be understood as the 1-dimensional case of higher-dimensional ob-
jects, originally introduced in 1986 by Anderson in [And86] under the name ¢-modules,
which can be defined as ring morphisms ¢ : A — k{r}%*¢ for any dimension d > 0
satisfying some additional technical properties. The interested reader may find a quick
overview in the Appendix, under the modern name Anderson-A-modules. In loc. cit.
Anderson also introduced a category of t-motives, which is anti-equivalent to t-modules,
and nowadays referred to in the literature as the category of A-motives. (Older works
still use the terminology Anderson-A-motive.)

It is also possible to go one step further and construct a category of Global Shtukas
which is even larger than the category of A-motives. Every A-motive lives over two
places, the A-characteristic € = ker~ and a point co, which is the place on the curve
C corresponding to the field of fractions @ of A not in Spec(A). A global shtuka
N = (N,7n,¢) over a base scheme S is essentially an A-motive with more than two
characteristic places given by a tuple of morphisms ¢ = (¢; : S - C :1<i<mn). (A
precise definition is included in later chapters.) The term global strongly implies the
existence of something called local shtuka, which is indeed accurate; local shtukas are
objects attached to A-motives and global shtukas at the places of C, which play are
crucial role as the equivalents of p-divisible groups.

The theory of Drinfeld modules, Anderson-A-modules, A-motives and global/local
shtukas was developed further by G. Anderson, V. Drinfeld, W. D. Brownawell, E.-
U. Gekeler, D. Goss, G. Bockle, U. Hartl, M. Papanikolas, R. Pink, Y. Taguchi, D.
Thakur, J.-K. Yu, amongst many others.

Our aim in these notes is to give a generalization of Honda-Tate correspondence to
higher dimension, first and foremost to A-motives.

Let us briefly note some important similarities and differences between the theory of
abelian varieties and the theory of A-motives.
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Abelian varieties are always semisimple, that is, they may up to isogeny be written as
product of simple subvarieties. In general, A-motives do not behave quite as well, in that
one can construct non-semisimple A-motives. Over finite fields, however, A-motives are
always semisimple after a suitably large field extension. Semisimple A-Motives show
quite similar behaviour as abelian varieties.

An abelian variety A of dimension n over C can always be realized as a quotient V/A,
where V is a n-dimensional C-vector space and A a real lattice of R-rank 2n. Moreover,
there is an explicit realization via its exponential function, i.e. To(A) = V = C" and
A = ker Exp,. Anderson-Motives on the other hand do not always allow a lattice
realization; if they do, they are called uniformizable.

We already mentioned that the ring of rational integers Z can be found inside the
endomorphism ring of an elliptic curve. More generally, this is true for abelian varieties
of higher dimension as well, and if one considers the Q-algebra of quasi-endomorphisms
of an abelian variety A, formed by tensoring the endomorphism ring with Q, one can
ask if this algebra includes a commutative semisimple (Q-sub-algebra of maximal rank
2 - dim(A). If this is the case, the variety A is said to have Complex Multiplication,
and one can describe abelian varieties with Complex Multiplication in a very abstract
manner simply by defining the correct notion of CM-type. In this way, it is possible
to construct abelian varieties with Complex Multiplication based only on information
about their endomorphism ring. This is also a fundamental ingredient in the proof of
Honda-Tate theory for abelian varieties, since knowledge of a Weil-number « associated
to A can be translated into knowledge of the endomorphism algebra of A.

Switching sides again, one can define the notion of Complex Multiplication and CM-
types for A-motives (and global shtukas) in a manner quite similar to the above, and
this will be a crucial step for us to develop Honda-Tate theory for A-motives (and global
shtukas).

Finally, let us summarize our results. We give the definition of Weil-numbers and
our main result for A-motives:

Definition 0.1 (see Chapter3). Let A be an admissible ring, and let Q be its field
of fractions. Let p C A be a mazximal ideal, and let a > 0 be a positive integer. A
p®-Weil-number is an element of Q%9 satisfying the following conditions:

1. The minimal polynomial min, g of a over Q has coefficients in A.

2. The element o does not lie over any place w outside p and oo, 1. e.

ordy(a) =0 (Vwtp-o0).

Two Weil-numbers «, o’ are called conjugated, written as a ~ o/, if they have the
same minimal polynomial min, g = min, g over (). We denote the set of conjugacy
classes of p®-Weil-numbers by

W™ (A, p,a),

and the set of isogeny classes of simple A-motives over & = F,a of characteristic p by
A-Mot™(p,a) .

Theorem 0.2. Then there is a bijection between the set of isogeny classes of simple
A-motives over a fized finite A-field (k,v) of size (# Fp)a and the set of conjugacy
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classes of Weil-numbers o in the sense of Definition 0.1 induced by M +— min, ¢, that
18:

A-MotZ (p, a) 51> W~(4,p,a)

We also explain how to extract dimension and rank of the corresponding A-motive
from a Weil-number, show that this correspondence can be restricted in a suitable
manner to pure A-motives and give a definition of pure Weil-numbers. Furthermore,
we prove an analogous result for Global Shtukas.

Our approach mirrors the works of Honda and Tate. Historically, injectivity and
surjectivity were separate results by J. Tate and T. Honda [Hon68], respectively, with
Hondas original proof having been written in 1967. Soon afterwards, in late 1968, a
paper written by Tate alone appeared in Seminaire Bourbaki, crediting Honda, in which
Tate gave a complete account of the bijection theorem, using the essence of Hondas
approach, but avoiding some of Hondas elementary, but unwieldy ideal constructions
and using instead an argument involving p-divisible groups. We will essentially follow
this latter approach, employing the technique of local shtukas as analogue to Tates
p-divisible group argument. The core steps of the proof are as follows:

e Choose a maximal ideal p, an order a > 0 and a p-Weil number « of order a.

Deduce the correct endomorphism algebra from a.

Obtain from it a CM-type and thereby an A-motive with (CM) over Coo

e Move from a motive over Co, to a motive over some finite field &/ F,,.

Show that some power o™ of « represents a Frobenius endomorpism.

e Finally, conclude that « is defined by a Frobenius endomorphism as well.

Some words about the organization of the work. The first chapter is primarily an
overview of the theory of A-motives and global shtukas. The second chapter deals with
the theory Complex Multiplication of A-motives, and includes a prove of the analogue
to the formula of Shimura and Taniyama. The third chapter defines Weil-numbers
for function field objects and states the Honda-Tate correspondence. The fourth, very
short, chapter proves the injectivity of the correspondence. The fifth chapter deals
with the surjectivity proof. The appendix includes short explanations of Anderson-
A-modules, Complex Multiplication for abelian varieties, descent theory and Brauer
groups. Each chapter starts with a more detailed overview of its contents.

During the work, we use boldface to indicate formal definitions, and italics for
general emphasis. The numeration of Remarks, Propositions, Theorems and so on is
continuous, and includes the chapter number first. Sections and subsections are labeled
independently.
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1. A-Motives and Global Shtukas

In this chapter we introduce all the fundamental objects of interest for our work, in par-
ticular A-rings, A-motives, global shtukas, (associated) local shtukas and the Frobenius
endomorphism. We explain the notions of pure and (semi)simple A-motives, and we
explain the structure of the endomorphism algebra of A-motives and global shtukas in
terms of their Hasse invariants. The primary source are the two papers [BH11, BH09],
as well as [Har16] and [HS16]. Note that the first two papers are older and written in
the of so-called abelian T-sheaves, which has not been adopted for general use, and we
will therefore avoid entirely. Abelian 7-sheaves and A-motives are closely related (see
[BH11, Thm. 3.1]), and results obtained for 7-sheaves are generally true for A-motives
as well. A certain care, however, has to be taken when an argument including 7-sheaves
touches the point oo, which has to do with the definition of purity. More generally,
the statements in [BH11, BH09] will usually also remain true if one replaces A-motives
with global shtukas. This is true in particular whenever proofs work locally, i.e. with
local shtukas.

1.1. The ring A and A-fields

As mentioned in the introduction, the theory of Drinfeld-modules and A-motives is
situated above a ring A replacing the ring Z on the number-field side. Not every ring A
may be used; instead, a ring A is called admissible if it arises in the following manner:
Let C be a projective, geometrically irreducible and normal curve over F, and oo be a
fixed Fy-rational point of C. Let C’ := C'\ {oo} be the curve outside this given point.
Form the ring A = I'(C’, O¢) of functions of C regular outside co.

Let us now fix such a curve C, a point co and a ring A as above. Let us write
@ := Frac(A) for the ring of fractions of A.

Definition 1.1. Let k be a field extension of Fy. Lety : A — k be an Fq-homomorphism.
The pair (k,7) is then called an A-field. The A-characteristic € of (k,~) is defined
as the kernel of v. More generally, any (commutative, unitary) ring R together with a
ring homomorphism v : A — R is called an A-ring.

Remark 1.2. We are mostly interested in working with A-motives (and shtukas) over
fields, but the theory can also be developed over A-rings, see for instance [Har16]. Since
it will on occasion become necessary for us to consider objects over rings, we include
the more general definition.

Let R be a ring. Write A := A®p, R. We can define an endomorphism o of Ag via

c:Agr>a®b—a®b! e Ap.



1. A-Motives and Global Shtukas

We write 0*M := M ® 4, ,Ar (i.e. an element a € Ap acts as a.m®1 =m®o(a)) and
o*(m) :=m® 1 for all m € M. Since A acts canonically on the second component,
o*M is an Ar-module.

1.2. Drinfeld-Modules

Definition 1.3. Let k/F, be a field extension. Let k{r} denote the ring of skew-
polynomials
bo+by-7+--+b,-T"

i the variable T with action given via the g-Frobenius of k. In concrete terms, this
means 7" -b=b4" - 7" for allb € k and n € N.

We have already developed all the necessary language to define one of the most
important concepts in the arithmetic of finite fields, that plays a similar role as elliptic
curves do for number fields.

Definition 1.4. A Drinfeld-A-Module with coefficients in an A-field (k,~) is a ring
homomorphism ¢ : A — k{7}, such that the following two conditions are satisfied:

(i) The image of ¢ is not contained in k, i. e.
Im(6) ¢ k.

(ii) The constant term of ¢(a) is given by v(a), i. e. for all a € A we have

Ba) =) 70+ ar T a7

1.3. The Category of A-Motives

In this section we will define the objects of primary interest to us. They were also
invented by Anderson [And86] under the name of t-motives.

1.3.1. 7-Modules

Let now M be an Agr-module and 7 : M — M be a o-linear endomorphism of M, i.e.
7(a-m)=o(a) 7(m) for all a € Ap and m € M. Composition of 7 with

v Mome—m®leo*M

yields 7 := 71y 01 : 0*M — M, which is now a linear map of Ag-modules.

Definition 1.5. A pair M := (M, 7ar) is called o T-module over Spec (ARr) of rank r,
if M is a locally free Ar-module of finite rank r and tpy : 0*M — M is a monomorphism
of Ar-modules.

A 7-module may also be given via the o-linar map 7 instead of 7;;.



1.3. The Category of A-Motives

1.3.2. A-Motives

Definition 1.6. A 7-module M = (M, Tp) over Ar of rank r is called effective A-
motive over an A-ring (R,y : A — R) of rank r and dimension d, if the following
conditions hold:

(i) the cokernel coker Ta; of Tas forms a d-dimensional R-module
(i1) which is annihilated by the d-th power of the ideal J = (a®1—-1®~(a))a, C Ag.
If in addition R =k is a field and the following condition
(iii) M is finitely generated as k{t}-module
holds, the A-motive M is called abelian.

Remark 1.7. Abelian A-motives are closely related to Drinfeld-modules and abelian
Anderson-A-modules, as will be seen later. Under certain conditions (in particular
purity - ¢f. Def. 1.35) Anderson A-motives are automatically abelian.

Remark 1.8. The ideal J is the kernel of v ® idy : Agr — Ar and defines a locally
free Ap-module of rank 1, or in other terminology, an invertible sheaf on Spec (AR).

The term effective refers to the fact that under the monomorphism 737 the Ag-
module ¢* M is a subset of M. Dropping this condition, one is led to the more general
notion of A-motive:

Definition 1.9. An A-motive of rank r over an A-ring (R,~y) is a pair M = (M, Tpr),
where M is a locally free Ar-module of finite rank r, and Ty is an isomorphism away
from J, that is,

~

—

. *
™0 Mg v T Mispeeamvian

As the following proposition shows, the two concepts are indeed closely related.
Proposition 1.10.

1. Every effective A-motive M induces an A-motive in the natural way by restricting

Ty to Spec (Ar) \ V(J).
2. For an A-motive (M, Tyr) to be effective it is sufficient and necessary to have
(0" M) C M.
In this case, the dimension dim(M) is given by dimpg(coker Ty).
Proof. See [Harl6, Prop. 2.3]. J

Definition 1.11.

1. A morphism [ : M — N of A-motives is an Ar-module homomorphism f, such
that Tpp o f = o*forny where o*f == f®id: o*M — o*N. As usual, we write
Hompg (M, N) for the set of such morphisms, and we will leave out the index k
when no confusion is possible.



1. A-Motives and Global Shtukas

2. If f : M — N is a surjective morphism of A-motives, then N is called a quotient-
motive (also factor-motive) of M.

3. A quasi-morphism f: M — N is an element of
QHomp(M, N) := Homp(M, N) ®4 Q.

We also write

QEndR (M) := QHomp (M, M).

So far, we have given the modern definition of A-motives over A-rings instead of
A-fields, since it allows for a certain ease of notation in the context of reduction theory.
However, we are for the most part interested in working with A-motives over fields k,
and we will develop the rest of the theory of A-motives mostly for fields.

Remark 1.12. There is a functor associating to a Drinfeld-module ¢ : A — k{7r} the
pair

M(¢) == (M(¢) :=k{r},7; : 0" M($) — M(¢),m = 7 -m).
Then M(¢) forms an abelian A-motive, and it can be shown that just as for Anderson-

A-modules the effective, abelian A-motives of dimension 1 correspond exactly to the
Drinfeld-A-modules.

A finite, surjective morphism of abelian varieties is called an isogeny of abelian
varieties. The theory of Honda and Tate classifies abelian varieties over finite fields
up to isogeny. We will now give the corresponding dual notion for A-motives.

Definition 1.13.

1. An isogeny f : M — N of A-motives is a monomorphism f € Hom(M,N)
with torsion cokernel. We denote the set of isogenies M — N by Isog(M,N). If
the set Isog(M, N) is not empty, M and N are said to be isogenous, and we
write M ~ N. If M and N are effective, there exists an induced map Teoker f :
o* coker f — coker f, and if this map is (not) bijective, the isogeny f is said to
be (in)separable.

2. A quasi-isogeny f : M — N of A-Motives is a quasi-morphism f : M — N,
which is invertible in QHom (M, N). We denote the set of quasi-isogenies M — N
as Qlsog(M,N).

Proposition 1.14. For any isogeny f : M — N between A-motives there exists an

element a € A which annihilates the cokernel of f. Furthermore, there exists an isogeny
1)+ N — M such that

fofl=aidy and flof=idy.

Proof. See [BH11, Cor.5.4] for the pure case, and [Harl6, Cor.5.15] for the general
statement. 2

As an immediate consequence, we obtain the following Corollary:
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Corollary 1.15. A morphism f : M — N between A-motives is an isogeny if and only
if it is a quasi-isogeny.

Definition 1.16. The isogeny f, is called the dual isogeny corresponding to (f,a).

Corollary 1.17. Let M and M’ be A-motives and let f € QEnd(M, M') be a quasi-
isogeny M — M'. Then
QEnd(M) = QEnd(M').

Proof. Follows immediately from the existence of a dual isogeny. a
Remark 1.18.

1. Note that in general there is no canonical choice of a dualizing element a, and
therefore no canonical choice of f). However, certain additional conditions guar-
antee a canonical choice; in particular, this is true for semisimple pure A-motives
over finite fields.

2. The existence of dual isogenies implies that equality up to isogeny defines an
equivalenve relation ~ for A-motives. In particular, we can define the sets

A-Mot™ (k) := {A-motives M over k}/ ~
and

A-Mot™ (k,d,r) := {A-motives M of dimension d and rank r over k}/ ~ .

1.3.3. Global Shtukas

An A-motive, defined over some A-field (k,~), lives over two special places, the char-
acteristic ideal ¢ = kery and the fixed point oo, with only the characteristic being
allowed to vary from motive to motive. It is therefore natural to consider A-motives
with ”"more characteristic places”. We will call such a structure a global shtuka:

Definition 1.19. A global shtuka of rank r with n paws over an F,-scheme S is a
tuple
N = (N.c,7v),

where N is a locally free sheaf of rank r over Cs = C' xS and ¢ is a tuple ¢ = (c1, ..., ¢p)
of Fy-morphisms Spec (S) — C' such that Tpr is an isomorphism on J*MCS\F — Nics\r
outside the graphs of the c;, i.e. outside I' :=T, U--- UL, . We call the elements of
c the paws of N.

Remark 1.20. The definition of a global shtuka (N, ¢, 7ar) does not put any restriction
on the paws and their graphs of a global shtuka. In particular, the graphs don’t have to
be disjoint, which may cause problems when working locally. We are only interested in
working with global shtukas over finite fields, in which case graphs are disjoint if any
paw ¢; given by a place on the curve C only appears once in c.
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Definition 1.21. Let N and N be global shtukas over S = Spec (k) with the same set
of paws c1, ..., c,. Letn be the generic point of the curve Cy, = C x Spec (k). Then we
define the set of quasi-homomorphisms from N to N as the set of morphisms between
the generic fibres of N and N compatible with Tnr = and Tpr, that is,

QHom(M,M) = {f :./\fn —>N,Hfo (7'/\/)77 = (TN’)nof}'

From the definition it is quite immediately concluded that an A-motive is nothing
but a global shtuka with two paws given by the characteristic point € and the infinite
point oco.

Lemma 1.22. Let N = (N, c1,c2,7x7) be a global shtuka of rank r over Spec (k). The
graph of co consists of a single point, which we call co. Then the induced pair

M(A) := (D(Spec (Ag), N), 7n)

forms a (not necessarily effective) A-motive of rank r over k. Vice versa, a (not nec-
essarily effective) A-motive (M, Tyr) induces a global shtuka N(M) by extending the
associated sheaf M on Spec (Ay) to Cs.

Proof. This follows immediately from the definitions; see also [HS16, Ex. 6.3]. 4

Remark 1.23. For the special case of n = 2, Drinfeld [Dri87] introduced the concept of
an F-sheaf, which in our terminology can be described as a global shtuka (N, ¢y, ca, Ta)
such that c1 and cy have disjoint graphs, Ta/(c*N) C N outside T, and 75/ (N) C o*N
outside I'c, , with the respective cokernel being locally free of rank 1 as Og-module. Global
shtukas of this type are nowadays referred to as Drinfeld shtukas.

Definition 1.24. Let N and N be two global shtukas over S with the same set of paws
(¢i : S = C)i<i<n. A quasi-isogeny between N and N” is an isomorphism

f : N |Cs\Ds_> N/ |Cs\DS
such that Tazr o o* f = f o Tnr, where D is some effective divisor on C.
Remark 1.25. The definition of homomorphisms between global shtukas given above is
consistent with the definition of homomorphism between A-motives, as can be seen from

[BH11, Prop. 6.9]. Similarly, the definition of quasi-isogeny between global shtukas is
consistent with the definition of quasi-isogenies between A-motives, see [BH11, Def. 6.1].

