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Abstract. In a pure C*-algebra (i.e., one having suitable regularity properties in its Cuntz
semigroup), any element on which all bounded traces vanish is a sum of 7 commutators.

1. INTRODUCTION

This paper is concerned with the problem of representing trace zero elements
in a C*-algebra as sums of commutators. This problem has a long history,
going back to the result by Shoda that a matrix of zero trace is expressible
as a single commutator (i.e., has the form xy — yx). In a general C*-algebra,
one can deduce from the Hahn-Banach theorem that the elements that vanish
on every bounded trace belong to the norm closure of the linear span of the
commutators. One can even arrange, by a result of Cuntz and Pedersen [7], for
a series of commutators converging in norm to any given trace zero element.
A problem that has occupied numerous authors [9, 15, 29, 22, 17, 25] is that
of turning this infinite sum of commutators into a finite one. Examples in [21]
and more recently [25] show that this is not always possible; not even for simple
nuclear C*-algebras with a unique tracial state. Marcoux [15], continuing work
of Fack [9] and Thomsen [29], was the first to show that C*-algebraic regularity
properties, such as Blackadar’s strict comparison of projections, could be used
to obtain a positive answer. This idea has proven fruitful, and the present
paper extends further the work in this direction. We prove our results in the
setting of pure C*-algebras; i.e., C*-algebras whose Cuntz semigroups have
certain algebraic regularity properties. The class of pure C*-algebras includes
all Z-stable C*-algebras (i.e., those tensorially absorbing the Jiang—Su algebra)
and tensorially prime examples such as the reduced C*-algebra of the free group
in infinitely many generators.

Let us fix some notation: Let A be a C*-algebra. By a commutator in A we
understand an element of the form zy — yx; we denote it by [z, y]. We denote
by [A, A] the linear span of the commutators of A.
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Following Winter [31], we say that A is pure if its Cuntz semigroup has the
properties of almost divisibility and almost unperforation. The latter prop-
erty is equivalent to the strict comparison of positive elements by lower semi-
continuous 2-quasitraces (see Section 3). We prove the following theorem:

Theorem 1.1. Let A be a pure C*-algebra whose lower semi-continuous [0, 0o]-
valued 2-quasitraces are traces. Then for every h € [A, Al we have h =
Zzzl[xi,yi], with x;,y; € A such that ||z;|| - ||lyil| < C||h|| for all i, and where

C' is a universal constant.

A significant departure in this theorem from past results is that the existence
of a unit in the C*-algebra is not assumed. This brings new technical difficulties
that can nevertheless be overcome. The assumption of simplicity for the C*-
algebra, typically present in previous results on this question, has also been
dropped.

Part of the motivation for this paper has been to investigate pure C*-
algebras for their own sake. Indeed, toward the proof of Theorem 1.1, we
establish a number of results on pure C*-algebras of intrinsic interest. Pure
C*-algebras arise naturally in the classification program for simple nuclear
C*-algebras and in various C*-algebra constructions. For example, the tensor
product of any C*-algebra with the Jiang—Su algebra Z is pure. However,
while it is reasonable to expect that many naturally occurring simple C*-
algebras are pure, there is no evidence that Z-stability is a prevalent property
beyond the realm of nuclear C*-algebras. Theorem 1.1 applies to infinite re-
duced free products which can be both nonexact and tensorially prime (see
Example 4.11).

On the way to proving Theorem 1.1, we investigate traces of products and
ultraproducts of C*-algebras; a topic also of independent interest. Traces of
ultraproducts show up in the recent work on the Toms—Winter conjectures:
[13, 30, 6]. Given a C*-algebra A let us denote by T1(A) the traces on A of
norm at most one (endowed with the weak-* topology). We prove the following
theorem:

Theorem 1.2. Let Ay, A, ... be C*-algebras with strict comparison of positive
elements by traces. The following are true:

(i) The convex hull of the sets T1(A1), T1(A3),... is weak-* dense in the set
Ty, An):
(ii) For any free ultrafilter U in N we have T1([ [, As) = [ 1y T1(A).
Both (i) and (ii) also hold if we instead assume that the C*-algebras Ay, As, . ..
all have strict comparison of full positive elements by bounded traces and that
their primitive spectra are compact.

A special case of the theorem above is [20, Thm. 8], where the C*-algebras
are unital, Z-stable, and exact. Here, Z-stability and exactness have been
replaced by strict comparison by traces (which we show implies that “2-quasi-
traces are traces”; see Theorem 3.6).
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Here is a brief overview of the paper: In Section 2 we introduce the notion
of “commutator bounds” for a C*-algebra and discuss its basic properties. We
then go over a number of techniques, particularly a method originally due to
Fack, for proving that a C*-algebra has finite commutator bounds. We take
special care to adapt these techniques to the nonunital case. In Section 3 we
investigate the property of strict comparison by traces and some variations on
it. We show that strict comparison by lower semi-continuous traces implies
that (lower semi-continuous) 2-quasitraces are traces. In Section 4 we prove
Theorems 1.1 and 1.2. In Section 5 we use nilpotents of order 2, rather than
commutators, to represent trace zero elements of a pure C*-algebra. In Sec-
tion 6 we look at multiplicative commutators of unitaries and the kernel of the
de la Harpe—Skandalis determinant in a pure C*-algebra.

2. COMMUTATOR BOUNDS

Let us start by fixing some notation. Let A be a C*-algebra. Let Ay, and
A, denote the sets of selfadjoint and positive elements of A respectively. Let
A~ denote the minimal unitization of A and M (A) the multiplier C*-algebra
of A.

By a commutator in A we understand an element of the form [z,y] =
xy — yx, with z,y € A. We denote the linear span of the commutators by
[A, A]. We regard A/[A, A] as a Banach space under the quotient norm and let
Tr: A — A/[A, A] denote the quotient map (called the universal trace on A).
We regard Tr as also defined on M,,(A) for all n € N by

n

Tr((ai;)ij=1) = Tr( > a”) '

=1

We denote by T1(A) the traces on A of norm at most 1; i.e., the positive
linear functionals on A that vanish on [A4, A] and have norm at most 1. It fol-
lows from Hahn—-Banach’s theorem and the Jordan decomposition of bounded
traces that

[Tr(a)]| = sup{|r(a)| | 7 € T1(A)}
(see [7, Thm. 2.9] and the proof of [29, Lem. 3.1]). In particular,

[A, A] = ker Tr = ﬂ{kerT | 7€ Ti(A)}.
We will often write a ~1, b meaning that Tr(a — b) = 0; i.e., a — b € [4, A].
In [15], Marcoux calls commutator index of a C*-algebra the least m € N
such that every element h ~p, 0 is expressible as a sum of m commutators.
We introduce here a variation on this concept where only approximation by
sums of commutators is required. Furthermore, we keep track of the norms of
the elements appearing in the commutators.

Definition 2.1. Let us say that a C*-algebra A has commutator bounds
(m,C) if for all h € [A, A] and ¢ > 0, there exist x1,91,...,Tm,Ym € A
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such that
(1) Hh—Z[wi,yi] <e
i=1
and
(2) > Nl - il < Clial.
i=1

If (1) and (2) hold with e = 0 for some z;,y; € A, then we say that A has
commutator bounds (m, C') with no approximations.

Remark 2.2. We can alternatively define commutator bounds without as-
suming h € [A, A] as follows: for each h € A and € > 0 there exist z;,y; € A,
with ¢ = 1,...,m such that

m

Hh— Z[xivyi]

=1

< TP +e

and (2) hold.

Many classes of C*-algebras can be shown to have finite commutator bounds:
unital C*-algebras with no bounded traces have finite commutator bounds
with no approximations [22]; C*-algebras of nuclear dimension m € N have
commutator bounds (m+1, m+1) (see [25, Rem. 3.2]); by Theorem 1.1 from the
introduction (proven below), pure C*-algebras whose 2-quasitraces are traces
have commutator bounds (7, C) with no approximations. On the other hand,
even among simple unital nuclear C*-algebras there are some that have no
finite commutator bounds [25, Thm. 1.4].