1.3.4. The Frobenius endomorphism

Let us assume, that (k,~) has characteristic € # 0. In this case, F. := A/e is a field.
Let e > 0 be a positive multiple of [F. : Fy]. We call the morphism

7= Frobge p ;= Ty 00 02 0 (a*)e_lTM € Hom(c™*M, M)

the ¢°-Frobenius homomorphism of M. In particular, for the field k = Fye, we get
(0*)F=Fl = (6*)¢ = id, and therefore 7 is an endomorphism of M, i.e. © € Endy (M),
simply called the Frobenius endomorphism of M. Since 7 is injective by definition
and the rank of M is equal to the rank of (6*)°M, the g-Frobenius 7 is an isogeny of
M.
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Remark 1.26. If one uses the non-linearized represention of M = (M, Ty o), where

T™M,s 18 a o-linear injection M — M, then the Frobenius is simply T][\]f[:zq].

Remark 1.27. Write Fy = Fpe and with S := Spec (Fye) let N be a global shtuka over
S with paws c1, ..., c, and underlying morphism 7y : 0*N |cg\u,re. = N leg\ur,, - We
call the quasi-morphism

e

TN = TN 0 a TN 0o (o) v N ‘CS\UiFCi—> N |Cs\ui1"ci

the Frobenius of the global shtuka N. It is well-defined, since just like before
0*¢ =1idg, and an isogeny of global shtukas in the sense of Def. 1.24.

Definition 1.28. By Cor. 1.42, we have min, o € A[X], where m is the Frobenius
endomorphism of an A-motive M. We call min, g the Frobenius polynomial of M.

Lemma 1.29. Let M be an effective A-motive over the finite field k with ¢ = p°© ele-
ments with Frobenius endomorphism 7, and let k' /k be a finite field extension. Let M’
denote the A-motive M @y, k' obtained by scalar extension. Let ' denote the Frobenius
of M'. Then

7= (r@1)FH

Proof. The statement is most obvious when one uses the non-linearized representation
(M, 7y ) of M and M, since then the Frobenius 7 is nothing but T4 » and 7 is given
by
Kk Tk k Kok .
(TM’p’)e[ - (Mo @ 1)6[ - (7§15 ® 1)[ I _ (s @ 1)FH]

1.3.5. Simple and Semisimple A-Motives

An abelian variety A is always semisimple up to isogeny, that is, one can always find a
finite number of simple abelian varieties A; such that their product [ A; is isogenous
to A. Unfortunately, A-Motives (even pure ones, see next section) do not have this

property.

Definition 1.30. An A-Motive M # 0 is called simple, if it has no non-trivial factor-
motives. It is called semisimple, if, up to isogeny, M admits a decomposition into a
finite direct sum of simple A-Motives.

We use the notations
A-MotZ (k) := {semisimple A-motives M over k}/ ~
and
A-Mot (k) := {simple A-motives M over k}/ ~,

as well as A-MotZ(k,d,r) and A-MotZ’(k,d,r) of obvious meaning,.
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Remark 1.31. In contrast to abelian varieties, A-motives do no need to be semisimple.
For example, consider the motive M = (M, 7yr) defined over k = F, via M := k[t)?
e
motive pry : M — M' = (k[t],1 — t/0), but it isn’t semisimple, since then M' would
have to be a direct summand of M ,i.e. there exists an v : M' < M, and we obtain
pryot =idpyr. Writing ¢ as matrix (i) € k(t)?, one immediately deducesy = 1 and then
compatibility of v with Tay and Typ yields the contradiction 0 = z — o(z) = ﬁ £ 0,
hence M cannot actually be semisimple. Since M is defined over a finite field, there
exists a base-change to a suitable large finite field extension k' /k such that M @ k" will

be semisimple, see Prop. 1.32.

and Ty = ( ) for some non-zero 0 € k*. This motive has a canonical factor

Proposition 1.32. Let M be an A-motive of rank r and dimension d. If M is defined
over a finite field Fs, then there exists a finite field extension Fy /Fg such that M @ Fy
s semisimple.

Proof. This follows from [BH09, Thm. 6.15]. 4

Proposition 1.33. If an A-motive M is semisimple over a finite field Fg, then every
scalar extension M ® Fy is semisimple.

Proof. See [BH09, Cor. 6.16]. 4

Proposition 1.34. Let M be a A-motive.
1. If M is simple, then QEnd(M) is a division algebra over Q.

2. If M is semisimple, then QEnd(M) is semisimple. More precisely, the finite
decomposition M = @&; M, of M into simple quotient-motives yields a decomposi-

tion of QEnd(M) into a finite direct sum of full matriz algebras over the division
algebras QEnd(M,).

3. If M is defined over a finite field Fq, then both statements above are equivalences.

Proof. This is proven in [BH11, Thm. 7.8] and [BH09, Thm. 6.11] for abelian 7-sheaves
and thereby for pure A-motives. The proof works just as well for not necessarily pure
motives, since the behaviour at the place co is not relevant to the argument. g

1.3.6. Purity of A-Motives

We use the notation A, ; and Q  to indicate the tensor products of A, and Qo
with k. Note that A j, is a product of discrete valuation rings, while @ 1, if a product
of fields.

Definition 1.35. An A-Motive M of rank r and dimension d is called pure, if there
exists a free Ao p-submodule Wy C M ® 4, Qoo of rank r such that

T (@)™ (W) = 23" W

for some n € N. In this case, the ratio

wt(M) = g
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1s called the weight of M. We use the notation
A-Mot7 (k, 1)
to denote the set of isogeny classes of pure A-motives over k of weight .

There are obvious meanings attached to A-Moty (k,d, ), A-Moty s(k, 1), ..., which
we will not all list explicitly.

Remark 1.36. By our definition, if an (effective) A-motive M is also finitely generated
as k{t}-module, it is called abelian. However, if M satisfies the above definiton of
purity and has dimension d > 0, it is automatically abelian according to [And86, §1.9].

Remark 1.37. Note that the purity condition is a local condition at co. Therefore,
arguments for pure A-motives not depending on the behaviour at co will generally work
just fine for general (effective) A-motives. In order to work at the place co more ef-
fectively, Hartl-Bornhofen [BH11, BH09] developed the notion of abelian 7-sheaves.
This construction only works for pure motives; therefore, results from these two papers
are only obtained for pure A-motives. However, keeping in mind that purity is only
concerned with the point oo, most of the results can be copied for non-pure A-motives.

The name purity is justified by the following
Proposition 1.38. Let M, M’ be two pure A-motives of different weights, i. e.
wt(M) # (M).

Then
Hom(M, M') = {0}.
Proof. This is an immediate consequence of the isoshtuka decomposition of Thm. 1.59.
It can also be argued directly, see [BH11, Cor. 3.5]. 3
Definition 1.39. An A-motive is called primitive, if its rank r and dimension d are
relatively prime, i.e. (r,d) = 1.
In general, primitive motives do not need to be simple, since a direct sum of pure

motives is never simple, but can be primitive; for instance,

M= (Ag,m = (t—0)) ® (4F, 72 = (9177))

provides a specific counterexample, as M has rank 3 and dimension 2. However, for
pure motives, we can conclude simplicity from primitivity:

Proposition 1.40. A primitive pure A-motive M is automatically simple.

Proof. (See [BH11, Prop.7.4].) Let M be primitive pure, and let M’ be a non-zero
factor- A-motive with non-zero surjection morphism p : M — M'. Then
d d

y = WHAL) = wt(M) = 7

by the last Proposition, and therefore dr’ = d'r. Hence by the primitivity assumption
we must have d = d’ and r = 7/, and then p is an isomorphism. J
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Theorem 1.41. Let M, N be A-motives over some field k. Then the set of homomor-
phisms Hom (M, N) is a projective A-module of rank < rk(M) - rk(N).

Proof. See [And86, Cor.1.7.2] and [BH11, Thm.9.5] for the original statement about
effective (pure) A-motives and [Harl6, Cor. 2.6] for the most general formulation.

As usual, we define the minimal polynomial of some homorphism f : M — N between
A-motives to be the unique normalized generating element of the ideal

(mingg) = ker(Q[X] — QEnd, (M), X — f).

Corollary 1.42. Let M be a pure A-motive over some field L and f € End(M) be
some endomorphism of M. Then the minimal polynomial ming g of f has coefficients

mn A.

Proof. This is an immediate corollary of the preceding statement and can also be found
as [BH11, Cor. 9.6]. 4

1.4. Reduction Theory

Let R be a Dedekind domain with field of fractions Frac(R) = k.

Definition 1.43. Let M = (M, 7) be a T-module over Spec (AR), and let p € Spec (R)
with residue field k(p). Let v, : Spec(k(p)) — Spec(ARr) be the canonical inclusion
induced by Ar— Ayp). The reduction M, of M at p is then defined as the pair
consisting of the locally free A, p)-module

M, = L;M =M ®ap, A,{(p) =M ®g k(p)
together with the induced homomorphism
Tp 1 0" My — M,.

Remark 1.44. Note that the reduction defined above does mot, in general, define a
T-module, since the induced morphism 1, may not be injective, leading to the notion of
good reduction defined in the next section.

1.4.1. Good Reduction of -modules

We are ultimately interested in reduction theory of A-motives, which live over a field
k, so we need to talk about reduction of 7-modules defined over k, where k is the field
of fractions of a Dedekind domain R = O,. In order to reduce these to 7-modules over
R/p = k(p), we need to introduce the notion of a model M of M, i.e. a T-module over
R extending to M after base-change to k.

Definition 1.45. Let M be a T-module over k. A model of M over R is a T-module
M over Ar with
M =M, =M®egk.

10
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We can now talk about a reduction of M at p € Spec (Oy).

Definition 1.46. A 7-module M over Ay has good reduction at p € Spec(R), if
there exists a model M = (M, 1) over Ar such that the induced map T, is an injection,
1. e. the reduction of M at p is again a T-module. Such a model is then called a good
model of M at p.

1.4.2. Potentially Good Reduction of 7-modules

As in the theory of abelian varieties, the property of having good reduction at a prime
does depend on the base field. We are therefore led to introduce the notion of potentially
good reduction:

Definition 1.47. A 7-module M over k has potentially good reduction at p €
Spec (R), if there exists a finite field extension k' /k such that M, = M ® k' has good
reduction at one place of k' above p.

1.4.3. Reduction of A-motives

So far, we have only talked about 7-modules. However, as it turns out, the technique
of reduction works well with the additional structural properties valid for A-motives.

Lemma 1.48. Let M be an A-motive over k of rank v and dimension d. Let k'/k
be a finite field extension. Then M, = M ® k' is again an A-motive of rank r and
dimension d.

Let now R be a Dedekind domain such that ~: A — k factorizes through R.

Theorem 1.49. Let M be a (pure) A-motive over k with good reduction at p €
Spec(R). Let M be a good model of M at p. Then the reduction M, is a (pure)
A-motive over k(p).

Proof. This was proven in [Pel09, Thm. 2.3.9] for pure motives, and in [HH16, Thm. 4.7]
for general A-motives. a

1.5. Local Constructions

There are two important local objects attached to abelian varieties, namely their Tate-
Modules and their p-divisible groups. For both classes of objects, analogies exist on the
function field side. The former can be constructed quite easily; the latter, however, are
obtained by a somewhat more involved process. As a reminder, a p-divisible group of
height r over a ring R is given by a diagram

. A . ;. -
Go %G1 .. 5 G 2 Gy =5
of finite commutative group schemes G,, of order p™” such that each sequence

0= Gn 2 Gpi1 2= G

11
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is exact. (Some authors prefer to call the direct limit liﬂGn the p-divisible group de-
fined by such a diagram above, while others refer to the diagram itself as a p-divisible
group.) A direct analogy might therefore be expected to look similar in nature, involv-
ing a direct limit of sheafs of some kind. This can, in fact, be done, and one ends up
with so-called z-divisible local Anderson modules.

Definition 1.50 ([HS17, HK18]). Let A be a ring of the usual form, let ¢ C A be some
mazximal ideal, and let z € Q be a local uniformizer at €. Let S be some base scheme.
A z-divisible local Anderson module over S is a F.[[z]]-module-sheaf G on the big
fppf-site of S such that

(i) G = liglG[z"] with G[z"] :=ker(z" : G — G),
(ii) z: G— G is an epimorphism,

(i1i) All G[z"] are representable by finite, locally free, strict F.-module schemes over S
(see [Fal02, Abr06]), and

(iv) locally on S there exists d € Ny such that (z — ()¢ =0 on wg, where
. . 0 n\* Ol
we = lmwepn)  with  wepen) = (S = G[2")*Qgpnyys-

This definition is, unfortunately, somewhat unwieldy. Luckily, it can generally be
avoided entirely, since the category of z-divisible local Anderson modules turns out to
be anti-equivalent (see [HS16, Thm.8.3]) to the much simpler category of (effective)
local shtukas, which we will develop next.

1.5.1. Local Shtukas
There are two versions of local shtukas, depending on what power of Frobenius one is
working with. We will give both, and explain their relationship.

Local 6-shtukas

Let v be some place of ) away from oo, let k, be the completion of k at v and let
O, be the valuation ring of k,. Let z = z, be a local uniformizer at v. In particular,
A, = Fy[z] and Q, = F,((2)). The image of z under the canonical extension of 7 to
A, is labeled ¢ := (, := v(2). Write ¢, := #F, and let ¢ be the endomorphism of
O,[z] that is the identity on z and the g,-th power map on elements of O,, so that
6:b- 2 b 2.

Definition 1.51. Let M be a free Oy[z]-module of rank r and 7, be an isomorphism

%M:&*M[Zig] %M[zig].

The pair M = (M,%M) is then called a local 6-shtuka of rank r over O,. If
additionally %M(&*M) C M holds, then M is called effective, and if we even have

12
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equality, M is called étale. If the cokernel of 7y, is locally free of finite rank as O,-
module, we call the Oy-rank of coker 7y, the dimension of M and write

dim M := rke, coker 7, .

Definition 1.52. Let M and ﬂ be local &-shtukas over O,. A morphism of local
6-shtukas M — N over O, is a morphism of the underlying free O,[z]-modules that
is compatible with the underlying isomorphisms 7, and 75. A quasi-morphism of
local 6-shtukas is a morphism of Oy[z][L]-modules M[L] — N[2] compatible with the
underlying isomorphisms, and we write QHome, (M, ﬁ) for the set of quasi-morphims
as well as QEndp, (M) = QHomy (M, M) A quasi-morphism is called a quasi-
isogeny if it is an isomorphism of Oy [2][1]-modules.

Let M be an A-motive over k of characteristic € and v € Spec (A) a closed point. We
want to construct a local shtuka of M at v. Assume that M has good reduction, and
let M be a good model of M. Note that M is an A-motive over k(v) of characteristic
v. First, we discuss the case that F, is not larger than Fy, i.e., [F, : F;] = 1. In this
situation, )

M, (M) = (M®a, Ayg, Tm ®id)

forms a local -shtuka at v.

If, however, F, contains [F, only as a smaller subfield, more care has to be taken,
since then A, o, and F, ®F, O, are not integral domains. Write f, := [Fy : Fy]. We
now consider the sequence of ideals

a; = (a®1—1®7(a)qi ra€elF,) CAyg

for 0 <i < f, — 1. Tt is useful to write this interval as Z /(f,) and consider the index i
as an residue class mod f,. We now observe that the ideals a; have zero intersection
[[; @i and are pairwise coprime. This can be seen from the fact that for each a € F,
the equation

ming g, | (X —a?) - (X —a?)- - (X —a?""") € Fy[X]

holds, since the right hand side has a as a root. The tensor product F, ®r,O, then
splits as
F,2p,00= [ Foor0o= [ Foor0u/a,
Autg, (F, /Fy) i€Z /(fv)

and we obtain as an immediate consequence the following decomposition:
Lemma 1.53. The ring A, . splits into a finite product
Av,k = H Av,k/ai'
1€Z /(fv)

The factors are all canonically isomorphic to O,[z] and are cyclically permutated by
o and left invariate under 6. The ideals a; are in one-to-one-correspondence with the
points v; of Cg, above v.

13
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We can now amend our definition of associated shtukas to be
MU(M) = (M XA, Av,k/a()v (TM @ id)fv> .

Note that this agrees with the definiton above whenever f, = 1, that is, whenever
F, =TF,.

Definition 1.54. The local shtuka M, (M) is called the local 6-shtuka at v asso-
ctated to M, and the local isoshtuka V(M) is called the local G-isoshtuka at v
associated to M

Note that forming the local -shtuka M even in the case of f, > 1 does not amount
to forgetting the structure of M ® A, o, , since the morphism 7o ® id can be recovered
from M, (M). This leads to the discussion of o-shtukas in the next section.

Local o-shtukas and their connection to 6-shtukas

Definition 1.55. Let k be an A-field.

1. A local o-shtuka at v # 0o over k of rank r is a pair M = (M, 7), where M isa
free Ay -module of rank r and 7 : o*M — M is an injective A, -homomorphism.
The shtuka M is called étale, if its underlying A, -monomorphism is an isomor-
phism.

2. A local o-isoshtuka at v # oo over k of rank r is a pair V= (V,f'), where V

~ A

is a free Qy -module of rank r and 7 is a Q g-isomorphism o*V — V.

3. A morphism of local o-shtukas f : M — N is an Ay -homomorphism sat-
isfying Ty o a*f = fo Ty, and similarly for o-isoshtukas. We denote the set of
such homomorphisms by Homy_, (7] (M, ﬂ) and Homg, 7] (K, w), respectively.

Remark 1.56. Local o-isoshtukas are sometimes in the literature referred to as z-
isocrystals or Dieudonné-F, ((z))-modules.

Let M be an A-motive over k, and v be some place of () away from co. We define
the associated local o-shtuka of M at v as

M, (M) = (M ®a, Ay, 7i @ id)
and the associated local o-isoshtuka as
V(M) := (M @4, Qur, ™ ®id).
Proposition 1.57. Let i be some positive integer, and let a; be the ideal
(a®1— 1®'y(a)qi ra€lF,) C Ayg

for all 0 <i < [F, : Fy]

14
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(a) There is an equivalence of categories between local o-isoshtukas at v over k and
local G-isoshtukas at v; over k of the same rank, induced via reduction at a;. More
precisely, the functor is given by

(V,T) — (V/ai'f/,%:Tf : G*fV/ﬂi"/i %f//ai-Vi).

(b) There is an equivalence of categories between étale local o-shtukas at v over k and
€tale local G-shtukas at v; over k of the same rank, induced via reduction at a; as
above.

(c) At the characteristic place € of M, there exists an equivalence of categories be-
tween local o-shtukas at € and the category of &-shtukas at the point vy on Cr,
corresponding to the ideal ag, induced by reduction at ag.

Proof. This is [BH11, Prop.8.5] and [BH11, Prop. 8.8]. 4

Definition 1.58. Let v € C be a closed point and let z, € Q be a local uniformizer at

v. Let l,m be integers without common divisors, i.e. (m,l) =1, and let | > 1. The

standard-6-isoshtuka at v of slope T is defined as

0 0 ... 0 zm

1 0 ... 0 O
Vm:GmMWf=5=.mE f)

0O ... 1 0 0

O ... 0 1 0

Theorem 1.59. Every local isoshtuka V at o defined over an algebraically closed field
k = k% may be written as direct sum of standard-isoshtukas in the following way:
There exists a unique set of pairs of coprime integers (mj,l;) € Z x Nsg such that

Ve @,

i
Proof. This is the analogous statement to the classification of F-isocrystals by Dieudonné

and Manin [Man63], and in our setting it was proven by Laumon [Lau96, Thm. 2.4.5].
See also [HJ16, §3.2]. 3

Local and Global Shtukas
Remark 1.60. (See [HS16, Ez.6.4] and [ARH14, Lemma5.5].)

(a) As the name suggests, there is a close relationship between local and global shtuka.
Let N = (N,c1,...,¢cn,7n) be a global shtuka of rank r over k in the sense of
(1.19). Pick a closed point v on the curve C with associated ideal sheaf p, C Oc
and let z € Q be a uniformizing parameter at v. Put ¢; = ¢}(2) € k. Then the
formal completion M of N along the graph of ¢; together with the morphism

. v « 1 ~ 1
T™ = T_/[\I; Fal :aqu[Z_CZ} —)M[Z_CZ}

forms a local shtuka over k of rank .