Before going over a number of results on the computation of commutator
bounds, let us discuss an application of this concept to traces of products and
ultraproducts. Let A;, i =1,2,... be C*-algebras. Recall that the product C*-
algebra [];2; A; is the C*-algebra of bounded sequences (a;)$2,, with a; € A;
for all 7. For a given free ultrafilter U of the positive integers, the ultraproduct
[ A4 is the quotient of [[:, A; by the ideal of sequences (a;)$2; such that
limya; = 0. For each n € N, let us view 7 € T1(A,) as an element of
T1(IT52, 4i) by 7((ai);) = 7(an). For each sequence of traces (7;);, with
7; € T1(A;) for all 4, there is a trace on [],; A; given by

T ( Ai) i)i > lim 7 (a;).
11;[ B(a)b—>1(1]nr(a)
Let us denote by [],, T1(A;) the weak-* closure (in Ty ([],, As)) of the set of
traces that arise in this way.

Proposition 2.3. Let A;, with i = 1,2,..., be C*-algebras, all with commu-
tator bounds (m,C) for some m € N and C > 0. Then the convex span of the
sets T1(A;), with i =1,2,..., is weak-* dense in T1([];=, 4;). Moreover, we
have [, T1(A:) = Ti(I] Ai) for any free ultrafilter U.
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Proof. The proof is the same as that of [20, Thm. 8] by Ozawa, except that [20,
Thm. 6] is replaced with this paper’s Remark 2.2. (Notice that Ozawa denotes
by [I T1(A;) the set of tracial states obtained as limits along the ultrafilter
U rather than its weak-* closure.) O

Let us now look into permanence properties for the commutator bounds:

Proposition 2.4. Let A be a C*-algebra and I a closed two-sided ideal of A.

(i) If A has commutator bounds (m,C), then so do I and A/I.
(ii) If I and A/I have commutator bounds (m,C) and (n,D), respectively,
then A has commutator bounds (m + n,C + D).
(iii) Let A be the inductive limit of C*-algebras (Ax)xen, each with commuta-
tor bounds (m,C). Then A has commutator bounds (m,C) too.

Proof. (i) Let h € [I,1]. Since A has commutator bounds (m, C), we can find
T1,Y1, - - Tm, Ym € A that satisfy (1) and (2). Let (ex)s be an approximately
central approximate unit of I. Then for A large enough z, = x;e) and y; = y;ex
satisfy (1) and (2) and belong to I.

Let us suppose now that h € A/I and h ~1, 0. It suffices to assume that
[[h]] = 1. Let € > 0 be given. By [18, Lem. 2.1 (i)], there exists a lift h’ € A
of h such that A" ~1, 0 and ||A[| <1+ 5. Since A has commutator bounds
(m, (), there exist x1,y1,- ., ZTm,Ym € A such that

3) [(1+5) ™% = S

7=

<=
2

and
m
i1

Observe now that ||/ — (14 £)~*h/|| = ||B/|| - [[1 — (1 + )| < . Hence,
from inequality (3) we get

Thus, the images in the quotient A/I of x1,y1,...,ZTm, Ym, and h’ satisfy (1)
and (2), as desired.

(ii) Let h € A with h ~1, 0. Let b’ € A/I denote the image of hin A/I. Let
€ > 0 be given. Since the quotient C*-algebra A/I has commutator bounds
(n, D), there exist 4,y],..., 2, yl, € A/I such that

<E€.

W= iyl
=1

n n
€
|w=>"whui| <5 ana TNt il < DIR.
i—1 i=1
Fori=1,...,n, let us find lifts 2/ and y; in A of =} and y, , respectively, such
that ||| = |||l and |lvY|| = |l¥ill- Let (ex)r be an approximately central

approximate unit of the ideal I. We can choose an index A such that

€
[[h —exhex — (1 —ex)h(l —ey)| < 3
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and
H(1—6>\ (I—ex) leayz
=1

where z; = (1 — ex)Y22/(1 —ex)'/? and y; = (1 — eA)l/ng’(l —ex)'/? for
t=1,...,n. Note that