15



1. A-Motives and Global Shtukas

(b) Note that the argument above may not always work if instead of working over a
field k we allow the global shtuka N to live over a general ring R. In this situation,
the element & = c}(z) € R needs to be nilpotent. For R = k, this is automatic,
since ¢ (z) will always be zero.

(¢c) Any A-motive M over k can be viewed as a global shtuka N = (N, ¢, 7nr) over
Spec (k) according to Lemma 1.22, to which we just attached a local shtuka, leaving
us with two apparently different notions of attached local shtukas for the same es-
sential structure. However, the two of them coincide, since the completion of Oc,
at the graph of ¢ is naturally isomorphic to A, /ag by [ARH14, Lemma5.5].

Purity and local shtukas

The notion of local shtuka allows us to give a characterization of purity by looking at
the decomposition of the local isoshtuka at co.

Proposition 1.61. Let M be an A-Motive of rank r and dimension d over an A-field
k. Then the following conditions are equivalent:

1. M 1is pure.

2. There exists an A i-lattice Wiy in XOO(M), such that 207" = (o*)Wyr — Wiy
gives an isomorphism of Wyy.

3. We have R X or/l
KOO(M> ®Qoo,k Qoo,k“lg = (Vm,l) " )

where Km,l is the standard-o-isoshtuka of slope T = —dsf{rz%).

Proof. What we have to show is the equivalence between the second and third condition.
Assume the second condition holds for M. Consider the unique decomposition

from Thm. 1.59. We define

VI/Z' = WM ®Aoo,k Aoo7kalg ﬁzm“ll

In particular, each Wj is finitely generated over A pax and Wi - Qg g =V, ;.. But

. I . ~
now we can conclude that [ = [; and m = m;, since 7y, = 2™ on Kmi I
b

Vice versa, assume that the unique decomposition into standard-isoshtukas looks like
~ ~ 0T/l
Kc>o (M) ®Qoo,k Qoo,kalg = Kd,r :
Then a suitable lattice Wj; can be defined as preimage of the canonical lattice Agk
found in the right hand side. a

The last proposition deals with the relationship describes the local shtuka decompo-
sition at oo for pure A-motives. Since we are interested in the more general case of not
necessarily pure A-motives, we will have to discuss the situation in this more general
case as well.

16



1.5. Local Constructions

Proposition 1.62. Let M be a semisimple A-motive over the finite field k = Fs = Fye
with Frobenius endomorphism m. Write F := Q(r). Pick some algebraic closure k%
of k. Let w be some place of Q), and let

S

Kw (M)kalg = @ Eml A

i=1

be the decomposition of the local isoshtuka associated to M at w over k™9 with the slopes
ordered by m;/l; < mit1/liv1. Then for every place v of F' above w, we have
mi_ ordy(my)  [Fy : Fyl

TSR, elv]w)

ms
Ls

In particular, for pure A-motives all the slopes m;/l; at w = oo are equal to negative
of the weight of M and we get

—[k:Fg] - wt(M) =

Proof. Pick an Ay p-lattice A = A7 , C V (M)}t such that for some common multiple
rofel,... [

miy-r

A Fuw:Fqlr 4 [
T]T\/[:T][V[w AT A s 2, A

and

mg-T

(ﬁ(/[)_l Az B 6TA

This is possible due to the form of the standard -isoshtukas Zm,ll given in Def. 1.58;
compare the proof of [HJ16, Prop. 3.10]. Writing

fr=z A and g =zl (7)Y

we obtain
ming g, € Ay k[X] and ming g, € Ay r[X].
We now claim that 2™/ . zlFwFdr/e ig g zero of miny g, . Let Fy denote the matrix

representing the f-induced map fo : A/ag — A/ag, and let xo be its characteristic
polynomial with constant term +det Fj. Since fy is an isomorphism, Fy has to be
invertible, i.e. det Fy has to be invertible in A, ;/ap, i.e. | det Fy|, = 1. In particular,
all roots of xo must be units as well. If now p is a root of miny g, , it is an eigenvalue of 7

on V., (M)jaie, and therefore /M FwFal /e i an an eigenvalue of f on V., (M)/ag.

mi/li rlFwFqlr/e

Hence as a zero of miny g, the element 2w must be integral, i.e.

ord, (z;ml/ll ~7TUF““FQ]'T/6) >0,

and thus my .
ordy(m) > ordy(zy) - — « ————,
() \ﬁ(%_)l li  [Fy:Fg

17



1. A-Motives and Global Shtukas

thereby proving the first inequality. An analogous argument using ming g, yields the

second inequality

_Ordv(ﬂ') . M > % .

e-e(v|w) = I

Corollary 1.63. Under the assumptions of the last Proposition, we have

PlDs kiFq]- Tt

< |rfo < q_[

and in particular
(M)-e

7]y = q"

for all v | oo if M is pure, where |- |, extends the absolute value on Q..

_ordy(-)

Proof. This follows immediately, since the valuation | - |, = gy '’
tion

satisfies the equa-

70r(d1f(‘)) _ [Fw:Fq]-ordy ()

|7T|U = Quw =q e(v|w)

from general valuation theory. a

Corollary 1.64. Let M be a pure A-motive over a finite field k = Fy = Fye of rank r
and dimension d, and let w be its Frobenius endomorphism, and let min, € A[X] be its
Frobenius polynomial. Then every root p € Qgé" of min, has absolute value

|p|oo _ Swt(M) _ Sd/T.

Proof. This is (rather briefly) proven in [BH09, Thm. 7.8], but it also follows directly
from the preceeding corollary, since the Qgég—roots of min, ¢ are correspond bijectively
to the set of Q-embeddings F' — Qgég. In particular, a valuations v, extending oo to
Qgég pulls back to some valuation v on F' = Q(7) above oo, and we conclude

|p|oo = ‘ﬂ-’v = SWt(M) )

using the corollary above. a
Corollary 1.65. Let M be a semisimple A-motive over some finite field k = Fge = F,
with Frobenius endomorphism w. Let w be a place of QQ and let v be some place of

F = Q(n) above w. Assume that the local o!F+Fdl-isoshtuka of M at v with coefficients
in an algebraic closure k™ of k has the form

A N ~ Pn
K’l) (M) kalg = “—dy,Ty
with ﬁfzfm defined as
0 0 ... 0 2
1 0 ... 0 0
(o - )
0 1 0
0 0 1 0

18



1.5. Local Constructions

Then

dy ,_[F:Fq] wtoy (M)
qi ordv(ﬂ)-[Fw:Fq]/e(Mw) = |7T|1) = qﬁ [FlﬁQq’w] = (#k) [Fv?Qw]

for wty(M) =

ry '
Proof. Same as for Prop. 1.62, but with dimg, , ZU(M)kalg =r,. g

Remark 1.66. Let E C QEnd, (M) be a commutative, semisimple Q-subalgebra, and
assume that F,, embeds into k. Then M & a, W, 1, is a module over the ring F ®q Qu =
[Tujw Eu- Let

bp=(a®1—-1®a:a€cF, Ck)C Ey,k.

Then we define the local isoshtuka of M at u as

K“(M) = (M @Ay, QU)JC ®Qw,k Eu,k/bm TEH:F(Z]) .

Corollary 1.67. Let M be a semisimple A-motive over some finite field k = Fge = F,
with Frobenius endomorphism 7 and (CM) via E C QEnd(M). Let u be some place of
E. Assume that the local oFvFd isoshtuka of M at u with coefficients in an algebraic
closure k™ of k has the form

VoMgay = Vg 1 =2 (Eyp/bo, 7 = z0).

Then kF,)
ordy (1) = dy +
[Fy : Fy

Proof. Same as for Prop.1.62 and Cor. 1.65, but with dim V(M) = 1. 4

1.5.2. Tate Modules

Definition 1.68. Let M be a local 6-shtuka at v. The Tate-module of M at v 1s
defined as the Gal(k*® /k)-module of Ty, -invariants

T’L}M = (M ®Av,k Av,kseT’)TM-
The rational Tate-module of M at v is defined as
V;;MA = TU(M) X4, Qv-

We can associate a (rational) Tate module T, M (respectively V, M) to an A-motive
M at a place v € Spec (A) via the associated local 6-shtuka, i.e.

ToM :=T,(M,(M))  and  V,M := V,(M,(M)).
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1. A-Motives and Global Shtukas

1.5.3. The Tate Conjecture for A-motives

The following two important theorems are generally referred to as the Tate Conjectures
for A-motives and go back to Taguchi and Tamagawa (c.f. [Tag95, Tam94, Tam95]) in
the following formulation:

Theorem 1.69. Let M and M’ be two T-modules over Spec (Ar) for a finitely generated
field L and let G be the Galois group of the separable closure L5P over L. Let v €
Spec (A) be a place outside of supp(coker 7). Then

Hom(M, M') ®4 Ay, = Homy, (¢ (ToM, T,M).

Replacing Tate modules with shtukas, one ends up with the following statement for
A-motives:

Theorem 1.70. Let M, N be A-motives over a finite field Fy. Let v be a place of Q.
Then there is a canonical isomorphism of Q,-vector spaces

QHom(M, N) ®q Qu > Homg, ,7(V, (M), V,(N)).
In particular, X
QEnd(M) ®q Qv — Endg, , (7(V,(M))
for all A-motives M over a finite field.
Proof. See [BH11, Thm. 8.6]. g

Theorem 1.71. Let M, N be A-motives over a finite field Fs. Let v be a mazimal ideal
of A. Then
Hom(M,N) ®4 A, = HomAU’k[ﬂ (M, (M)) .

In particular,

End(M) ®4 Ay = Endy, 5 (M, (M), M,(N))

for all A-motives M over a finite field.

k(7]

Proof. See [BH11, Thm. 8.7]. J

Remark 1.72. 1. Although [BH11, BH09] work only in the context of purity, both
versions of the Tate-conjecture do not need purity assumptions. See [Stal0] for a
complete argument; here the Tate conjectures are obtained as consequence of the
semisimplicity conjecture.

2. Away from e-00, the assumption on L being finite can be relazed to L being merely
finitely generated, see [BH11, Thm. 9.9, Cor. 9.10].
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1.6. The Structure of the Endomorphism Algebra

1.5.4. The Tate Conjecture for Global Shtukas

Theorem 1.73. Let k = Fy = Fye be some finite field and let N, N be global shtukas
over S = Spec (k) with the same set of paws c1,...,c,. Let v be a place of Q. Then
there is a canonical isomorphism of Q,-vector spaces

QHom(N, V') @ Qv = Homg, , (7 (V,(N), V,(A)).

In particular, .
QEnd(N) ®q Qv = Endg, , 3(V,(A))

for any global shtuka N over a finite field.

Proof. We defined homomorphisms between global shtukas in Definition1.21 as 7-
compatible homomorphisms between their generic fibres

QHom (N, \) := {f: Ny H./\/;'7|fo (TNl)n = <TN)770f}'

With this definition, the argument goes through in the same way as for A-motives in
[BH11, Thm. 8.6]. 4

1.6. The Structure of the Endomorphism Algebra

Lemma 1.74. Let M be an A-motive over some finite field k = Fye of characteristic
e. Assume that there exists some v € Spec (A) away from € such that m, is semisimple.
Let x, be the characteristic polynomial of m,, and write

i
for the prime factorization of x,. Then we have following isomorphism

Endg, (VM) = [ [ (Qu[X]/(£:))™"™ = QEndy (M) @q Qu

of Qy-algebras.
Proof. See [BH09, Lemma 6.4]. 3

Proposition 1.75. Let M be an A-motive over some A-field of characteristic € k with
Frobenius endomorphism m, and let v € Spec(A) \ {e}. Write F = Q(w). Denote by
E, the endomorphism ring of the local isoshtuka of M at v and by m, the image of 7
E,. Write F, := Qy[my]. Then the following statements are equivalent:

1. m 1s semisimple.
2. F = Q(r) is semisimple.
3. F®q Qv = F, is semisimple.

4. m, 18 semisimple.
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1. A-Motives and Global Shtukas

5. QEnd, (M) ®q Qv = QEndy (M), is semisimple.
6. QEnd, (M) is semisimple.
Proof. See [BH09, Prop. 6.8]. 4

Lemma 1.76. Let M be an A-motive over a finite A-field k = Fge. Then the following
implications hold:

1. If QEnd (M) is simple, then M is simple.
2. If QEnd, (M) is semisimple, then M is semisimple.
Proof. See ¢[BH09, Theorem 6.11]. g

In this section we collect some important structural information about the endo-
morphism algebra of A-motives. Since the results are important to us, and the proof
is rather involved, but only exists in the literature (see [BH09, Thm.9.1]) for pure A-
motives in terms of 7-sheaves, we will give the argument for the relevant parts in detail,
making certain no purity assumptions are needed at any step.

Theorem 1.77. Let M be an effective, semi-simple A-motive of rank r defined over
a finite field k = Fy = Fge with Frobenius endomorphism . Let w € Spec(A) \ {e}
be a place away from e (and o), and let p, and x, be the minimal, respectively
characteristic, polynomial of m,,. Then the following statements hold:

1. The Q-algebra QEnd(M) is semi-simple with center F' = Q(r).

2. The endomorphism algebra QEnd(M) is commutative if and only if it is equal to
F = Q(~), which is equivalent to QEnd(M) or F having rank r over Q.

3. The Q-rank of QEnd(M) is bounded by r from below and r* from above,
rk(M) < [QEnd(M) : Q] < rk(M)*.

4. The center F of QEnd(M) is equal to Q if and only if QEnd(M) is already a
central simple algebra over Q, which is equivalent to QEnd(M) having rank r?
over Q.

5. The Hasse invariants of QEnd(M) at all places w of F' are completely determined

by
. o [Fy : Fq]
lnvw(QEnd(M)) = —W . Ordw(ﬂ—).

In particular, at all places w 1 € - 0o the Hasse invariant inv,, QEnd(M) vanishes.
6. If M is also pure, the local Hasse invariant at all places w | oo is given by
inv, (QEnd(M)) = wt(M) - [Fy : Qoo -
In the special case of F' = Q, the only non-vanishing Hasse invariants are

inv. (QEnd(M)) = —wt(M) = —inveo (QEnd(M)) .
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1.6. The Structure of the Endomorphism Algebra

Remark 1.78. 1. Note that by the last point of the structure theorem, the structure
of the quaso-endomorphism algebra of an A-motive M over some finite field F is
determined entirely by its Frobenius endomorphism myy, since all factors on the
right hand side depend only on information encoded within the knowledge about
Q(mar) and Fy. We will make use of this information at a crucial point in our
argument, allowing us to parse from a simple element « in some extension field
of Q to an algebra E,., and further to an A-motive with endomorphism Q-algebra
E..

2. The statement as proven in [BH09, Thm. 9.1] includes some additional informa-
tion concerning the characteristic polynomials x.,, that have been left out of the
formulation presented here, since they are not relevant to our purposes.

Proof. We prove the statement about the Hasse invariants, being the most crucial to
our task ahead. Let w be some place of () with resiue field F,, and let V,, be the
associated o-isoshtuka V(M) of M at w. Fix a F,-homomorphism F; — Fy, and write
1 := ¢/ for the size of the intersection F; = {x € F,, : #° = x}. Write

ap:=(rz®1-1®z:zecF)CQu®r, Fs
and let
R:= (Qw R, Fy /Cl())[X] = Qu X, FS[X]

be the skew-polynomial ring with X-action given by [-Frobenius via
X (a®b)=@@ab) X.

Structually, R forms a non-commutative principal ideal domain with center Q. [X e/f ],
since Q ®r, Fs is a field. From Thm. 1.70, the Tate conjecture for isoshtukas, we obtain
isomorphisms

QEnd(M) ©g Qu = Endg, r, (V) = Endp(V,, /a0 - V,,),

with X-action on V, /ag -V, given by 7/. Tt follows from [Jac43, Thm. 3.19] that the
R-module V,, /ag - V., may be written as direct sum

V/a-V, =P,
vel

where V, are indecomposable. Without loss of generality, the V, may be assumed
pairwise non-isomorphic, i.e. the n, are maximal. The annihilator of each V, may
then be written as (u,) for some central monic element p, € Q,[XY] with g = e/f.
In particular, the decomposition of V., /ag is compatible with the Q. [XY]-structure,
and p, is the minimal polynomial of X9 acting on V. Denote by p the least common
multiple of the p,, which is then the minimal polynomial of X9 on V,,/ag. Since the
XY-operation on V,, /ag is given by Frobenius, the polynomial p will be the minimal
polynomial miny g_ , and therefore!

QIXY/ (1) = Q(m) = F.
'Here we need ming q.. , = ming g. This is true, since base extension to Q. is flat, and therefore

the short exact sequence 0 — Q[X] QIX] QEnd,; (M) — 0 tensored with Q., yields
ming,Q = ming;,q,, , as desired, using again Thm. 1.70.

. mi“w,Q X
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1. A-Motives and Global Shtukas

Since m was assumed to be semisimple, p is squarefree in Q,[X9]. We obtain the
factorization

w= H,uv € Qu[XY].
vel
Note that all the p, must be irreducible, since they have to be powers of irreducible
polynomials according to [Jac43, Thm. 3.20], and no two of them can be equal, since
the V,, are pairwise non-isomorphic (loc. cit.). The product decomposition of u yields

F®QQw—Qng HQw Nv)gan-
vel vjw

Write m, for the image of 7 in F,. Then 7, has minimal polynomial pu, over @, and
we obtain

QEnd(M) ®¢ Qu = P Endr(Vy*) =P QEnd(M) @ F,.
vel o — vel
g(QEHCI(M)(X)FF"u

Let us now fix some place v | w of F. With h := [F, NFs : F s] = ged([F, : Fyrl, g)
and i := [Fy : Fs], we get?

Fu Fy Byl = [F, : Fyy] =g,
[Fy, -(Fo NF,) : Fy) = []F ﬁIF :F 5] = h,
[Fu - Fy ¢ (Fu - FsNF)] = [Fy-Fy : F,] = [FS:FUH}FS]:%,

Fy-(FyNF,) C Fy -FsNFy,
Fo-FsNFy = Fy -(Fy NFy) = Foni .

Let F, } be the compositum of @, ®r ; ® Fs and I, inside an algebraic closure of Q.
q

Note that F), . is well defined since Fs /[, is a Galois extension. Now, let F, x[Y] be

the skew-polynomial ring with F,, inside the center and

Y (a®b):=(a®b?"”

for all a ® b € Qy ® Fs. This is well-defined, since (Qy, ®Fq ; Fs) NF, has residue field

Foy -FsNFy = Fonp and F, ;, is unramified over Q,,, because @y, ®qu I, is. Let

)Y

A, = F, 1 [Y]/ (V9" — 7b).
With Z := YIFvFa/fhi the algebra A, is just the cyclic algebra

Ay 2 (Fyp)Fy, Z,ml el

This is true, because the extension F, /F, is unramified with degree [F, Fs : F,] = {

and Z is its Frobenius automorphism and Z9/" = TI'EFU:F(I]/ M in A,. Therefore, A, has
Hasse invariant

[Fy < F -ordy (my).

inv,(Ay) = m

2The proof of [BH09, Thm. 9.1] includes a rather large diagram of all the following field extensions,
which we haven’t copied.
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1.6. The Structure of the Endomorphism Algebra

We now claim that
inv, (QEnd(M)) = —inv,(A,),

which would prove the assertion of the theorem. Using [Jac43, Thm.3.20] again, we
choose some m € N such that VP™ = R/(u,(X9)). Then

Mat,, (QEnd(M) @F F,) = Mat,, (Endg(VE™))
= Endp (V™ ™)
= Maty, ((R/ (10 (X9)))P).