D Ml - Hlyall < lem I llgi/lIl < DIIP|| < DIIAll.
i=1

Since exhey € I and the ideal I has commutator index (m,C), we can find

elements Tn41,Yn+1s-- - Tntm, Yntm € I such that
n+m
Hexhex — Z [z, y3]|| < 3
i=n+1
and
n+m
> Nl - il < Clleahea]| < Cllhll.
1=n—+1
Hence,
m-+n

D llzill - llysl < (C + D)lIR|
=1

and
m4+n
Hh - Z [, yil|| < |k —exhex — (1 —ex)h(1 — ey
i=1
n +m
+H 1—ex)h(l—ey) — Z$z;yi] +H€Ah€A— Z [xhyz] < e
=1 i=n+1

(iii) Since we have already shown that the commutator bounds pass to
quotients, we may assume that Ay C A for all A and that UxeA A\ = A.

Let h € A be such that h ~1, 0. Let € > 0 be given. Let us prove the
existence of z1,y1,...,%Tm,Ym € A satisfying (1) and (2). It is clear that we
may reduce ourselves to the case ||h|| = 1. We claim there exist A € A and a
contraction b’ € Ay such that ||h — h'|| < ¢/2 and b’ ~1, 0 in Ax. To prove
this, we first approximate h sufficiently by a finite sum of commutators:

€
Hh - Z['Uj,wj]H <7
j=1
Next, we choose A € A and vi,wy,...,v;, w), € Ay such that |lv; — v} and
|wj — w}|| are sufficiently small for all 7, so that

€
Hh— . v],wj] ’ < 7

Jj=1
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Finally, we set

e\ 1 k
W=(1+32) Yl
j=1
Notice then that
13 13 13
h— b th—(1 —)h’ S| < £,
[ [ +1 + 4H | < 5

and that A/ ~7 0 in A, as desired.
Since A, has commutator bounds (m,C), there exist z1,y1,...,Zm,Ym €
Ay such that

‘h/—i[%yi]
j=1

These are the desired elements. O

e m
<5 and > llzill - lyill < ClIR'| < €.
=1

It is possible to reduce the number of commutators by passing from a C*-
algebra A with commutator bounds (m, ') to a matrix algebra M, (A). This,
however, is achieved at the expense of increasing the constant C. Marcoux ob-
tains such a reduction for unital C*-algebrasin [16, Lem. 4.1] and [15, Lem. 2.2].
Here, we cover the nonunital case and give explicit bounds for the norms of
the commutators.

Lemma 2.5. Let dy,...,d, in A be such that > ., d; = 0. Then there exist
X, Y € M, (A), with || X|| - |Y]| < 4nmax;||d;||, such that the main diagonal of
[X,Y] equals (dy,...,dy).

Proof. For k = 1,...,n — 1, let s, = Zle d;. Let us write sy = ggry for
some g,7x € A such that [lgxll = el = [[sll'* (e.g., gx = vlsg['/? and
e = |sk|'/2, where s3, = v|sy| is the polar decomposition of sj, in A**). Let

0 o 0
g2 Q1

X = T2 y Y = T2 g2

dn—1
Trn_1 n—1 Q4n-1

A straight-forward computation shows that X and Y are as required. For the
convenience of the reader, here is the 3 x 3 case:

0 1 O 0 0 O 0 0 O 0 1 O
XY -YX=|0 m ¢ m ¢ O0]—|m @ O 0 m @
0 0 T2 0 T2 Q2 0 T2 q2 0 0 T2
qir1 * * 0 * *
= ¥ T1q1 T Qer2 % —|* mqa+an *
* * 242 * * T2Q2 + qaT2
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qir1 * *
= * q2T2 — 171 *
* * —q272
dl * *
= * dg * . U
* * d3

Lemma 2.6. Let h € M, (A), with h = (hj ). Suppose that h;; = [x;,y;]
for some x;,y; € A forj=1,...,n. Then h =[X,Y] for some X,Y € M, (A)
such that

X1 - 1Y) < 36n (n—l)l\hl\+3nZkaH 1yl
k=1

Proof. Let h € M,(A) and z;,y; € A, with j = 1,...,n, be as in the statement
of the lemma. Let us also assume that z; is a contraction for all j (replacing
y; with ||z;||y; if necessary). Let \; = 3(j—1) and dj = z;+ ;1 € A~ for j =
1,...,n. Notice that the spectrum of d; is contained in {z € C | |z — A\;| < 1}
for all j. In particular, the spectra of the d;’s are pairwise disjoint. Notice
also that [d;,b] = [x;,b] for all b € A~ and j = 1,...,n. Let us fix k,j
with 1 < k,7 < n and k # j. By [12, Cor. 3.2], the Rosenblum operator
Ty,j: A~ — A~ defined by Ty, ;(b) = dib—bd;, is invertible. Let by ; € A™ be
such that T} ;(bg ;) = dibg,; — br,jd; = hi j. Since hy ; € A, and by our choice
of Ay and ), we must have that by ; € A.
Let us define by, ;== y for k =1,...,n. Let X,Y € M, (A) be given by

X = diag(dl, ey dn), Y = (bk,j)g,jzl'

It is a straight-forward computation to show that [X, Y] =a (see [15, Lem. 2.2]).

Let us find bounds for the norms of X and Y. The bound || X || = max;||d;|| <
3n is straight-forward. In order to bound |Y||, we first estimate [|by ;||. Fix
k,j such that 1 < k,j < n and k # j. By [12, Cor. 3.20],

1
(4) bk,j = —27”_ /F (dk — al)ilhk’j(dj — al)*lda,
k

where I'j; is the positively oriented simple closed contour given by I'y(t) =
Ak + et for t € [0,27]. We have

_ 1 di — Agly~

—_al) = 1 £ 7R
(i~ o) )\k—a( a—)\k)
But ||di — Agl]| = ||zk]| < 1 and |a — A\g| = 3/2 for all o € T'y.. So,

Hdk —)\kIH 1 2

A —a Il 5327 3

from which we deduce that
2 o=/ 2\!
dp —al) Y < = (_) =2
i = an) ™ < 535(
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for all a € T'y,. Next, since k # j, we have |\; —a| > 3/2 for all @ € T'.. Also,
lldj — Aj1]| = [Jz;]| < 1. Hence,

I — 1)~ = ||)\— ||H( 711) Hggzg(g)lﬂ

for all € T'y. Thus, ||(dr, —al)7!|| < 2 and ||(dj —al)™!|| < 2 for all a € Ty,
From this and (4), we get

1 1
5l < (52 ) 4llansll - tength(Te) = (5= )dllhw | (67) = 12] | < 12]12]

for all k& # j. Recall that, by our conventions, |bkkll = llyxll = llzxll - l|lykll-
Then
Y1l < nln— D120l + Y el - llyxll-
k=1
This, together with || X|| < 3n, proves the lemma. O

Theorem 2.7. Let A be a C*-algebra and n € N.

(i) If M, (A) has commutator bounds (m,C) (with no approximations), then
A has commutator bounds (mn?,Cn) (with no approximations).

(ii) If A has commutator bounds (m,C) (with no approzimations), then
M, (A) has commutator bounds (2,C") (with no approzimations) for all
n = m, where C' < 36n3 + (2C — 36)n? + n.

Proof. (i) Let h € A with h ~1, 0. Then a® 1,, € M, (A) and a ® 1,, ~1 0
in M, (A). Let € > 0 be given. Since M,(A) has commutator bounds (m, C),
there exist X;,Y; € M,,(A) (1 < j < m) such that

) e 1 =3yl <
=1
and
0 an I 1% < Clla® 1] = Cllal.

Averaging along the main diagonal in (5), we get

n

Hh N %i Z [mj,k,lvyj,l,k]H <e,
J

=1k,l=1

where X; = (2jk,1)} =1 and Y = (Y; k1) =1- On the other hand, using (6),
we get

m n 1 m n
Do > Mgkl Iyl < - Do > ISl 5l

j=1k,i=1 j=1k,i=1

s

SN

=n ) X1 - 1] < nClhll,
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as required. The same arguments as above, but with ¢ = 0, prove the result
for commutator bounds with no approximations.