Now choose integers a,b € Z such that a > 1 and ai + bg = 1. Let p denote the
morphism

R/(uy(X9)) — Maty(A,),
x®yr—>diag(az®y,x®yqf,"' ,$®yqﬁ
0 1

(h—1)

),

X = 7Tg :
1
Yye 0
for all z € @, and y € Fs. This is compatible with the non-commutative ring structure,
since both X - (z ® y) and (z ® yqf) - X are mapped to the same element (note that
Y® = Y/ insice Gal(F, 1/F,)). Tt is also compatible with the quotient on the left
hand side, since X9 — m9y™9/h . id = 7, - id. Furthermore, p is an isomorphism of
F,-algebras: Injectivity follows from Ry, (X9) C R being a maximal (two-sided) ideal.
For surjectivity, comparing dimensions as (Q,,-vector spaces yields

dimp, (Matp(A,)) = h? - (%)2 — 42,

dimg, gr ,F.(B/(1o(X?))) = g deg o = g+ [Fo : Qul,
dimg,, (R/(1o(X9))) = ¢ - [Fy : Qu] = dimg,, (Maty(Ay)).

Hence
Mat,, (QEnd(M) ®@F Fy) = Matp,.,,, (AF),

thereby proving the assertion about the v-invariants. If now v is a place of F' not
dividing € - 0o, consider the local o-shtuka of M at w := v N Q. Since this is an étale
o-shtuka, the constant coefficient of min, is invertible in A,,, and hence ord,(m,) = 0.
It remains to prove the simplification in the pure case. Let v | oo and e, be the
ramification index of F,,/Q~. Since M is assumed to be pure and the residue field of
R is Fy, we can calculate

(#k)Wt(M) _ qe.wt(M) _ ‘W‘oo _ q—ordv(wu)/e(v|oo)

and therefore

) . [Fv : Fq]
inv, (QEnd(M)) = — ord,(my) - ToF]
_ [F, : Fq] ce(v | o0)-e-wt(M) =wt(M) - [F, : Qo] -
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1. A-Motives and Global Shtukas

_l

Corollary 1.79. Let N = (N, c1,...,¢n, 7A7) be a global shtuka over some finite field
k = Fy with Frobenius endomorphism w. Then F = Q(rw) is the center of QEnd(N),
and it’s Hasse invariants at all places uw of F are completely determined by

. [Fo : Fo]
inv, (QEnd(N)) = ————% - ordy () .
[Fs: Fyl
In particular, all invariants at places not above cq - ... - ¢, vanish.

Proof. The proof is a calculation at shtuka-level, and therefore works for a global shtuka
as well. J
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2. CM-types and the
Taniyama-Shimura-formula

In this chapter we explain the notion of Complex Multiplication for A-motives and
global shtukas, which closely resembles the analogous ideas in the theory of abelian
varieties. Furthermore, we define CM-types for our objects, and we prove the equivalent
statement to the formula of Taniyama and Shimura in its general form for unramified
prime ideals, which is a central component in the surjectivity proof of Honda-Tate
theory, both for abelian varieties and for function field objects.

2.1. Complex Multiplication

A Q-algebra FE is called semisimple, if F is a finite product of fields.

Definition 2.1. Let M be an A-motive of rank r, defined over some field k. Assume
that there exists a commutative Q-algebra E inside the quasi-endomorphism algebra
QEnd, (M) of Q-dimension r. Then M is said to have Complex Multiplication (or
simply (CM)) via E.

Obviously, the notion of (CM) is compatible with the isogeny equivalence relation:

Proposition 2.2. Let M and M’ be isogenous A-motives. Then M has (CM) if and
only if M' has (CM).

Proof. By Cor.1.17, we have QEnd(M) = QEnd(M’). 3

2.1.1. Complex Multiplication via Og

We use the notation Op for the integral closure of A inside F.

Definition 2.3. Let M be an A-motive over k with (CM) via a semisimple commutative
Q-algebra E. We say that M has Complex Multiplication via Op, if the ring of
integers Op of E canonically embeds into the ring of endomorphism End(M) of M, or
equivalently, if

Op = ENEnd(M).

While not every A-motive with (CM) necessarily has (CM) via Og, it turns out that
its isogeny equivalence class will always include one representative that does:

Proposition 2.4. Let M be an A-motive over an A-field k with (CM) via some
semisimple Q-algebra E. Then there exists an abelian A-motive M’ and an isogeny
f: M — M’ such that M’ has (CM) via Ogr, where E' .= f - E - f~1.
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2. CM-types and the Taniyama-Shimura-formula
Proof. This was proven in Corollary 3.3.3 in [Sch09]. We give a sketch. The proof
consists of the following steps:

(i) The endomorphism ring Endg (M) forms an A-order in QEnd,, (M).

(ii) The integral closure of A is the only maximal order in FE.

(iii) To every maximal order a of QEnd (M) there exists an isogeny
fM — M
such that a has the form

a=f QEnd, (M) f~' C QEnd,(M).

(iv) The ring of quasi-endomorphism of M which are integral over A form a maximal
order in QEnd; (M).

The first statement is immediately clear; the second one is first proven for fields and
then generalized to semisimple algebras. The third was proven in [BH09][Thm 10.7].
The fourth one is only an application of standard techniques. Finally, the combination
of the last two statements gives us the desired isogenous A-motive M’. a

Remark 2.5. The result of the last Proposition can be rephrased to into: There exists
an A-motive M’ isogenous to M such that M' has Complex Multiplication via O under

The following statement is very important, as it lays the foundation to understanding
A-motives with (CM) as elements of the Picard group over a curve, which will be
essential to constructing A-motives from a Weil-number.

Theorem 2.6. Let M be an A-motive over an A-field k with (CM) via O with E
semisimple. Then M is a T-module of rank 1 over Op = Op &, k, i.e. M s locally
free of rank 1 as O -module and

™ o M M
is an injective O -module homomorphism.

Proof. This is Corollary 3.3.6 in [Sch09]. g

2.1.2. Frobenius endomorphism of (CM)-motives

Theorem 2.7. Let K be a finite field extension of Q, and let Ok be the integral closure
of Ain K. Let M be a pure A-Motive over K with (CM) via E. Let*B be a prime ideal
of Ok, such that M has good reduction at . Let w be the Frobenius of the reduction
M‘ﬁ of M at B. Furthermore, assume M has (CM) via Og. Then 7 is in the image
ofEndM%Ende.
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2.1. Complex Multiplication

Proof. This was proven in Theorem 4.2.6 in [Pel09]. J

Remark 2.8. The preceeding theorem is valid only after making the technical assump-
tion that M has (CM) via O, i.e. that EndM N E = Of. As we have just seen in
Prop. 2.4, this is not a serious restriction, as one can always choose an A-motive M’
in the same isogeny class satisfying this condition.

2.1.3. Existence of Extension Sheaves

The underlying locally free Ag-module M of an A-motive M may of course always be
understood as the locally free sheaf M of Spec(Aj)-modules. However, we want to
work with the structure of M as an Op j-module we just introduced. The argument
we present is based on [Sch09, Section 3.4].

Lemma 2.9. Let M be an A-motive over k with (CM) via Og. Then there exists a
locally free sheaf M' on Spec (Op ) of rank 1 with global sections M.

Proof. We can define M’ as the associated coherent module sheaf to M. By construc-
tion, M’ has global sections M. A standard localization argument shows that M’ is
also locally free of rank 1; see Lemma 3.4.1 in [Sch09] for details. 3

If the A-motive M is simple, its algebra QEnd(M) of quasi-endomorphisms forms a
field. Let us denote by C' the regular, projective curve over F, defined by the function
field QEnd(M). This curve has a projection map

p: C—C.
Let us write é'k for the base change to k, that is
Cp:=C X Spec (F,) Spec (k).

If M is only semisimple, the @-algebra QEnd(M) is in general not a field, but only a
finite direct product

QEnd(M) =[] Ei

of function fields. In this case, we can form curves C; and 5;“ for every i; we then
write C' and C}, for the disjoint union of these curves.

Proposition 2.10. Let M be a semisimple A-motive over k with (CM) via Og. Then
there exists a locally free sheaf M of rank 1 on C} such that M may be reconstructed
from M by taking sections over Spec (Ogy), i. e.

M =T(Spec(Ogx), M).

Sketch of Proof. Use the last lemma to solve the problem locally and then glue these
solutions together. Details can be be found in [Sch09, Lemma 3.4.3] 4

Remark 2.11. One can also reverse this process to construct A-motives with (CM).
We will make use of this reverse process when we build an A-motive out of a Weil
number ov.
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2. CM-types and the Taniyama-Shimura-formula

2.1.4. Definition over a finite extension

Let us assume an A-motive M of A-characteristic ¢ = ker+ is defined over an alge-
braically closed A-field L = L#2. Can we find a finite extension field K of F., the field
of fractions of A/e, such that M is already defined over K7 Under the additional as-
sumption of Complex Multiplication, the answer is generally yes, as the next Theorem
shows:

Theorem 2.12. Let M be an A-motive over an algebraically closed field L™, and
assume that M has Complex Multiplication via O, where E is some semisimple com-
mutative Q-algebra. Then there exists a finite extension K/F. such that M is defined
over K, that is, there exists an A-motive M' over K such that

M>=M®kL.

Proof. This is [Sch09, Thm. 6.3.6]. N

2.1.5. Reduction of A-Motives with (CM)

It is a natural to ask the question: What kinds of A-motives have potentially good
reduction at what primes? As it turns out, the property of having (CM) is already
enough to guarantee potentially good reduction everywhere, which will be useful to us
later on:

Theorem 2.13. Let M be an A-motive over a finite extension field K/Q with (CM)
via . Then M has potentially good reduction at every place of the integral closure Ok
of Ain K.

Proof. This is a corollary to Thm. 2.6 together with [Gar03b, Prop.2.11 9]. N

2.1.6. CM-types and local CM-divisors

It is not in general enough to know the CM-algebra of an A-motive in order to know its
isogeny class. The same is true for abelian varieties. In the theory of abelian varieties
with Complex Multiplication, the so-called CM-type of an abelian variety is used to
classify isogeny classes; there is a one-to-one correspondence between isogeny classes
of abelian varieties on one side and isomorphism classes of CM-types on the other. In
addition to the CM-algebra FE, a CM-type knows about all the algebra homomorphisms
E — C; more precisely, since morphisms F — C exist in pairs under the action of
complex conjugation, picking at random one element of every such pair defines a set
¢ C Hom(F, C) such that

Hg := Hom(E,C) = ®U ®.

As it turns out, if one restricts oneself to algebras F with certain properties, so-called
CM-algebras, a pair (E,®) uniquely defines an isogeny class of abelian varieties. For
A-motives, we do not possess a complex conjugation. Furthermore, knowledge of Hg
is not in general sufficient to fully describe isogeny classes. However, since an A-motive
M lives over two places, namely the kernel ideal € := kery and the fixed infinite place
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2.1. Complex Multiplication

00, one needs to describe the behaviour of M, that is the behaviour of its underlying
morphism 77, at both places. Therefore, we will introduce the notion of a local CM-
divisor, and define the total CM-divisor Dy of M to consist of two local CM-divisors
D, and D4, one for each characteristic place.

The CM-type

Pick! a (not necessarily effective) A-motive M of generic characteristic (that is, 7 :
A<k is injective) defined over a field £ with (CM) via a semisimple commutative
algebra E separable over (). Furthermore, assume that E is separable over ). Let us
write

Hp := Homg(E, Q¥8),

where Q*# denotes a fixed algebraic closure of Q. We may assume ¢(E) C k for all
1 € Hp, since we can always base-change to a sufficiently large field ¥’ D k. Let w be a
place of Q) and z = z, a local uniformizer at v. Write ( = (, for the image of z under ~
in K. Then @ embeds into K[z — (] via the canonical map induced by z — ¢+ (z — ().
Note that K[z — (] is isomorphic to the completion of the local ring of Cx at V(7),
which does not depend on v; hence our construction of K[z — (] is independent of the
choice of place v. Consider the E,_ := E ®q k[z — (]-module

Hig (M, k[z — C]) = 0" M @4, k[z — (]
lying inside the k((z — {))-vector space

1
Hig (M, k[z - (]) | ——
(L ke - D L |,
which contains the Hodge-Pink-lattice qys of M,
das =7y (M @2, K[z = C]).

After we choose local uniformizers x,; (at some place of E) for all ¢ € Hg such that

Y(zy) # 0, the algebra Ej,_ decomposes? as

E ©g M= — ¢ = [ ey — ()]
Hg

We obtain a E ®q k[z — (]-decomposition of Hig (M, k[z — (]) as

HéR(M’ klz—<¢]) = H(liR(M7 K[z —<]) ®E[27<] E[zfc]

= [[HiR L k[z — ) ®m,_, klzy — ()],
Hpg

where each individual factor
HY (M, k[zy — ¢(zp)]) := Hig(M, k[z — ¢]) ®m,_, klzy — ¥(zy)]

'Our discussion is based on [HS17, §1].
2See [HS17, Lemma A.3].
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2. CM-types and the Taniyama-Shimura-formula

is free of rank 1 as k[zy — 9(xy)]-module. Hence we can write the Hodge-Pink-lattice
qu of M as

du = [[am NHY (M, kg — (2y)])
Hpg

=[] (@y—t(ay)™® - HY(M, k[zy — (2y)])

YeHE

for suitable non-negative integers dy,. The tuple

Vs = (dy)pers

is then called the CM-type of M. Note that qy is a lattice of full rank r = rk(M)
and that E as a semisimple, separable Q-algebra of rank r allows precisely r = [E : Q]
different embeddings E < C,,. Hence we get exactly r many integers d,.

Remark 2.14. If M is an effective A-motive with (CM) via E of CM-type ¥, we
obtain a decomposition of coker Ty in the following way: Define the tautological lattice

pM as
Py = H}iR(M7 K[[Z - C]]) =o'M XAk K[[Z - C]]

Since M is effective, we know that Ta(c*M) C M, and therefore ppy C du, with
quotient being precisely the cokernel of Tar, 1. e.

qu /Py — coker Ty
7 - ™

Hence the decomposition of the Hodge-Pink lattice qpr yields

cokermay = [ Klwy — v(wy)l/(wy — ¢(zy)) "

YeEHE

=: H (coker Tar)y ,

YEHE

where each (coker Tar)y is a K-module of rank dy, adding up to the K-vector space
coker Tp; of dimension

d = dim(M) = dimg (coker Tps) = Z dy.
YeEHE
The CM-divisor at the infinite place

We now define the local divisor of an A-motive M with CM at oo in a similar manner.
As seen before, we can view M as O p-module of rank 1, with underlying morphism

v ot M — M

such that 7); forms an isomorphism away from the two characteristic places € and oo.
As discussed before, T3 has zeroes above ¢, and the degrees of these zeroes determine
the structure of the cokernel coker 7); of 737. In particular, the total degree of the divisor
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2.1. Complex Multiplication

describing the zeroes above ¢ is precisely the k-vectorspace dimension of coker 7y, i.e.
the dimension d of M. Choose some extension (M, 7,;) of (M, 7y) to the whole curve
Cr. Above oo, the morphism Ty has poles, and their degrees also add up to dim M
(since the total degree of the divisor describing M has to be zero due to M forming an
invertible sheaf on the curve 5’k) More specifically, let P be a point on the curve Cr
aboce the point oo € C.The map 7,; has a pole of some degree dﬁfloo at P. Furthermore,
we define
duoo =D _ di'p - [K(P) : k]
Plu

at all places u of F¥ above co. Note that the d, », do not depend anymore on M, since
dy,00 = ordp (T/[a":]F"}). We write

Do = {du,0; Spec(E) > u | oo}

for the resulting set of positive integers and call D, the local CM-divisor of M at
00.
Note that if M does not have CM via some algebra £ C QEnd (M), then M cannot
be seen as Op- or Of ;-module, and the discussion above does not make sense.

The CM-divisor at the characteristic place

Let M = (M, 1pr) be an A-motive of characteristic € over an A-field k. Assume that
M has CM via Op for some separable, commutative, Q-algebra E, and let ®. be its
CM-type. We define the local CM-divisor D, of M at the characteristic place in a
similar manner as the local CM-divisor at the infinite place. The tuple D, := (dy.)uy
indexed by the places u of O above ¢ is then called the local CM-divisor of M at
£.

Definition 2.15. Let M be an A-motive with (CM) via O, and let D. and Dy, be the
local CM-divisors of M as defined above. Then we call

]D)M = (DsaDoo)
the total CM-divisor of M.

Remark 2.16. The discussion above strongly suggests that for A-motives M with (CM)
the structure of Tar (and therefore M) is determined by the total CM-divisor of M,
similar to how CM-types determine abelian varieties with complexr multiplication. As
we will later see, this is an accurate impression, and we will use this relationship to
construct A-motives with pre-determined properties later on.

Generalization to Global Shtukas

Let N = (N,cq,...,cn, Tar) be some global shtukas of rank 7 over some finite field k,
as defined in (1.19). In particular, 7,/ is an isomorphism on ¢*N — N outside the
graphs of the ¢;. The notion of Complex Multiplication carries over to global shtukas
in a natural manner. We say that A/ has Complex Multiplication (or short (CM)) via
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2. CM-types and the Taniyama-Shimura-formula

some commutative semisimple Q-algebra E of rank rkg E = rkN = r, if there is an
embedding
E < QEnd(N)

of commutative )-algebras. Furthermore, such a global shtukas is said to have (CM)
via Op if NV is invertible as O -module. (Here C is again the curve defined by F and
Cr = C x Spec(k).)

We will now define a local CM-divisor D); at each of the paws ¢; by following the
same approach as we used at the infinite place for A-motives. Namely, let P be some
place on the curve Cj, with ord p(Tn) # 0. In particular, P is lying above some some
point v; € C given by a paw ¢; of N. For all u € C above v; we let

dy; = ZordP(TN) [K(P) : k] = Ordp(T/[\ﬂ;“:Fq]).
Plu

Then the tuple D; := (dy; : u | v;) is called the local CM-divisor of N at the paw ¢;,
and the tuple Dy = (D;) is called the total CM-divisor of N.

2.2. The Formula of Shimura and Taniyama

The question underlying the formula of Taniyama and Shimura may be stated as follows:
Assume that we are given an abelian variety A over some number field K such that we
can can reduce A at some prime ‘P in Ok to an abelian variety Agp over k := Ok /*B.
Now, since k is a finite field, Ay has a Frobenius endomorphism 7. What can we say
about the algebraic nature of 77 If A has Complex Multiplication via O with 7 € Og,
the formula of Taniyama and Shimura provides a complete and satisfying answer to
this question. More specifically, it gives a full description of the ideal (7)o, generated
by the Frobenius.

2.2.1. Unramified version

The Taniyama-Shimura formula goes back to a 1955 paper by Taniyama [Tan55] and
was first proved by Shimura and Taniyama [Tan55, Shi55, Tan57], reducing to the case
of B having absolute degree 1. (As to the history of the proofs and some corrections,
see also the discussion in [Hon68, §2].) It can also be found as [ST61, Thm. 1],
however in a slightly weakened form; to be precise, it is assumed that p := P NZ
is unramified. In order to prove the Honda-Tate-relationship between Weil numbers
and Abelian Varieties, the stronger form is needed. However, since the proof of the
weakened formula is rather elegant and was first used in [Pel09] to adapt the formula
to the case of A-motives, we will first give and prove the weaker statement. This is, in
essence, the proof given in [ST61], which may also be found in an updated form using
modern language in Milne’s expository article [Mil07] on the fundamental theorem of
complex multiplication.