(ii) Let us deal with the case of commutator bounds with no approximations.
Let h € M,(A) be such that h ~g, 0. Then »."  h;; ~1y 0 in A. But A
has commutator bounds (m, C) with no approximations. Hence, > i | h;; =
S [xi, vi] for some x;,y; € A. By Lemma 2.5, there exist X1,Y; € M, (A)
such that the entries along the main diagonal of [X7, Y]] equal

h171 - [xla yl]a ey hm,m - [xma ym]a hm+l7m+17 ey hn,n~

Now, by Lemma 2.6, h — [X1,Y]] = [X2,Ys] for some X5,Ys € M,,(A). The
bound on C’ follows from the norm bounds in Lemmas 2.5 and 2.6.

In the case that the algebra A has commutator bounds (m, C') with approx-
imations, the initial element h ~1y 0 can be slightly perturbed along the main
diagonal so that, for the perturbed element, the sum of the diagonal entries is
exactly a sum of m commutators. The arguments above then show that the
perturbed element is a sum of two commutators. O

The proof of Theorem 2.9 below relies on a technique first used by Fack in
[9]. Despite its technical statement, Theorem 2.9 constitutes our main tool in
proving that a C*-algebra has finite commutator bounds with no approxima-
tions. Before stating the theorem, we introduce some definitions and prove a
lemma.

Let us define the direct sum of positive elements in A @ K. Fix isometries
v1, vy € B({s) generating the Cuntz algebra Os. Let us regard them as elements
of the multiplier algebra M (A ® K) via the natural embeddings 1 ® B(¢3) C
M(A) ® B(f3) € M(A ® K). Then, given a,b € (A ® K)4, let us define
a®be (ARK)y by a®b=rviav] + vabvs.

Next, let us introduce a preorder relation on the positive element of a C*-
algebra. Let a,b € Ay. Let us write @ < b if a = z*z and zz* € her(b) for
some z € A. In [19], this relation is called Blackadar’s relation. It can be
alternatively described as saying that the right ideal aA embeds into bA as a
Hilbert module. (Thus, it is clearly transitive.) We will make repeated use of
the following fact (see [19, Prop. 4.6]): Say a = z*x and zz* € her(b). Let
x = v|z| be the polar decomposition of z in A**. Then vy € bA for any y € aA.

Lemma 2.8. Let a,b € Ay be such that a < b®" (in A® K). Then for
all h € her(a) there exist z1,w1,...,2n, Wy € A and h' € her(b) such that
h=3" [z wi]l + 1 |z - llwsll < IR for all §, and [|B'|| < nl|A].

Proof. Let us regard A as a subalgebra of M, (A) embedded in the top left
corner. The assumption a < b®" can be rephrased as a < b® 1, in M, (A).
That is, there exists x € M,(A) such that ¢ = z*z and z2* € her(b® 1,,).
Let = v|z|, with v € M, (A)**, be the polar decomposition of z. Recall
that M, (A)** is canonically isomorphic to M,,(A**) so we may regard v as an
element of the latter. Let (v1,...,v,) denote the first row of v (the rest of
the rows are 0). Finally, let us write A = hyhg, with hq, he € her(a) such that
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Al - |he]l = ||R]| (e.g., as in the proof of Lemma 2.5). Then

n n n
h = h1 ( Zv;vj)hg = Z[hlv;, ’Ujhg] + Z ’Ujhghl’l};.
j=1 j=1 j=1
Hence, the elements z; = hlv;‘ and wj = vjhg for j =1,...,n, as well as b’ =
Z;;l vjhghlv;-‘ are as required. O

Theorem 2.9. Let A be a C*-algebra and eg € AL a strictly positive element.
Suppose that the following are true:

(i) There exist an integer L > 1 and pairwise orthogonal positive elements
e1,ez,... € Ay such that ej = e?i_Ll forj=0,1,....

(ii) There exist constants C > 0, M € N, and 0 < X\ < 1, such that for all
j€{0,1,...} and h € her(e;) such that h ~1, 0 (in her(e;)), there exist

1, Y1,---,TM,Ym € her(e;) such that
M
= Sl < Al
i=1

and |[z;]| - ly:|l < Cl|h]| for all i.
Then A has finite commutator bounds (M,C) with no approzimations, where
M and C depend only on L, M, \,C.

Proof. Let us choose L; € N such that A\ < 1/(2L). From hypothesis (ii) we
deduce the following:

(i) Forall j € {0,1,...} and h € her(e;) such that A ~1 0 (in her(e;)), there
exist x1,y1,..., %, M, Y, M € her(e;) such that

1
L,y
< X B < o A,

Hh—Li]\:/[[mi,yi]
i=1

and ||z, ||ys|| < CV/2||h||*? for all 4.
Let h € A be such that h ~1, 0. By hypothesis (i) and Lemma 2.8, we have

L
h= Z[zj,wj] + hq,

j=1
where h; € her(er) and ||h1]] < L||h|| By (ii’) above, applied in the hereditary
algebra her (e ), there exist xgl) yg - x(Ll)M,yLll)M, h} € her(e;) such that
LM
h1= Z[ ( ),yl ]+h
i=1
and [|R]]| < 75 [P ]| < % Again by hypothesis (i) and Lemma 2.8, we have
L
M= Lz ) + b,
j=1
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where hy € her(es), zj(l),w§1) € her(e; + ez) for all j, and ||ha| < LAYl
Applying (ii’) in her(ez), we get

LM

2) (2
ha= 3 [ ) 1 m,
i=1
with ||hS|| < /1 < @. Continuing in this way, we construct, for each n € N,
elements

(i) hn,h!, € her(ey) such that

1
1l < gl 1Al < 121,

211 on—1
(i) 2™,y x(Lﬁ)M,y(L")M € her(ey,), such that

1z, S < C3 gl for all i,

and
LiM
B =3 [y + b,
i=1
(iii) z§") wgn),. z(L"), w(L") € her(e,, + €,41), such that
n n 1 .
251 llo§™ | < (1R 12 - for all j,
and
L
B =Dl )]+ b,
j=1
It follows that
n LM n L
k) (k k k
hlZZZ 2, y™] + ZZ[ZJ( )711/; N+ b
k=1 i=1 k=1j=1

We can gather terms belonging to orthogonal hereditary subalgebras and define

X; = ixin), Y, = Zy(")
n=1

fori=1,...,L1M, and

oo o0
_ (n) _ (n)
Zio= > %", Zi= ) 4"
n odd n even
o0
_ (n)
Wio= 3l W= 3 uf?
n odd n even

for j = 1,...,L. Note that the terms in the series defining the elements
Xi,Ys, Zj i, Wj i, are pairwise orthogonal. Also, the norm estimates on the ele-
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ments x( ),yf"), J("), (n) guarantee that these series converge. Furthermore,
it is clear that norm estlmates on X;,Y;, Z; 1, Wj i, can be obtained from those
on x( ,yl(”), J("), . We have

Ly M

L
h = sz,wj Z X, Y]+
j=1 =1 J

This shows that A has commutator bounds (3L + Ly M, C”) with no approxi-
mations, for some C’. O

L L
j07 + § j17
1 j=1

Remark 2.10. From the proof of Theorem 2.9, we can see that the commu-
tator bounds M and C’ in the statement of Theorem 2.9 can be chosen as
M =3L+LiM and C' =3L+ LLMC.

3. STRICT COMPARISON OF POSITIVE ELEMENTS

Here we review and explore the strict comparison of positive elements by
traces and 2-quasitraces. Some of these results will be used in the proof of
Theorem 1.1 in the next section.

Let us start by recalling the definition of the Cuntz semigroup. Let A be a
C*-algebra. Let a,b € (A® K)4+. Let us write a <cy b if d}bd, — a for some
d, € A® K. In this case we say that a is Cuntz smaller than b. Let us write
a ~cy bif a <oy b and b <cy a, in which case we say that a and b are Cuntz
equivalent. Let [a] denote the Cuntz class of a € (A ® K)+.

The Cuntz semigroup of A, denoted by Cu(A), is defined as the quotient
set (A ® K)/~cu, endowed with the following order and addition: [a] < [b] if
a <cy b and [a] + [b] = [a® b], with the direct sum a ®b € (A® K)4+ as defined
in the previous section. The reader is referred to [1, 2] for the basic theory of
the Cuntz semigroup (some of which will be used below).