Theorem 2.17. Let M be a pure A-motive over an A-field (K, A C K) with (CM)
given by a semisimple, separable Q-algebra E, such that K is finite over Q). Assume
that K contains (E) for all ¢ € Hom(E,Cy) = Hg. Let B be a prime ideal in the
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2.2. The Formula of Shimura and Taniyama

integral closure Ok of A in K, such that M has good reduction My at*B. Assume that
Op = ENEnd(M) and that p := P N A is unramified in E. Let m be the Frobenius
endomorphism of the reduction Mgy. Let W = (dy | ¢ € Hg) be the CM-type of M.
Then the following equality of ideals in Og holds:

(M) = T ¥ "(Ngspm B)™. (TSF)
YeHE

Remark 2.18. Note that the reduction M‘B 1s an A-motive with characteristic ideal
SBNA. In order to avoid confusion, we will generally denote this characteristic ideal
p =B NA instead of € during the course of this subchapter.

Proof. Since M has good reduction at 3 by assumption, we can choose a good model M
over the ring O gy, with Mg = (M',7),) denoting the reduction at 9. The cokernel
coker 7pq of the model M naturally relates to the cokernels of M and Mg in the
following way: First, we have

coker Ty = coker Ty @0 4 K

and
coker Ty = coker T /(P - coker Trq).

Furthermore, from the decomposition
coker )y = @ (coker Tz )y

pew

with
dw = dimK(coker TM)TJJ y

and using that p is unramified, we first obtain a corresponding decomposition

coker Ty = @ ((coker Tar)y N coker Taq)
Ppew

:=(coker Taq)y

and then also

coker T = @ (coker Tar )y -
pew

This decomposition argument breaks down for ramified p, which is why this proof
cannot be adapted in the case of ramified characteristic. The ideal (7) C Op generated
by the Frobenius endomorphism 7 € O may be written as a product of prime ideals

(m) = [T
polp

Let us write n, := ordy (7). Note that the reduction Mgy is an A-motive over the
A-field k := Ok /B, where v : A — k is given by A— Og — Ok /B, and therefore
kery =B N A = p. Hence all p, dividing (7) will indeed lie above p.
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2. CM-types and the Taniyama-Shimura-formula

We therefore obtain a decomposition of ¥ in the following way: Write ¥, for the
set of morphism ¢ : F — C4 relating ‘B and p, and d, for the dimension of the
corresponding subspace of coker 7, i.e.

Hv = {¢ € HE ’ 1/71(‘13) = pv}a

dy = > dy.

pev,
Obviously,
S ody=) dy=d.
v|p Pew
Write q := Ng/o(B) = plFeFel — pf(B/P) We now claim that
Nijq (pir) = b ) — g (4
Assuming this to be true, we obtain
Ngso (pr) = (@)™
dU
= (Nk/o %)
d
= II (Nuje®)™
eV,
_ d
= I (Nejo@ ™' (Nisum($))™
e,
_ d
:NE/Q( I (' (Niyuu®)) “’)-
e,

Since prime ideal factorization is unique and we know that HwE\I/U (zp_l(N K/GE ‘B))dw
is a power of p, by construction, we obtain

Py = H (Qﬁ_l(NK/wEm))dw
PeEW,

and therefore the statement of the theorem, once we form the product over all ¥,,.
It remains to show the claim in (x). We pick an integer h such that

(p5)" = (Bu) C Op.

Such an h exists, since £ = [[ E; is a finite product of fields with finite class numbers.
We now look at the induced map S, : coker 7p;+ — coker 7. We claim that for some
suitable positive integer n, we get a decomposition

ker(8; : coker 7pp — coker Tppr) = @ (coker Ta71). -
YeEW,

To see this, let us consider the action of 3, on coker 7pyr. If we write zy 1= yy — ¥ (yy),
the action of 3, is given by multiplication with 5, , which we write as

P(Bo) + (Bo — ¥(Bv))
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2.2. The Formula of Shimura and Taniyama

on the factor corresponding to 1. Therefore, 3;' for some n > 0 acts as multiplication

with

($(8o) + (B = ¥ (B.)))"

Since we are working in characteristic p > 0, if we pick for n a p-power n = p* > d, the
(By —¥(By))-term vanishes into the ideal (v, —1(yy))%, and the action of 37 collapses
into multiplication with ¢ (3,)". Since

coker 7y = coker T /(P - coker Trq),

this action will be zero if and only if ¢ € ¥,. Hence the kernel of 3} is indeed given by

as was to be shown.
Therefore

hn _ (TM’

Since

Using?

we end up with?

Ng/o(pl™) = Ng/g(By) = deg B, C pldvFwl,

)h~[]Fc¥;:IFp]~n

@ (coker Tarr) e,

’LL)G\IJU

dimy, coker ;' = dimy, @ (coker Tz )y
PeW,

=rko, @ (coker Taq)y
peW,

= dimg @ (coker Tz )y
pev,

= dy.

holds, we obtain

dimy, coker 3, < h - d, - [Fyp : Fp].

di"‘]F;n coker By

deg(By) =p vl

and we can remove the h from the exponent. But now we are done, because by forming
the product over all v and using »_d, = d we see at once that the inclusion must be

an equality.

3see [BH09, Cor. 7.5] or [Pel09, Kor. 6.1.4]
“The second equality follows from [BH09, Thm. 7.3

_l
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2. CM-types and the Taniyama-Shimura-formula

2.2.2. Revised version at the characteristic place

The approach in the last section has two drawbacks. First, it only works for unramified
prime ideals p, i.e. the A-motive M’ has to have an unramified characteristic ideal ¢,
which severely limits scope of the statement’s usefulness with regards to our purposes.
Second, it uses results from [BH11, BH09] obtained in the context of pure motives
only. We will now explain how to avoid both of these problems by giving another proof
totally independent from the arguments in the last section. Our approach will follow
the general outline of Tate’s work in [Tat68] (for a fleshed out version, see [Con04]) for
abelian varieties. His ingenious idea was to reformulate the formula of Taniyama and
Shimura for abelian varieties in terms of their p-divisible groups. For us, p-divisible
groups are replaced by local shtukas.

We begin by restating the Taniyama-Shimura formula in more accessible, concrete
terms.

Proposition 2.19. With notations and assumptions as before, the Taniyama-Shimura-
formula is equivalent to each of the following two statements:

1. For all primes p,, C Of dividing p =P N A, we have
ordy, () = Y dy - f(B/1(pv))

pheW,
and zero otherwise.
2. For all primes p,, C O diwiding p, we have
ord, (m) _dy
ordp (q)  #H,

and zero otherwise, where H, :={¢: E — K | ¢ '(B) =p,}, q:= Ng/q(B) =
pfFB/0) and U, as before.

Proof. The first statement is immediately seen to be equivalent to (TSF), since

_ d
ordy, (" (Nge/pm) B) ™) = dy - ordyp ) (Ni/ppB) = dy - f(B/¢(p,))
if and only if 1 () = p,,, and zero otherwise. As for the second statement, note that

ordy, (q) = £(P | p) - ordy, (p) = £(B/p) - e(p, | p)

and
#Hy = f(po/p) -e(py | p)-
Using the first equality we just proved, we obtain

Ordp dy - F(B/P(p)) _
-2 FB/p)-elpy | p) %;7 fpv/p) (o[ p) — #H

and vice versa. Hence the second statement is equivalent to the first statement, which
was already seen to being a reformulation of the Taniyama-Shimura formula. J
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The reader will notice that the proof of equivalence does not require the prime p to
be unramified. We are therefore left to prove the following revised theorem

Theorem 2.20. Let M be an effective A-motive over an A-field (K, A C K) with (CM)
given by a semisimple, separable Q-algebra E, such that K is finite over ). Assume
that K contains ¥(E) for all ¢ € Hom(F,Cy) = Hg. Let B be a prime ideal in the
integral closure Ok of A in K, such that M has good reduction My at B, and write
p:=PNA. Assume that Op = ENEnd(M). Let w be the Frobenius endomorphism of
the reduction My. For all places u € Spec (Og) above p, we have

ordy(m)  dup

ordy,(q) T hy (+TSF)

where (duyp) is defined via dyy = Y ycpy, dy for the CM-type ¥ = (dy)pen, of M,
Hy = {¢ € Hg; ™ (B) = u}, hy = #H, = [Ey : Qy] and q:= Ny () = p/F/»).

Remark 2.21. The presentation of formula (rTSF) is chosen to show the analogy with
the Shimura-Taniyama formula for abelian varieties. If one simply wants to calculate
the behaviour of the Frobenius endomorphism m at places above p = P NA, the formula
can be written more explicitly as

[Fyp : ]
ordy(m) =dyp - ———5 .
Py : Ty
We will not prove this for the moment, as it is an easy calculation, and will in fact be
part of the proof of formula (rTSF).

Remark 2.22. Since we are for the moment only concerned with the structure of the
Frobenius at the characteristic ideal p of the reduction Mgy, we will remove the subscript
p from the notation, and simply write d, for dy.

Any A-motive with CM has potentially good reduction everywhere, and up to isogeny
we can always assume that Op C Endg (M). We may therefore without loss of gener-
ality assume that K is large enough to not only contain all images 1 (FE), but also to
guarantee good reduction at a prime ideal B above € = p. We write M to denote the
model of M over Ok. As always, we may consider M as a free Op k := Op ®r, Ok-
module of rank one and To¢ as an isomorphism o*M = M on Spec (O i) outside
the zero locus of the canonical ideal J.

Since £ = FE; x --- X B, is a finite product of fields, the set of homomorphisms
Hp = Hom(F, K) decomposes into a disjoint union of Hg, = Hom(E;, K). We also get
a disjoint decomposition

Hp =|JHg,
ulp

with Hg, := Homg, (£, Ky), where Ky is defined to be the closure of K in Q;lg. We
will also use the notation Fy to denote the residue field of Kq. The ring of units Ok,
of Ky is isomorphic to Fy[£] for some uniformizer £ of Og.
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2. CM-types and the Taniyama-Shimura-formula

Let us fix some place u | p of E, and write A, = @; thus A, 2 F, [y.] for some
uniformizer y, of E at u and A, C A,. Furthermore, write

Au01y = (Au ®F, Oryy)" 2 (F, @, Fpl€]) [yl

Consider now the ring I, ®p, F[¢]. This decomposes into a finite product

[T (Fu.og, Fplel)/a,

i€z /f
where f := [F, : F,] and
= (A®1-10 M : AeF,).
For i € Z /[Fy : Fy| Z, let also
6= (a®1-1®a : acFp).

Note that the number of ideals a, and the number of ideals a, differs by a factor of
[F. : Fp], that is, for every a; there are exactly [F, : Fp] ideals @; lying above it.
The local shtuka M (M) can now be obtained as

Mp M) =M ®A0Kq3 Apvomp /ao.
The underlying module may be written in the form
M ®AOK‘¥> AI%C’JKq3 =M ®OE®quKq3 (OE QF, OKm) ®A®Fq0m}p ApvoKy
Hence, we have to compute
(OE QF, OK%) ®A®FQOKQ3 AP»OKm =0p ®a4 APvOKq[3
= (Op @4 Ap) @4, A0y,

= H OE7u ®AP AP,OK(X}
ulp

We obtain
M ®A0Kq3 Ap7oK(B/a0 = H (M (X)OE@(’)KQ13 AU,OKm)/aO :

ulp

We summarize our findings as follows:
Lemma 2.23. The module M ®Ao,, AP»OK;p /ag decomposes into a finite product
P
M@ao,  Apowy fag = [ [ Mu(M)
ulp

where ~
My (M) = (M ®Op®OKy, Au,qu})/ o
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2.2. The Formula of Shimura and Taniyama

We now claim in fact this decomposition produces is compatible with the local-
shtuka-structure in the following way:

Lemma 2.24. Each factor MU(M) is in a natural way the underlying module of a local
a-shtuka M, (M) at p of dimension d,, and height (or rank) h,,.

Proof. With 1) being the underlying morphism of M, the underlying morphism of its

associated local g-shtuka at p is given by 7 := (1) *Fal. (Here 6 denotes U[F":Fq])
As M is a locally free Op k,,-module of rank one, M, (M) is a locally free Au,OKm‘

module of rank one. Since A, is isomorphic to Aga #Hu s Ap-module and E was assumed

to be separable, M, (M) is a locally free Apv(’)Km -module of rank [A, : A,] = #H,. By

restricting 7 to each factor, each M, (M) therefore defines a local -shtuka
M, (M) = (My (M), 7)

at p, which is of rank #H, at p. (Note that o)y = idg and hence o deserves each

factor.) It remains to determine the dimension of M, (M). In other words, we need
to calculate the dimension of the cokernel coker 7. In the definition of the CM-type
(dy)ypery, we picked a uniformizer y, for every w | p and for every ¢ € Hp,, we
considered the difference z, 4 := yu — ¥(yu). To each z,, we obtain a point

Tugp = V(zuy) = V(Yu — ¥ (Yu))

lying above the generic fibre Spec (Ksy) of Spec (Op k). We claim that®

~ ~ q j ()
coker 7, ®0Kq3 Ky = Au,qu/ H (Yu — w(yu)‘” )dw
YeHE,

for a suitable set of integers {j(¢) : ¥ € Hg,}. Let us prove this statement. Consider

the map
<¢£[Iu(yu - w(yu))_d’”> M-

Locally on all Spec (AU«:OKm B0k, Ky) C Spec (Op®r, Kyp), this defines an isomorphism

M = M.
Let us take a closer look at the points above Spec (Fy). We have a decomposition

Spec(Fy, ®p,Fp) = | | Spec(Fu@r, Fy)/a;
i€Z [[Fp:Fq]

|_| Spec (F, @r, Fy)/a; .
1€Z [[Fy:Fy)

1%

Note that every [F, ®p, Fp/a; is isomorphic to Fy and therefore defines a single point
represented by a;, which is a member of a well-defined set of points represented by the

5The calculation is done only over K. Note that this suffices, since coker 7, is a free Ok -module
by [HK18, Lemma 2.3].
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2. CM-types and the Taniyama-Shimura-formula

ideal a;. There is an Frobenius-induced operation on the points a; and therefore on the
sets {a;} given by
a; Da; — O'*(al) € i1 .
On the points z,, ., this corresponds to
a0 2 @y = V(yu — YY) = V(yu — ¥(y)?) € m
In this way, if 1o € H, gives a point x,, 4 € ag, we get a conjugated set of points

Uk*<$u7w) € ag (0 <k< [Fp : ]Fq]) .

If 4 is any another element of H,, we get a similar conjugated set of points, starting in
some set ﬁ;(w) € a;(y)- We therefore get maps i(-) and i(-), relating an embedding 1 to

it’s ideals ﬁ;(w) and a;(y). The map i(+) can be calculated in the following manner: Let
1 be some element of H,, i.e., some ()p-morphism E, — Ky. The natural diagram

A,

F, - y Ey
o |
F, — (QK‘13 — Ky
yields an induced endomorphism ¢, , which is given by some exponent
Fu 2 A AT,

The exponent s is precisely (1), and i(1)) can be obtained as the residue class of (1))
in Z /[Fy : Fq] - Z. Writing
J() = [Fu : Fq] — E(w)
for 0 < i(tp) < [F, : F,] and
i) =0
for i(y)) = 0, we conclude that
TT (e — (@)% -5,
e,

defines an isomorphism

G*Mu(M) ®Och Ky = Mu(M) ®0Kq3 Ky

In particular, we obtain the desired statement
A~ T j ()
COkeI' Tu = AU’OK‘B/ H (yu - Tr[}(yu)q] )dw’
YeHR,

and counting dimensions at every @ € H,, we end up with

dim M, (M) = rkcoker 7, = Y dy = du,
YeH,

as was to be shown.
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2.2. The Formula of Shimura and Taniyama

Lemma 2.25. Under the assumptions of the revised TSF-theorem, the following equal-
ity holds:

ordy, (v) _ dim(4L, (M)

ord, (q) N rk(M, (M) .

Proof. Let us begin with calculating the numerator of the left-hand-side quotient. For

[

m € Op being defined as the Frobenius 7 Epﬂq} of M®o Ky [y, we know by construction

that 7 = 7] Furthermore, there exists a unit b, € OEU such that

We consider the map given by

11 &l( IT (v — (ya)) ) .

IEZ [[Fp:Fy) YEHy

This defines an isomorphism

oML, (M) = M, (M),
By changing the base to Fy, we see that
—dy,-[Foz:F
H yu ™ FyFp)
YeHy

defines an isomorphism

&[Fm:Fp}* (Mu (M)Fm) = Mu (M)Fm

at every unit disk around the points a;. Focusing at the disk containing the point ag
and using the observation about the number of ideals a, and a,, we conclude that

< H y;dw.pym;]pp]> o yLIFu:IFp]ordu(w)—du-[]Fqg:]Fp] b,
YEH,

—duv-[mm;wp]
must be a unit, which is equivalent to the vanishing of the exponent of y,, i.e.
[Fyp : Iy
d =d, - ) 2.1

Note that this is precisely the formula asserted in Remark 2.21.
As for the denominator, since q was defined as No, /4 (%), we have the equality

ord, q = ord, p!F/¥) = c(u | p)- f(B/p) = e(u|p) - [Py : Fy].

Therefore,
ord,(m) dy - [Fop : Fp) _dy
ordy(q) — e(u|p) - [Fy:Fy- [Foyp:Fp] Ry’
using
#Hy =hy =e(ul|p)-[Fy,:Fp.
Together with the results from the last Lemma, we obtain the desired statement. a
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2. CM-types and the Taniyama-Shimura-formula

Remark 2.26. Informally, the valuation of w at some place u | p is given by the weight
of the local shtuka at this place, up to a factor from the field extension.

The revised Taniyama-Shimura-formula (rTSF) of Thm.2.17 follows now immedi-
ately by combining the preceeding three results.

Remark 2.27. Note that we did not really need the A-motive structure of M for any
of the preceeding arguments. Therefore, one could just as well start with a global shtuka
N and make the same argument for the induced local shtuka at the characteristic places

of N.

Remark 2.28. Note that the argument for A-motives works entirely with local shtukas,
which take the place that p-divisible groups take in the theory of abelian varieties.

2.2.3. The formula at the infinite place

The TSF allows us to understand the valuation of the Frobenius endomorphism of a
reduction at all primes above the characteristic place € by relating them to the cokernel
of the underlying morphism 75,. However, to understand the A-motive M, we also need
to understand it’s behaviour at the hidden characteristic co.

Theorem 2.29. Let M be an effective A-motive over an A-field (K, A C K) with (CM)
given by a semisimple, separable Q-algebra E, such that K is finite over Q. Assume
that K contains y(FE) for all v € Hom(E,Cy) = Hg. Let B be a prime ideal in the
integral closure Ok of A in K, such that M has good reduction My at*B. Assume that
Op = ENEnd(M). Let 7 be the Frobenius endomorphism of the reduction My. Let
Do = (du,00) be the local CM-divisor of Mg at oo. For all places u € Spec (Og) above
oo, we have F :F.]
_ P Lq .

ordy (m) = dy,c0 - Fo Fy (rTSFi)
Proof. The asserted formula follows from [Fral7, Lemma 2.2.3.4]. Due to its importance
for us, we give a short review of the argument.

On the curve C, let u be a point above co € C. On the curve Cp sp» there are precisely
[F, : Fy] many points P lying aboce each such w, which are cyclically permutated by
o*. Let N be an extension of M to éFqs’ and denote by ANp the restriction of N to
CN'Fm \ {P} Hence every P is a fixpoint under the action of ¢F«Fal* and therefore the

order
ordp (tEFwF ATy — Np)

does not depend on the choice of N and P. Therefore we can define
dupo :=ordp (T[F":Fq}*/\/’p — Np) ,

and we conclude

ord,(m) = Ordu<T[F‘B:Fq])) = [F‘B 1] dy,oo = dy,00 - F]}
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2.2. The Formula of Shimura and Taniyama

2.2.4. Generalization to Global Shtukas

Finally, we would like to develop a similar understanding for the structure of the CM-
types of global shtukas at their characteristic places.

Theorem 2.30. Let N = (N, ¢, 7n7) be a global shtuka in the sense of Definition 1.19
over a finite field k = Fy = Fye with Frobenius m and (CM) via some commutative
Q-algebra E. Write F = Q(7). Let Dy = (dy;) denote the total CM-divisor of N at
all places of E above ¢. Let w; be some place of Q in ¢, and let u be some place of E

above w;. Then
ordy(m) [k :TF]

duy.i [Fo : Fyl '

Proof. Works the same as the proof for Theorem 2.29. J
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3. The Honda-Tate Correspondence

In this chapter we will explain the setup of the map associating a field element to an
abelian Anderson-Motive. At first, we will give a short overview of the analogous parts
on the number field side.

3.1. The Correspondence on the Number Field Side

A (complex) abelian variety A = V/A of dimension n = dimc¢ V' has rank 2n, if one
defines the rank of an abelian variety as the R-rank of its defining lattive A. The weight

d;f‘ of an abelian variety is therefore always 1/2.

Definition 3.1.

1. Let a > 0 be a positive integer and p a prime number. Write ¢ = p*. A p-Weil-
Number of order a (or simply q-Weil number) is an algebraic integer o such
that

o(a)-o(a) =q
for every embedding o : Q(a) — C.

2. Let a, o be two q-Weil-numbers. Then o and o/ are called conjugate to each
other, written o ~ o, if there exists a Q-isomorphism

Qla] = Q[], awd.

FEquivalently,

/ . .
a ~ <~ ming,Q = My Q -

3.1.1. Weil Numbers

Theorem 3.2. There is one-to-one correspondence between the set of conjugacy classes
of p-Weil numbers of order a to the set of isogeny classes of simple abelian varieties
over [Fpa, induced by the Frobenius.

3.1.2. Injectivity

In order to proof the injectivity of the map, one needs to show that isogeny classes
of abelian varieties may be characterized via their Frobenius polynomials, that is, two
abelian varieties A and A’ are isogenous if and only if their minimal polynomials min 4
and min 4/ are equal. This was proven 1966 by John Tate [Tat66].
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3.2. The Correspondence on the Function Field Side

3.1.3. Surjectivity

The surjectivity of the map was shown by Honda [Hon68|; other sources are [eisen-
traeger, oort, etc]. The principial strategy is as follows:

1. Choose a Weil-Number «.
2. Determine the (CM)-type associated to .

3. Find an complex abelian variety A with (CM), that has the ”correct” endomor-
phism ring F.
4. Show that A is already defined over an algebraic number field.
5. Reduce A to a abelian variety defined over a finite field.
N

6. Find a simple abelian subvariety A, in A with Frobenius o™ .

7. Use descent theory to find an abelian variety with Frobenius a.

3.2. The Correspondence on the Function Field Side

From now on, fix an algebraic closure Q8 of @ = Frac(A).

3.2.1. Drinfeld Modules

Let p C A be a maximal ideal and let a,r > 0 be positive integers. An element o € Q2
is called an p-Drinfeld-Weil-number of degree a and rank r, if is satisfies the
following five conditions:

1. The element « is integral over A, i.e. its minimal polynomial min, g has coeffi-
cients in A.

2. There is only one finite place of Q(«) lying above () C Og(q), and this place lies
above the characteristic point p. Here Og(,) denotes the integral closure of A in

Q).
3. There is only one place of Q(«) lying above cc.
4. The element « has absolute value |a|oo = (# Fy)¥" at co.
5. The degree [Q(«a) : Q] divides 7.

As before, two Weil-numbers are called conjugated, if they have the same minimal
polynomial over ). Then the following analogue of Honda-Tate-Theory was proven by
Jiu-Kang Yu:

Theorem 3.3 ([Yu95, Gos96]). There is a one-to-one correspondence between isogeny-
classes of Drinfeld-modules of rank r over Fpa and conjugacy classes of Weil-numbers
of degree a and rank r, induced from ¢ +— ming q.
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3. The Honda-Tate Correspondence

Remark 3.4. Note that due to the exponent 1/r in the definition of Weil-numbers it is
always possible to immediately tell the rank of a Drinfeld-module from its Weil-number
(and technically also its dimension as an abelian Anderson-motive). This is not the
case for abelian varieties in general, since the quotient of dimension and rank always
equates to 1/2.

3.2.2. A-Motives

While there are many striking analogies between abelian varieties and A-motives, there
is also a number of important differences resulting in certain adjustments one has to
make.

We have the following

Weil Numbers

We will now give our definition of the analogue of Weil-numbers for A-motives M over
a finite field k, which we will call Weil-numbers. In principle, these will be elements
of an appropriate field of absolute value (#k)"V*2. Note that there is no immediately
obvious way to tell rank r and dimension d from «, as was the case for Drinfeld-modules
(where always d = 1 holds). Extracting rank and dimension from a Weil-number will
be the subject of the next subsection.

Pure Weil Numbers

We will first look at the pure case, that is, the Weil numbers corresponding to pure
simple A-motives over finite fields.

Definition 3.5. Let p € Qs be a rational number. Let A be an admissible ring via
the curve C'/Fy, and let Q be its field of fractions. Let p C A be a maximal ideal, and
let a > 0 be a positive integer. Let Q¥ denote an algebraic closure of Q. A pure p-
Weil-number o of order a and weight wt(a) := p is an element of Q9 satisfying
the following conditions:

1. The minimal polynomial min, g of a over @ has coefficients in A.
2. The element a does not lie over any place w outside p and oo, 1. e.

ordy(a) =0 (Vwip-o0).

3. The element o has absolute value
o] = (F, )™
at all extensions of the place oo € C' = Spec (A) U{oo} to Q(a).

We call two such Weil-numbers o, o’ conjugated, and write o ~ o, if they have the
same minimal polynomial min, g = miny g over Q). We denote the set of pure p-Weil
numbers of order a and weight i by

WH(Aa pa CL)
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3.2. The Correspondence on the Function Field Side

and the set of conjugacy classes of Weil numbers of weight p by

Wi (A,p,a).

Weil Numbers for general A-motives

Let us now consider the more general case of Weil numbers for arbitrary, i.e. simple,
but not necessarily pure, A-motives.

Definition 3.6. Let A be an admissible ring via the curve C'/Fy, and let Q be its field
of fractions. Fiz an Fy-rational point oo on C'. Let p C A be a mazimal ideal, and
let a > 0 be a positive integer. Let Q™ denote an algebraic closure of Q. An p- Weil-
number o of order a is an element of Q™9 satisfying the following conditions:

1. The minimal polynomial min, g of a over Q has coefficients in A.

2. The element o does not lie over any place w outside p and oo, 1. e.

ordy(a) =0 (Vwtp-o0).

We call two such Weil-numbers o, o’ conjugated, and write o ~ o, if they have the
same minimal polynomial min, g = miny g over Q. We denote the set of p-Weil
numbers of order a by

W(A,p,a)

and the set of conjugacy classes of Weil numbers by
W™ (A, p,a).

Remark 3.7. 1. Please note that the definition above does not, in fact, depend on
the choice of a. However, the bijection between Weil numbers and A-motives will
depend on the ground field k, given by k = Fya, and the same Weil number o
would therefore correspond to multiple A-motives, depending on the choice of k.
To avoid misunderstandings, we have therefore decided to include the a in the
definition of Weil-number.

2. Also, the reader may have already noticed that our definition of Weil-numbers
for A-motives, pure or otherwise, does not include any provision on the number
of places above € or oo, opposed to Def. 8.2.1 of Drinfeld-Weil numbers. It was
proven by E.-U. Gekeler in [Gek91, Th. 2.9] for Drinfeld-modules, there is only
one place of F' above € and oo, respectively. For an A-motive of higher dimension,
no such requirement is needed.

3.2.3. Global Shtukas

Definition 3.8. Let n > 2 be a natural number, k be some finite field, and ¢ =
(c1,...,¢cn) be a tuple of closed points on C. We then call any element o € Q™ a
Weil number of characteristic ¢ and order a, if the following single condition
holds:
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3. The Honda-Tate Correspondence

e The element a does not lie over any place u outside ¢, i. e.

ordy(a) =0 (Vu ¢ c).

We call two such Weil-numbers o, o conjugated, and write o ~ o, if they have the
same minimal polynomial min, g = miny g over Q). We denote the set of Weil numbers
of characteristic ¢ by

W.(A,a)

and the set of conjugacy classes of Weil numbers of characteristic ¢ by

WZ (A, a).

3.2.4. Questions

Given the correspondence for abelian varieties and Drinfeld-modules, it is natural to
ask the following questions:

1. Let k/F, be a field extension of degree a. Given an p-Weil-number « of order a,
does there exist an effective A-motive M, over k of characteristic p such that it’s
Frobenius endomorphism 7 is conjugated to a?

2. Will any two A-motives M and M’ with Weil-number a be isogenous?

3. If o is a pure Weil-number of weight u, can we find a pure A-motive M, of weight
u over k of characteristic p with Frobenius m ~ o7

4. If M, exists, can we determine its dimension and rank directly from «a?

5. Let k be a finite field and let ¢ = (c1,...,¢,) be a tuple of F,-homomorphisms
c; : Fy, = k. Given a Weil number « of characteristic ¢, does there exist a global
shtuka over k£ whose k-Frobenius is conjugated to a?

Most of these questions will be answered in later chapters. However, we can answer
the fourth one, assuming that such an A-motive can indeed be found.

3.2.5. Dimension and Rank

As in the case for Drinfeld-modules, i.e. d = 1, we would like to control the rank
r and dimension d of M as well. Since r and d do not need to be relatively prime,
however, one has to be careful if one wishes to extract (d,r) from the weight of M
alone. Therefore, additional insights are required.

Let M be a simple A-motive of dimension d and rank r over a finite A-field (k,~).
Write E := QEnd(M) and F := Q(w), where 7 is the Frobenius of M. Let h denote
the degree of F//Q, i.e. the degree of the Frobenius polynomial of M.

We know from Theorem 1.77 that F is a skew field with center F. We know from
[BHO09], that the degree [E : F] is precisely Z—z If we can find a way to calculate [E : F
from @ and F' alone, we can calculate 7.
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Furthermore, we know from Theorem 1.77 the local Hasse invariants inv, (F) for all
places v of F'. More precisely, we have for all places v of F' the explicit formula

inv,(F) = —W;Fﬂ] -ordy ().

Note that the expression on the right hand side does depend only on F' = Q(7) and k.
Therefore, given an p-Weil-number « of order a, we can calculate all the local invariants
of E from knowledge of F = Q(«) and a. Write h(a) := [Q(«) : Q]. Global class field
theory yields the short exact sequence

0— Br(F) - @ Br(F,) -~ Q/Z — 0,
v
where the first non-trivial map is given by scalar extension and the second by summa-

tion. In particular, given all local invariants of the central simple algebra E, we can
calculate the order of [E] € Br(F) — @, Br(F,) as the least common multiple

Fo Bl gy ()

of the local orders in Br(Fv), that is Q /Z. However, the order of [E] in Br(F) is
precisely /[E : F| via the theorem below; therefore, with

rk(a) := h(a) - (@)

I(c) := lemy (ordpy p, (invy [E])) = lem, (ordg /7 (—

and for a pure of weight wt(a) =
dim(«) := wt(a) - rk(a),

any simple pure A-motive with Frobenius 7 = o must have rank rk(a) and dimension
dim(«). For for non-pure «, the rank-calculation works just the same as above, but
the dimension needs to be calculated differently; since the dimension of any A-motive
(M, Tpr) is just the dimension of the cokernel of 757, which according to the discussion
in Sections 2.1.6 and 2.2.2 can be calculated in the following way:

. h, ord,(a
dim(a) = Z o Ordu((p)) ,

ule

with notation as in Thm.2.20. We denote the set of Weil numbers of rank r and
dimension d w.r.t. an A-field k of degree [k : Fp] = a by

W(A,p,a,d,r) C W(A,p,a)
and the set of conjugacy classes of Weil numbers of rank r and dimension d by
W™ (A,p,a,d,r).

The equivalent sets for pure Weil-numbers of dimension d and rank r and weight p = d/r
are denoted by

W,u(A,p,a,d,r) and W:(A,p,a,d, T)
Remark 3.9. Note that the equation r(«) := h(«) - l(«) implies (h(a) and I(«) being
integers by definition) in particular, that the degree h(a) of min, g of a Weil-number
divides its rank r(«), echoing the last condition for Weil-numbers of Drinfeld-modules.
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3. The Honda-Tate Correspondence

3.2.6. Statement of Honda-Tate Correspondence

Theorem 3.10. There is a bijection between the set of isogeny classes of simple A-
motives over a fized finite A-field (k,~y) with fized characteristic points (p = ker~y, 00)
with [k : Fy] = a and the set of conjugacy classes of Weil-numbers o in the sense of
Definition 3.6 induced by M — ming g:

A-Mot™(p, a) <1 W™ (4,p,a)
Moreover, this bijection induces bijections
A-Mot™(p, a,d,r) «Xs W~ (A,p,a,d,r)
foralld > 0,r > 0.

Theorem 3.11. The bijections of the preceeding theorem are compatible with purity
definitions on both sides, that is, for all d > 0,7 > 0 there is a bijection

A-Moty(p, a, d,r) < W7 (p,a),
mduced via M — w. In particular, for d > 0,7 > 0 we also get bijections
A-Motg (p,a,d,7) JE LN WdN/T(A,p,a,d, ).

Theorem 3.12. Let us denote the set of isogeny classes of simple global shtukas over
k =4 of characteristic c by
N (¢ a).-

Let k = Fga be a finite field of characteristic p. There is a bijection between the set of
isogeny classes of simple global shtukas over S = Spec (k) with fixed paws paws ¢, and
the set of conjugacy classes of Weil-numbers « in the sense of Definition 3.8 induced
by N — ming g:

NZ (¢, a) + W (a)
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4. Proof of Injectivity

This chapter is rather short, as basically all the work has already been done. In partic-
ular, the injectivity of the Honda-Tate correspondence was proven for pure A-motives
by Hartl and Bornhofen in [BHO09]. Specifically, we have the following statement:

Theorem 4.1. Let M and M’ be two simple A-motives over a finite A-field k with
Frobenius endomorphisms m and 7', respectively. Let ming o and ming g denote their
respective Frobenius polynomials as elements of A[X]. Let furthermore v be a place
of A away from the A-characteristic €, and denote by x, and X!, the characteristic
polynomials of m, = V., (x) € Endg, (V,(M)) and 7, = V,(x’) € Endg, (V, (M), re-
spectively. Then M and M’ are isogenous if and only they have the same characteristic
polynomial, or equivalently if and only if they are of the same rank r and have the same

Frobenius polynomial, that is if ming g = miny g, . e.
M~M << x,=x, <= r=r"and min;g=minyg.

The proof, while not explicitly stated there, is easily derived from [BH09]. For the sake
of completeness, we will give an explicit write-up.

Proof. The statement follows immediately from [BH09, Thm. 8.1, part 1], as long as we
can convince ourselves that 7, and 7,/ are semisimple and i is irreducible, i.e. Q(7) is
a field. Since our A-motives are assumed to be simple, we know from [BH09, Thm. 6.11]
that the quasi-endomorphism algebra E := QEnd (M) forms a division algebra over Q.
In particular, E is semisimple and therefore 7 and also 7, are semisimple according to
[BH09, Prop. 6.8]. Finally, [BH09, Cor.6.10] informs us that the algebra Q(7) is the
center of QEnd(M) and therefore a field, as was to be shown. Note that none of the
cited arguments in [BH09] need purity assumptions, as all calculations are done away
from oo. a

Corollary 4.2. Let k = F; = Fge be a finite field of characteristic p and let N and N
be two simple global shtukas over S = Spec (k) with the same set of paws c. Let m and
7/ denote their Frobenius elements, respectively. Then the same statement holds as for
A-motives, i.e. N and N’ are isogenous if and only if they have the same rank r and
their Frobenius polynimals ming o and ming o coincide.

Proof. The proof of the necessary parts of [BH09, Thm.8.1] is based on local argu-
ments away from oo, and therefore carries over to global shtukas without problems. In
particular, the Tate conjecture remains true for global shtukas, see Thm. (1.73). 2

Hence we obtain as immediate consequence the following

Corollary 4.3. The map associating to a pure abelian A-motive M, respectively to a
global shtuka N over a finite field its Frobenius element is well-defined and injective on
isogeny classes.
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5. Proof of Surjectivity

We now aim to prove the central result of this thesis, that is, all Weil numbers are
representatives stem from A-motives (or global shtukas, respectively). Our strategy!
for A-motives is based on the arguments Tate used in [Tat68] and follows the same
essential pattern - we first construct the correct endomorphism algebra from a p®-Weil-
number « and find in it a CM-algebra, which we use to define an A-motive M_ of
generic characteristic above Cy,. Using results about CM-motives and reduction theory
from the first chapter, we restrict M_ to a finite extension field K of @ and reduce it
to an A-motive M}, over some finite field £’/ Fy. Using the Taniyama-Shimura formula
proven in Chapter 2, we can choose M, such that its Frobenius endomorphism will be
some power o' of a. Finally, we use descent to obtain an A-motive over the correct
field k of degree [k : Fy] = a such that one of its simple quotient motives has Frobenius
conjugate to o. Finally, we explain how to adjust the arguments used in order to make
them work for the more general case of global shtukas as well.

5.1. The Endomorphism Algebra £,

From now on, let A be some admissible ring via some curve C, and let p C A be some
maximal ideal. Fix a positive integer a, and let a be an p-Weil-number of degree a,
that is

ae WA p,a).

5.1.1. Construction of F,

We write F,, := Q(«). Consider the set of rational numbers

_[Fy:Fql ord,(a)

1y —

for all places v of F,. Note that all the mathematical objects on the right hand side of
this equation are solely dependend on the information given by Fj, and the degree of
a. Therefore, the tupel (i, ), is well defined. Let us now choose a semisimple Q-algebra
E!, with center F,, such that

inv, (E.) = i,

for all places v of F,. By construction of the Brauer group (see Appendix, part D.1),
we can always pick E!, to be a skew field. In fact, E!, is even simple, since its center is
by construction a field.

T also made use of seminar notes on Honda-Tate theory written by Brian Conrad [Con04], Kirsten
Eisentraeger [Eis04] and Frans Oort [Oor08], which have the benefit of being somewhat more detailed
than Tate’s paper, and also of being written in English.
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5.2. Construction of A-motive over a finite extension of @)

5.1.2. Existence of a Commutative Subalgebra of rank rk(a)

Since we need our A-motive to possess (CM), we need to show that its algebra of quasi-
endomorphisms contains a commutative subalgebra of rank rk(a). We will find this
algebra in E/,. Note that Q(«) C E!, will not in general suffice, since we can only expect
the relation [Q(«) : Q] | rk(a) to hold. However, it is well known (see Prop.D.1 in the
appendix) that the algebra E/ contains a separable splitting field of degree rk(«)/h
over its center Q(«) and therefore a commutative Q-subalgebra of degree rk(«) over
Q. Let us denote this splitting field by E, (was K,).

5.1.3. The Case of inseparable F

Our construction so far has not made any assumptions on « that would guarantee sep-
arability of E; in particular, o could be inseparable over (). We did, however, develop
our theory in earlier chapters for separable E only, since the Taniyama-Shimura-formula
in particular makes use of the existence of sufficiently many embeddings E, < Q8. As
we will now explain, this is not a fundamental problem, since we can always reduce? to
the case of separable E. Define F’ to be the field Q(a"), where p" is the inseparability
degree [Q() : Qlinsep of Q(a) over Q. In particular, " will be separable over @, so
F'/Q is a separable extension. Now define F” to be field F’'(8”"), where 3 is a root
of XP" —a?" € F'[X]. The field I’ embeds into F” via x — xP". The picture of field
inclusions now looks like this:

F'=Q(a”") == F" = F'(5"")

| [

AcQ == r— QoA = A

Note that both horizontal extensions are purely inseparable of degree p™, while both
vertical extensions are separable (see [HS17, Lemma A.2]). In particular, we can use
BP" instead of a as Weil-number and construct an A”-motive for the field extension
F"/Q", which we will consider as A-motive under the natural inclusion A< A”. In
other words, we may assume without loss of generality, that F//Q is already separable.

5.2. Construction of A-motive over a finite extension of ()

5.2.1. Construction over C,,

Our next step is to find an A-motive M defined over C with (CM) via E,. We
understand Cy, as an A-field via the canonical embedding

A—>Q—Cx.

There exists a projective and regular curve C defined over F, with function field
Fy(C) = Eq. Let us denote the base-change to C, by Cc,, := C xp, C. For some
algebraic closure Fglg C C we obtain the following diagrams:

2This trick was pointed out to me by U. Hartl.
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5. Proof of Surjectivity

Y
Spec (Cs) —— Spec (Fglg) — Spec (Fy)

and

acoo — C(coo
¢ —«C
Choose divisors D, and Dy, on 5@00 (lying over the two different points V(J) and

oo of C') of the same degree d > 0 and form the divisor D' := Do, — D, of degree zero.
Now, if we consider the corresponding invertible sheaf and use deg D' = 0, we get

oD € Pic%/]Fq((Coo) C Picg 5, (Coo)-

We know that f := Frob, —id is surjective as endomorphism of the algebraic group

Pic% /F (Cs) and can therefore choose an invertible sheaf Mc_  corresponding to a
q

divisor D such that

P

i 5, (Coc) 3 Me, > O(D') € Pick  (Cac)
q

C/Fq
under f. On the level of divisors, this means that
0*(D)— D = D" = Do, — D,.
Hence, we get an isomorphism
c*Mc,, = O(c*D) = O(D + D') = M(Ds — Dy),

which we will label T, -

By construction, we have Spec (Og, c..) C 5’@00. Then
M := (D(Spec (Opq, M), M), e, (Spec(Op, c..))
forms a 7-module of rank 1 over Og, c.. -
Lemma 5.1.
M := (T(Spec (Op,m), M), Tue,, (Spec(Og, o)
forms a T-module of rank 1 over O, c..-

Furthermore, we claim that M, when viewed as Ac_ -module, carries the structure
of an A-motive of over C.,, and that

E, C QEnd¢_ (M)

defines a semisimple CM-algebra for M of rank r = rk(a) over ). More precisely, we
have the following diagram of inclusions:
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5.2. Construction of A-motive over a finite extension of @)

A Q —X" 5 Q) — Center(E!)
J:rk r jrk r \[rk r/h jrk r2/h?
Op, « Eo =3 By E
Ende.. (M) QFndc._ (M)

Here, the first and second rows are true by assumption and construction. The first row
of vertical arrows is immediately derived from the theory of central simple algebras,

see above. The injection
OEQ — End(coo (M)

follows from the fact that M is a O, ® Cs-module with T-compatible action. The
second inclusion

Eq— QEndc¢_ (M)
follows from the first and the fact that

O, ®Q = E,.
We summarize our findings in the following

Proposition 5.2. The T-module M defines an A-motive M_ over Co of rank rk(a).
If Dy is effective of degree d > 0, then M is an A-motive of dimension d. Furthermore,
M has Complex Multiplication via E..

Good reduction over a finite (J-extension

Since M__ is defined over the algebraically closed field Co, and has (CM) via Og, by
construction, we can apply section (2.1.4). In our situation, the A-motive M_ has
generic characteristic, i.e. the kernel € of A — C4 vanishes, and therefore F. = Q.
Hence there exists a finite extension field K of () and an A-motive M j defined over K
such that

MK ® (Coo = M(Coo-

Furthemore, by Theorem 2.13 the motive M ;- has potentially good reduction every-
where, that is, for any given prime ideal P8 of O there exists a finite field extension
K'/K such that M, has good reduction at a prime above B, i.e., we can reduce to
an A-motive M, ) with £(P) = Ok//PB. So we can without loss of generality assume
that M ;- has already good reduction.

5.2.2. Choice of divisors D, and D,

The construction works for any divisors D, and D, of the same degree d lying above
two distinct closed points p and oo of the curve C. We continue on to make specific
choices for Dy, and Dy in our setting.

Consider the ideal

Jo, =(a®1—-1®~v(a):a€ A) C Ac,,
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5. Proof of Surjectivity

and its corresponding point
Pj = V(j) S C(Coo’

In particular, Py is lying above the characteristic ideal of M¢_, which is the generic
point 7 on C'. Let 5 o
Py,...,P. € C(Coo

be the points lying above P. Similarly, let
Q1,...,004 € C(Coo

denote the points of C¢__ lying above co € C, and let {oo; ;} for all 1 < i < s denote
the finite set of points in Cc_, lying above each oco; € Cc_ . Therefore,

€Ccqy =V(J)eCe,,
/= =~
P; — P —n,
~—~
66@00 CCoo eC

The Divisor above p

We now have to pick a CM-type (E, (dy)yecHy) at p. According to the revised Taniyama-
Shimura formula (rTSF) of Theorem 2.20,

ord, ()
ord,(q)

where 7 is the Frobenius of the reduction, h, := #H, = [E, : Q] and q := p®. Write
do = p*. We define the tuple of integers (dp)., indexed by the places u of E, lying
above p to be

b‘&
g |e

hy - ordy, ()
ordy(qa)
_ flulp)-e(u|p)-ordy(e)
a-e(ulp)
[Fy : Fy]

= ordy (@) - —

dup =

Then all d,,, are integers: Since the CM-algebra E, is in particular a splitting field for
E/,, all invariants of E/, at the places of E, vanish. Pick a place u of E, above a place
v of F, above the place w = p of @, that is, u|v|w = p. Then

[Fy : Fy]

Q/Z>0=invy(E,®F E.) = — ~ordy (@) - [Eau : Fa)

using the general formula

inv,(E, ®p, E.) = [Eau: Foul - inv, (E.)
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5.2. Construction of A-motive over a finite extension of @)

from the appendix, section D.2 and

. [Fy @ Fy
inv,(E!) = ———=% - ord,(m)
[Fs : Fy
from Thm. 1.77. Now
P hy, - ordy, («)
P ordy(ga)
ord, (a)
= [Ba : Q) ——2
Fe Ol e Ty)

= Bt Faol - [Faw Qg 2l L)

[Fov : Qpl ' ord, (a)
e(v]p) a

= [Ea,u : Fa,v] :

Ergo
dup = —invy(E, @ EL)=0€Q/Z,

and hence all d, , are indeed integers. Note that all the factors on the right hand side
of this equation are known to us from the knowledge of a.

Define H,, to be the elements 1) of Egy satisfying Y~ (V(J)) = u. Now pick for all
u | p a set of integers dy, indexed by the elements of H,, such that

dup = Z dy -

PYEHy

Since the points P | P = V(J) and the elements ) of Hg correspond to each other
bijectively, we can form the divisor D, as

Dyi= Y dy-(P).
PIV()

Remark 5.3. Note that the choice of coefficients dy, is in general not unique. However,
all the choices result in isogenous A-motives, since their endomorphism algebras are by
construction isomorphic.

The Divisor above co

We define a CM-type at oo in a similar fashion, using Theorem 2.29. Define

FuiFo) _ . FuiF)

dy,00 = 0rdy S —
oo = 0rdu() - T R a
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5. Proof of Surjectivity

at all places u of E laying above co. The same argument as above shows that all the
dy,~0 are integers, so we can form the divisor

Dy, = Z —dy00 - (V).
v|oo

Then the divisor
D := D, — Dy

has degree zero, since

deg D :Zdw—FZdum

P|P u|oo

= Z du,p + Z +du,oo

ulp u|oo

= Zordu(a) . w + Zordu(oz) . UF“(;EJ]
ulp u|oo

— é Z ordy(a) - [Fy : Fy]

ulp-0co

Z ordy(a) - [Fy : Fy]

u place of Eq

- deg(div(a))
=0

|

5.3. Surjectivity up to a power

Proposition 5.4. There exists a prime ideal P C O, such that the reduction of M
at B, namely the A-motive
My = My @ Ok /B

over k" := Ok /B satisfies the following condition: There are positive integers n,m €
L0, such that the Frobenius endomorphism my of My is a zero of X™ —a™ € Q(alX].

Proof. We had chosen K such that M ;- has good reduction everywhere, which allows
us to reduce M at any prime ideal B of Ok above p and apply the Taniyama-Shimura
formula. The revised Taniyama-Shimura formula of Theorem 2.20 does not need g NA
to be unramified, hence any prime ideal ¥ with good reduction lying above the ideal
p, i.e. dividing p - O may be used. We need to show that our chosen Weil number «,
when taken to the m-th power, is equal to a power of the Frobenius endomorphism 7y
of the reduction Mg;. It suffices to show that for some powers o’ of a and 7r;’43 of my

the fraction my/a’ is a root of unity, since then some power (my /o YV is equal to 1, or

in other words, (Tr{p)N = (o/ )N. Since we are working over a function field with finite
field of coefficients, every unit is a root of unity, according to [Has80, Chapter 22, p.
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5.3. Surjectivity up to a power

356]. It is therefore sufficient find suitable powers 7, and o’ and prove that my /o is
a unit, i.e. that
ord,(a’) = ordy(my)

for all places u of E,. By construction of M and the definition of Weil-numbers, m and
« do not have prime divisors outside p or oo, hence we already know

ordy(a’) = 0 = ordy(rg) (Vutp-o0)

for any two powers o and 7r,’p. For pure Weil numbers, at all places u above oo, the
value of my is by construction

‘7733’1;, _ (# IFm)dim(a)/rk(a) :

while the value of « is by assumption

dim(a)

oy = (Fp )*™) = (Fy ) v

d/r

both m and a have the same value ¢*/”. Hence

. Foy:F
‘O‘[Fm']Fpuu = (‘a‘u)[ i = |7
everywhere.
Let us pick some suitable ideal 3.
According to (rTSF), the Frobenius 7y of the reduction-motive My then satisfies

[Fop : ]

ordulmy) =dus  [F,

at all prime places u of E, above the characteristic ideal p, and

[Fos : Fy
d =dyoo
or u(mﬁ) u,00 UF’U, . Fq]
at all places u | oo.
When we constructed M_ from the fixed Weil number o, we picked the d,, and
dw o precisely to satisfy this formula evaluated for a as Weil-p-number of order a. Hence
using the Taniyama-Shimura formulas for myp at some ideal 3, we get the equalities

ord, (my) du,c0 ord, (a)

[Fos : Fy] [Fu:Fq]  a-[Fp:Fy

for all u | oo and
ord, (my) dup ord, ()

[Fp:Fgl  [Fu:Fg  a-[Fp:Fy
for all w | p and thus
ord, () ord, (@)

Fp:F o [Fp:F,
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5. Proof of Surjectivity

or
ordy(myp) - a = ordy () - [Fyp : Fy]
for all u | p - co. Writing 7’ := W% FoFal and of := alF¥Fal we obtain

ord, (r") = ord,(a)

at all places u | p - 0o, and 0 otherwise. But then the fraction g—i must be a root of

unity, so we can find some other natural number N such that
(ﬂ_l)N — (O/)N.

Thus with n :=a - [Fp : Fg] - N and m := [Fyp : F] - N, the Frobenius 7y is indeed a
zero of
X" — o™

as was to be shown. _|
Let k£ be an extension of [F, of order a.

Corollary 5.5. There exists an extension k' /k of degree m such that the Weil-number
a™ s conjugated to the Frobenius my of some semisimple A-motive M, defined over
k. In other words,

T ~ a[k’:k] .
Proof. Using the notation from the proof of Theorem 5.4 and writing &’ for the field
Fys, we know that my is a zero of X" — o™ € Q(a)[X] with

n a-[Fp:F a

m_ [Fp:F] _ [Fyp: ) = [k :k].

Choosing k'/k sufficiently large enough such that Mg ® &' is semisimple and [k : k] is
a multiple of [Fyp : Fy| - N, we can immediately conclude

/.
——r

as desired. _|

5.4. Descent: from o to «

So far, we have succeeded in proving that some power o' of our chosen Weil number «
may be written as Frobenius endomorphism of some A-motive M’. It remains to argue
that « itself is a simple Frobenius.

Remark 5.6. Note that the last Proposition is completely obvious when the A-motive
M is pure, since in this case all valuations at v | 0o are equal to (#k)*Wt(Mk/), and we
have a direct relation between Weil-numbers of weight p and degree e and pure simple A-
motives of weight jn over Fge. This precisely matches the argument for abelian varieties.
Since non-pure A-motives do not allow such a direct relation between the field k and
the Weil-number, more care has to be taken.
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5.4. Descent: from o™ to «

We can now proceed to argue that « itself is a Weil number, using the Weil restriction
functor from k&’ to k, as explained in the Appendix, part (C.2): Form the module defined

via
[k:k]—1

M := @ oM’
=0

where oy denotes the k-Frobenius in Auty(k'/k). There exists a permutation isomor-
phism

ortM = M,
i.e. given by the matrix
0 0 1
1 0 0
1 0

This module has rank [k” : k] - tk(M'), and together with
T @U]i*TM (0" M — M
it forms an A-motive M = (M, i)

Proposition 5.7. The A-motive M over k' /k with Frobenius Ty descends to an A-
motive M, over k with Frobenius Ty, such that

(ﬁ_k)[k/;k] — ﬁ-k:"

With
T 1= 7Ll

9

we obtain

As per construction, we have obtained an A-motive M/ over k such that its Frobenius
endomorphism 7 satisfies ﬁgl; - T = ol ¥l Pick some place v # p of A and
consider the characteristic polynomials X/, and xj. of 7, and 7 ,, respectively.

Then
X (TEHY =y o (T) .

Now, the gist of the argument is as follows: Since al¥*# is a zero of Xk’ v, the Weil
number « is a zero of xj,, and hence of some irreducible polynomial g dividing X, x,
corresponding to some simple factor motive M of M . Therefore, M must have Frobe-
nius 7 conjugated to a. There is, however, no direct statement in the literature that
immediately gives the necessary relationship between irredible factors of x, and quo-
tient A-motives, so we have chosen to include a more detailed argument for our specific
situation.
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5. Proof of Surjectivity

Proposition 5.8. There exists a simple quotient A-motive M ofM such that the
Frobenius w of M is conjugated to .

Proof. Since «a is a root of x4, it has to be a root of ming, , ¢ and therefore of minz, ¢.
Ergo min, ¢ divides minz, . Let us write

minz, g = (mingg)' - g,

with (g, min, o) = 1, and choose polynomials a,b € Q[X] such that a-(min, g)! +b-g =
1. Now put
B := a(fy) - (ming @) (7x)
and
§ 1= b(7) - 9(7k)

both of which are elements of QEnd, (M). Choose some ¢ € A such that & = ¢-d €
Endg (M), and write N for the image of ¢’. Then we have a canonical projection-
inclusion sequence

My B N <5 M,
such that i o p = ¢’. By construction,
B+6=id, Bod=0, p*=p, 6 =9.
Hence
iopoiop=0"=6=iop,,

and, by injectivity of i,
p=poiop=pod.

Furthermore,
(poﬁ'koi)2 :pofrko(iop)oﬁ'koi :poyofrgoi
—
=5
and then

min’, o ((7k)jim(s)) = (Ming,Q) (po 7 04) = pod o (ming,q) (7)o = 0.
=0

In particular, if M is a simple quotient A-motive of Im(d’) with Frobenius m, then
(ming g)! = 0, thus 7 is a root of min, ¢, and hence

™~

as desired.
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5.5. Extension to Global Shtukas

5.4.1. Purity

We did also claim that pure Weil-numbers correspond exactly to pure A-motives, that
is, the Honda-Tate correspondence induces a bijectipn

A-Moty (A, p,a,d,r) = Wy (A, p,a)

Let us first note that is suffices to show purity for the A-motive M defined over
Co we constructed first, since none of the reduction steps we took afterwards changed
the behaviour at the point co. Now, purity for M means the following: Let z be a
uniformizing parameter at co € C; then Qoo = Foo[2][1/2] = O 00, and Fo, /T, is a
finite field extension of degree fu. Write Quoc.. = (Coo ®F, Foo) (2)). Then

Qoo#Coo - H ((Coo ®Fq IFoo) ((Z)) /ai

1€Z [ foo

fora; = (a®1-1® ’y(a)qi : a € Fy), corresponding to the points co; above oo
(compare the section 1.5.1 on local shtukas). And then the local isoshtuka at oo splits
into standard-isoshtukas as follows (also compare the proof of Thm. 2.20):

M ®OCoo Qoo,(coo/a(] = ((Coo ((Z))@T )T,/]\cflo)

= (D)7 = (9 ! :))

% are identical for all i, that is, if the pole

So M__ is pure if and only if the fractions

of T/{fl" at a place oog ; on C'Coo above ocog does not depend on j. But this follows from

our construction of Dy, and the definition of pure Weil-numbers, hence M¢_ is indeed
pure if o was chosen to be pure.

5.5. Extension to Global Shtukas

Let « € @ be a Weil-number of characteristic ¢ global shtukas in the sense of Defi-
nition 3.8 for some finite field k = F; = Fge and a set of paws ¢ = (cq,...,¢,) on the
curve C. As before, write F' for the field Q(a). Let E! be the commutative simple
(Q-algebra with center F' defined by « via its Hasse invariants

. o [Fu : Fy]
inv,(E,) = —ord,(a) - I

using the structure theorem (1.77) for Global Shtukas, and pick a splitting field FE,
inside E/,. Write C' for the curve above C' corresponding to E,.

Construcion of Global Shtuka over k2'8

Pick a place w of @ in ¢ and let u be a place of E, above w. Write v for the place of
F below u and above w.
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5. Proof of Surjectivity

Define F, F,]
dy = ordy(a) - ——=L.
[k : Fy

Then d,, is a rational integer, using the same argument as before. Hence we can find
integers dy for 4 the points on Chae lying above u € C' such that

Zdﬂzdu.

alu
Choose any such set of integers d; to define the divisor
D= dg-[i].

alc

Let D, be a divisor of the curve Cpaiz given via a tuple (dg)g of integers, indexed
over the points % on the curve Clayg, via

‘DQ = Z dﬂ : [fL] ]
ale
such that for all places u of E, we have
[Fo : Fql
alu

Assume that D, has degree 0. Then similar to before, we define

£'=0g (D)€ Pic%, / IFq(/.calg) .

Using the isomorphism id — Frob, on Pic% n (k218), we find an element £ of Pic% /F, (kl8)
with

Lo LoL.

Since we are working over the algebraic closure of the finite field k = F, of characteristic
p, the line bundles £" and £ are defined already over a finite extension field of F,. Call
this field of definition k. Write A} for the global shtuka given by

(L,7x = 0"L = L& O(=D,),c) .

Frobenius and Descent

Lemma 5.9. Let N/ be the global shtuka over k' constructed above, and let mys be its
Frobenius endomorphism. Then

ordy (my) = ord, (o 1)

at all places u € Chr.
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5.5. Extension to Global Shtukas

Proof. From Theorem 2.30, we know

K" : Fq
d N=d, - — "~
ordy, (m/) B By
above any of the characteristic places, and zero otherwise. We chose the integers d, to
satisfy
[k Fy]

ordy (o) = dy - m

above any of the characteristic places, and zero otherwise. Together, ord, (m/alF'*#1) =
0 at all places u on C. 2

We have now found a global shtuka N over a finite extension &’ of k& with

ordy (m) = ord, (a* 1)

i.e. we are in the situation of Proposition,5.4. Using the same argument as in Proposi-
tion 5.5, we conclude that the Frobenius m of A, is (conjugated to) a power o™ of «,
and that m is precisely the degree [k’ : k|. Ergo, using Weil restriction again, we can
descent N}/ to a global shtuka NV over k, and find a simple factor shtuka A of NV}
with Frobenius conjugated to .
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A. Anderson-A-modules

A.1. Definitions

We will now proceed to give the first higher-dimensional generalization of Drinfeld
modules, which was invented by Anderson [And86] under the name of t-modules.

Definition A.1.

1. An abelian Anderson-A-Module G = (G, ) over an A-field (k,7) is a ge-
ometrically reqular, affine group scheme G together with a ring homomorphism
¢ : A= Endi(G), a — @,, such that the following conditions are met:

(i) G x 1 Spec(L™) = G, jaus.
(ii) (To(a) —7(a))? =0 on To G = k.

(i1i) M := M(G,¢) := Hom(G, G, ) is a locally free Ap-module of rank r via
(a,m) — mo @, and (bym)—bom for alla € A, b€k and m € M. It is
furthermore a k{7}-module, with T operating as q-Frobenius on M.

2. A morphism of Anderson-A-modules is a morphism of group schemes compatible
(in the natural way) with the A-action on both sides.

Remark A.2. Every Drinfeld-module ¢ naturally defines an Anderson-A-module M (¢).
In fact, every Anderson-A-module of dimension 1 arises in this manner, and we have
an equivalence of categories

{ Drinfeld-A-modules of rank r } = { Anderson-A-modules of dim. 1 and rank r}

If we avoid the technicalities of scheme-theory in the definition of Anderson-modules,
the similarities between Drinfeld-modules and Anderson-modules are readily apparent.
More precisely, an Anderson-A-module of dimension d may be defined as a ring mor-
phism

¢: A= k{1 am g,

such that .
(Bo —v(a)4 =0, where ¢q = Z B; -1t
=0
and k{T}'*? is locally free as Aj-module under

AXM> (a,m)—m-¢, € M,
kxM>(bm)—b-meM.
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A. Anderson-A-modules

A.2. Equivalence of Anderson-A-modules and A-motives

Via descent theory (see Appendix C.1), we give a sketch argument for the equivalence
of our two notions of analogues of abelian variety. From [Gos96] we know that both
notions are equivalent over perfect fields. If G = (G, ¢) is an abelian Anderson-A-
module over k, let

M(G) := (Homyp, (G, Ga k), 7)),

where 7/ is given by
c"M>m®1l—Tome M.

Theorem A.3. The mapping G — M(G) defines a fully faithful, contravariant functor
from the category of abelian Anderson-A-modules over k to the category of abelian A-
motives over k, with essential image consisting of the subcategory of abelian effective
Anderson-A-motives. In addition, the functor respects rank and dimension.

Sketch of Proof. (See [And86, Thm.1] and [Harl6, Thm.3.5].) Via descent theory the
category of Anderson-A-modules (resp. -motives) is equivalent to the category of
abelian Anderson-A-modules (resp. -motives) over k%8 with descent datum. Since
k218 is perfect, we know from [Gos96, Thm. 5.4.11] that these categories are equivalent.
All that remains is to proof that the resulting square diagram of functors commutes,
which is merely a technical exercise. a

A.3. CM-types for A-modules

There is a different way to define CM-types of A-motives at the point ¢ = ker «y, which
was originally used by Schindler [Sch09] to classify certain A-motives and by Pelzer
[Pel09] to prove a version of the Taniyama-Shimura formula. We will briefly recap
those definitions and explain how they give the same result.

Definition A.4. Let E be a Q-algebra. Let K/Q be a field extension sufficiently large,
such that p(E) C K for all ¢ € hom(E,Q%).

1. A pair (E,q) is called a CM-type, if the following conditions are met:
(i) The Q-algebra E is semisimple and commutative.

(i1) There exists an z € Q such that I = (z —v(z)) C Ak and
1C E® K[z —(2)]
is a submodule of rank dimg E.

2. Two CM-types (E,q) and (E',q') are said to be isomorphic, if there exists a Q-
algebra isomorphism E — E' mapping q to q'.
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A.3. CM-types for A-modules

Remark A.5. The connection to the definition of (CM)-types presented in Chapter
2 is as follows: Let (E,(dy)ypcHy) be a CM-type as defined in section 2.1.6. We've
already used that the tensor product E @ K[z — v(z)] splits as

E® K[z —~(2)] = H Klzy —(xy)],
YeEHE

where the x,, are local uniformizers of E with ¢(xy) # 0. Then form the ideal

0:= P (wy — (@)™ - Klay — (ay)]

YEHE

Then obviously
1C E®K[z-~(2)],

and the pair (E,q) forms a CM-type as defined above, and vice versa.

Definition A.6. Let G be a pure Anderson-A-Module with (CM) via a semisimple
Q-algebra E. We define the generalized eigenspace (To(G)), of ¢ € Hom(E, K) as

(To(Q))p ={x€TogG; Vg€ Opan e Ny : (Tog—¢(9))"(x) = 0}.
Furthermore, we define the CM-set ® of G as
¢ :={(p,dy); ¢ € Hom(E,K), (ToG), # 0,d, = dim(To G),}.

Lemma A.7. If E is semisimple, the generalized eigenspaces of G span the tangent
space Tog G of G at zero, i. e.

ToG = P (T G),.

ped

Note that the dual Homg (T G, K) of Ty G is canonically isomorphic to the cokernel
of Ty, see [Harl6, Thm. 3.5].

Remark A.8. 1. The two notions of CM-type are equivalent whenever both are de-
fined. More precisely, for an abelian Anderson A-motive M with associated umni-
formizable Anderson A-module G, the CM-types obtained from the decomposition
of qu and from the decomposition of To G are equivalent, and both give rise to
equivalent decompositions of the cokernel of Tyr. In particular, the sets of numbers
U = (dy)yper, and ® = {(p,dy,) | ¢ € Hom(E,Cy)} are equivalent.

2. In the original definition of CM-types and the proof of the (ramified) Taniyama-
Shimura formula in [Sch09, Pel09], there is an additional assumption of uni-
formizability of Anderson-A-modules. Uniformizability of an A-module G (and
it’s associated A-motive) over Coo means that, similar to complex abelian vari-
eties, G has a lattice representation G(Cx) = To(G)/A, induced by the expo-
nential function expg @ To(G) — G(Cu). The reader may wonder what hap-
pened to this assumption of uniformizability in the theory we presented. The
answer is that we found the CM-type of an A-motive M in section 2.1.6 in its
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72

deRham-cohomology HY (M, k[z—(]), while the calculations [Sch09, Pel09] were
(without explicitly stating that) done in its so-called Betti cohomology realization
HL (M, A) (see [HS17, after Def. 1.1]). If both defined, i. e. if M is uniformiz-
able, there is a comparison isomorphism (loc. cit.)

hpettidr * Haei(M, A) @4 Coo = HYp(M, k) @4 Coo

which explains why the two notions of CM-type give the same result. Avoiding
Betti cohomology allows us to avoid uniformizability considerations.



B. Complex Multiplication for Abelian
Varieties

We give a brief overview of the theory Complex Multiplication for abelian varieties.!

B.1. CM-algebras and CM-types

Let K be some number field, i.e. a finite extension of Q. Then K is called totally
real, if the image of every embedding K < C is contained in the real numbers R. If no
such image is contained in R, then K is called totally imaginary. A CM-field K is
a totally imaginary quadratic extension of a totally real number field F'. We have the
following classifcation of CM-fields:

Proposition B.1. Let K be a number field. The following conditions on K are equiv-
alent:
(a) K is CM.
(b) There exists an automorphism vx # id in Aut(K) such that for all embeddings
p: K — C we have
poLk =1icop,

where 1c is the complex conjugation automorphism on C.
(c) There exists some element x € K such that K = F[z]| for some totally real F and
22 € F and p(z?) < 0 for all embeddings p : F — C.

A CM-algebra FE is a semisimple algebra that is a finite product of CM-fields.

Let E = K; x --- x K, be such a CM-algebra, and let Hg be the set of ()-algebra
homomorphisms E — C. Then Hpg consists of conjugated pairs (¢, g o 1), where vp
is the unique conjugation automorphism on F.

Definition B.2. A CM-type of a CM-algebra E is any subset ¥ C Hg such that
U includes precisely one member of each conjugated pair (1,1 o0). The pair (E,V)
is then called a CM-pair. An isomorphism f of CM-pairs (E', V') — (E,¥) is an
isomorphism f : E' — E such that o f € W' for all ¢ € V.

B.2. Abelian Varieties with Complex Multiplication

Definition B.3. A complete, connected smooth group variety A over some field k is
called an abelian variety. A morphism between abelian varieties is a morphism

'The best modern source known to the author are the (as yet) unpublished notes [Mil06] on CM and
[Mil07] the fundamental theorem of CM by J.S. Milne .
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B. Complex Multiplication for Abelian Varieties

of algebraic groups. An isogeny between abelian varieties is a morphism of alge-
braic groups that is surjective with finite kernel.

Remark B.4. In particular, elliptic curves are abelian varieties of dimension 1.

Let A be an abelian variety over some field k. Let E be a semisimple Q-algebra of
degree 2 - dimy A. If there exists an embedding

i: E— QEnd,(A) =Endg(A) @ Q,

we say that 4 has Complex Multiplication by E over k, and the pair (A4,1) is
called an abelian variety with CM via F over k.

Theorem B.5. There exists a bijection from the set of isogeny classes of abelian vari-
eties over C with CM to the set of isomorphism classes of CM-pairs.

The Taniyama-Shimura formula for Abelian Varieties

Theorem B.6. Let A be an abelian variety with CM via E over a number field k,
that is assumed sufficiently large to contain all images @(E) for ¢ € Hom(E,Qalg).
Let B be a prime ideal of Ok at which A has good reduction. Assume furthermore
that End(A) N E = Og. Then there exists an element m € Of inducing the Frobenius

endomorphism on the reduction Ay of A at B, and we have the following equality of
Og-ideals:

(M) =[] ¥~ NiyprB).

pew

Equivalently, for all primes v of E dividing p, the formula

ord,(m)  #W,
ord,(q) - #H,

holds, where H, :={p: E — k| p~1(P) = p,} and ¥, := ¥ N H, and q := #O/P.
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C. Descent Theory

We will give a short description of the well-known descent theory of modules. Our
primary source is [BLR90].

C.1. General Theory

Let k& denote an algebraic closure of k. Let S := Spec (k) and S’ := Spec (k*#). Let
p denote the induced morphism S’ — S, which is obviously quasi-compact (S and S’
being affine) as well as surjective and flat (k being a field), hence faithfully flat. Now
write S” := Spec (k'8 ®}, k!8) and denote by p; the projection morphism onto the i-th
factor of S”.

Let now M’ be a quasi-coherent S’-module.

Definition C.1. A covering datum for a quasi-coherent S'-module M’ is a S”-
isomorphism

B:piM — psM'.
The pairs (M, B) form a category with morphisms (M, Bay) — (N, Barr) consisting

of those S'-morphisms M’ i> N’ compatible with the covering data on both sides, i. e.
the following diagram is commutative:

pTM/ ﬁM/ p;MI
p{fl pSfl
p’f/\/’ Bt ple

Now write S := Spec (k¥8®k¥8®k*8) and denote by p; ; the projection morphism
S — S" onto the i-th and j-th component, respectively:

-p1,2 %

S" -pay §" 0TS —p S
_p2s3s — P2

A covering datum is not in general compatible with these additional projections; by
compatible, we mean that the following diagram is commutative:

pizﬂ — p;ygﬂ
piapi M —— plops M <= pi 3pi M’ —— p3 3ps M’

pi;gﬁ
pispiM’ —— pi gps M’
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C. Descent Theory

Definition C.2. A descent datum on M’ is a covering datum 3 on M’, which is
compatible with the projections p; j as defined above. A descent datum 3 on M’ is called
effective, if it comes from a quasi-coherent S-module M, i.e. (M',3) = (p*M, 1)
where ¢ s the canonical descent datum on p* M induced by p o p1 = p o po.

Remark C.3. We can equip both Anderson-modules and Anderson-motives over k9
with descent data in a natural way.

The following theoren now states, that faithfully flat descent of quasi-coherent mod-
ules is effective, that is, every descent datum 3 for M’ on &’ is effective:

Theorem C.4. Write S = Spec(Ay) and S’ = Spec(Ay) for some field extension
K'/k. Let p: S — S be faithfully flat and quasi-compact. Then the induced functor
F — p*F from the category of quasi-coherent S-moduls to the category of quasi-coherent
S’-moduls with descent datum is an equivalence of categories.

Theorem C.5. Let p: S" — S be faithfully flat and quasi-compact. Then the pull-back
functor p* : X — p*X s fully faithful. Moreover, if S and S’ are affine, a descent
datum B on a S’-scheme X' is effective if and only if X’ may be covered by quasi-affine
subschemes stable under (.

C.2. Weil Restriction

Let h: S — S denote some morphism of schemes, and define the following contravari-
ant functor associated to some S’-scheme Y as

ReSS//S(Y) T — HOIHS/(T XS S/, Y) s

where T is some connected S-scheme. If this functor is representable, it is called the
Weil Restriction of Y (w.r.t. h). In other words, the Weil restriction is adjoint to
the base change functor, i.e. there is a functorial isomorphism

Homg (T, Resgr/s(Y)) = Homg (T x5 §',Y).
The Weil restriction exists for instance under the following conditions:

Theorem C.6. Let h as above be finite and locally free, and let Y be some S’-scheme.
Assume that for each s € S and any finite subset P C Y ®g k(s), there exists an open
affine subscheme U C'Y containing P. Then the Weil restriction Resg/g(Y) exists.

Let us now briefly consider the special case of a separable field extension L/K,
i.e. Spec(K) = S and Spec (L) = S’, with h the canonical map induced by the
inclusion morphism K < L. Assume that Y is some S’-scheme such that ResY exists
(for instance Y affine of finite type over L). In this scenario the Weil restriction can be
made very explicit (going back to Weil) in the following way: Let M /K be some finite
Galois extension with Galois group G containing a Galois closure of L/K. Form the
scheme

V= [ YoM,
vL— M
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C.2. Weil Restriction

where M, denotes M as L-algebra via the embedding ¢ : L M. Then G acts on the
set of embeddings ¢, and we obtain a permutation of factors for each automorphism

o € (G, that is an isomorphism . .
fo:0Y =Y.

Proposition C.7. The collection (fy)scc forms an effective descent datum on'Y", with
the resulting scheme isomorphic to the Weil restriction Res(Y'). In particular, if Y is
geometrically connected or smooth over L, then so is Res(Y) over K.

In particular, for a finite Galois extension L/K and an L-scheme Y for which the
Weil restriction exists, we have

Resy/k(Y) @k L = II Ye®.L.
c€Autk (L/K)

Theorem C.8. Let k be a finite field and k' /k some finite extension with Galois group
G. Let A be some projective variety defined over k'. Assume that for every pair of
Galois automorphisms (o, B) € G X G we have an isomorphism

fap (AP — (A"
such that

fa,ﬁ © fﬂ,’y = fa,'ya
fa%ﬁ’)’ = (foz,,g)’yv
fao=1d .

Then there exists a projective variety Ay defined over k and an k'-isomorphism f : A —
Ay, such that

fap=(fF) "o s
for all pairs (c, B) as above. Furthermore, f is unique up to k-isomorphism.

Proof. This is the content of [Wei56, Section I |, in particular Thm. 3. J

Let B be some algebraic variety over &', which does not necessarily satisfy the con-
ditions of the last theorem. In order to apply it, one forms the variety

A=Bx0o*Bx-xolt" DB,

where o € Gal(k'/k) denotes the k-Frobenius automorphism and o*(B) denotes the
variety obtained by the natural k-action of o on B (defined, for instance, as applying o
to the defining polynomial equations) and b is the degree of the field extension [k’ : k.
In particular there is a natural cyclical permutaion action of o on the factors of A, giving
us varieties 6% A4, ...,c0"D* A and we see that A satisfies the conditions of Thm. C.8,
and ergo A descends to k, i.e. there exists a variety Aj defined over k that becomes
isomorphic to A after base-change to k’.
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D. The Brauer Group

There are various accounts of Brauer group theory in the literatur; we refer to the
book “Central Simple Algebas and Galois Cohomology” from Gille and Szamuely, see
[GS06].

D.1. Construction of Br(k)

Let B be an algebra over a field k. Then B is called central, if its centre is k, and it is
called simple, if it is semisimple and has no two-sided non-trivial ideals. Let K/k be
a field extension. If B ® K is isomorphic to a matrix algebra M, (K) for some n € N,
we call K a splitting field for B.

Proposition D.1 (Noether, Kothe). Any central simple k-algebra has a splitting field
that is separable over k.

Proof. See [GS06, Prop.2.2.5]. J

The Brauer group Br(k) of some field k can be defined as the group of Morita equiv-
alence classes of central simple algebras over k as follows: Using the Artin-Wedderburn
classification theorem (or the Noether-Kéthe splitting field theorem from above), we
can write any central simple algebra over k as matrix algebra M, (D) for some n € N
and some division algebra D, and we call two central simple algebras over k equivalent,
if they can be represented as matrix algebras over the same division ring D. The tensor
product functor on k-algebras is compatible with these equivalence classes, since cen-
tral simple algebras over k are precisely those k-algebras that become isomorphic to a
matrix ring after base change to an algebraic closure k8. Since the equivalence class
of the opposite algebra k°P acts as an inverse to the class of k, the set of equivalence
classes of central simple algebras together with the group law induced by tensor prod-
uct forms a group, the Brauer group Br k. The degree of a central simple algebra B
is defined as the square root of its dimension, its period is defined as the order of the
class of B in Br k, and the index of B is defined as the degree of the division algebra
D that is Brauer equivalent to B.

Theorem D.2. Let E be a central division algebra over a global field F'. The period
of E, is equal to the index of E, i. e. the order of [E] in Br(F) is \/[E : F].

Proof. cf. [GS06, Prop.6.3.10, Rem. 6.5.5]. 4

D.2. Class Field Theory

Let k be a global field, and let B be a central simple algebra over k. Let v be some
place of k, and denote by k, the completion of k£ at v. The tensor product B ®;, k, is
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D.2. Class Field Theory

then a central simple algebra over k,. We obtain a homomorphism Br(k) — Br(k,),
and since any central simple algebra splits at all but finitely many places, we also get a
homomorphism Br(k) — @, Br(k,), where the right hand side is the summation over
all valuations v of k. Furthermore, from local class field theory we have the canonical
isomorphism inv,(k,) : Br(k,) — Q/Z, the so-called local Hasse-invariant at v.
These morphisms fit together into the following short exact sequence!):

0 — Br(k) - @ Br(k,) - Q/Z 0.

Here the third map is summation ) inv,(-) over all the local Hasse-invariants. We
also make note of a useful property of local invariants which we need in Chapter 5.
Namely, for any field k& complete under a discrete valuation with perfect residue field
and a finite extension k’/k, the restriction map Br(k) — Br(k’) is compatible with
the ismorphisms Br(k) — Q/Z and Br(k’) — Q/Z in the following way (see [GSO06,
Prop. 6.3.9, Rem. 6.3.11]): There is a commutative diagram

In particular, the statement is true for local fields. Now let E be some central simple
algebra over a global field K, and let L/K be a finite field extension. Then the local
Hasse invariant of L&k E at a place v of K and a place u of F above v can be calculated
as

inv,(L @k E) = [Ly : K] - inv,(E) .

Loriginally proven by Hasse; for a modern discussion, see [GS06, Cor. 6.5.4]
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