Let us denote by T(A) the cone of lower semi-continuous [0, co]-valued traces
on A; i.e., the lower semi-continuous maps 7: Ay — [0, 00] that are additive,
homogeneous, map 0 to 0, and satisfy that 7(z*z) = 7(xz*) for all x € A.
Let us denote by QT(A) the lower semi-continuous [0, oo]-valued 2-quasitraces
on A,. Traces and 2-quasitraces extend uniquely to traces and quasitraces
on (A® K)4, and we shall regard them as defined on this domain (see [5,
Rem. 2.27 (viii)]). Recall from the previous section that we denote by T;(A)
the convex set of traces on A of norm at most 1.

A topology on QT(A) can be defined as follows: Let (7)) be a net in QT (A)
and 7 € QT(A). Let us say that 7, — 7 if for any a € (A® K)4 and & > 0 we
have

lim)\sup Ta((a—€)+) < 7(a) < lim)\inf Tx(a).

In this way QT(A) is a compact Hausdorff space and T(A) and T;(A) are
closed subsets of QT(A) (see [8, Sec. 3.2 and 4.1]).
The dimension function associated to 7 € QT(A) is defined as

d.(a) = 11151’17'(041/”) = |7 |her(a) |l
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for all @ € (A ® K)1. The value d,(a) depends only on the Cuntz class of the
positive element a. Thus, by a slight abuse of notation, we also write d, ([a]).
The ordered semigroup Cu(A) is called almost unperforated if

(k+1Dz<ky = x<y

for all k € N and z,y € Cu(A). The ordered semigroup Cu(A) is called almost
divisible if for all n € N, x € Cu(4) and 2/ < z (i.e., 2’ compactly contained
in x), there exists y € Cu(A) such that

ny<z and 2’ < (n+1)y.

The C*-algebra A is called pure if Cu(A) is both almost unperforated and
almost divisible. By [26], C*-algebras that absorb tensorially the Jiang—Su
algebra are pure. There are, however, tensorially prime pure C*-algebras.

It is shown in [8, Prop. 6.2] (and in [26, Cor. 4.6] for simple C*-algebras)
that almost unperforation in Cu(A) is equivalent to the property of strict com-
parison of positive elements by 2-quasitraces. We consider here the following
generalization of the latter property:

Definition 3.1. Let A be a C*-algebra and K C QT(A) a compact subset.
Let us say that A has strict comparison of positive elements by 2-quasitraces
in K if d-(a) < (1 —7)d,(b) for all 7 € K and some v > 0 implies that [a] < [b]
for all a,b € (A®K)4.

For K = QT(A), this notion agrees with the strict comparison of positive
elements mentioned above. Another case of interest is K = T(A). In this
case we say that A has strict comparison of positive elements by traces. (In
the context of simple unital C*-algebras, strict comparison by traces is often
taken to mean that the inequality d,(a) < d-(b) for all bounded traces 7
implies that [a] < [b]. Although the definition of strict comparison that we
have given above is formally weaker than this property, they can be seen to be
equivalent in the simple unital case.) If A is unital or more generally Prim(A)
is compact, it is also interesting to consider the property of strict comparison
by traces restricted to full positive elements only (i.e., those generating A as a
two-sided ideal). Let us define this more formally:

Definition 3.2. Let A be a C*-algebra such that Prim(A) is compact. Let us
say that A has strict comparison of full positive elements by traces if d.(a) <
(1 —~)d,(b) for all 7 € T(A) and some v > 0 implies that [a] < [b] for all full
positive elements a,b € (A ® K).

Lemma 3.3. Let K C QT(A) be compact and a,b € (A® K)4. Suppose that
d;(a) < (1 —7)d(b) for all T € K and some v > 0. Then for each € > 0 there
exists 0 > 0 such that

dr((a—e)y) < (1 - %)dT((b —6),) foralTeK.

Proof. As shown in the proof of [8, Lem. 5.11], we have
IS — - S - —
{T K|d:((a—¢€)y) > 1} {T K| (1 2)dT(b) > 1}.
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The left side is compact while the right side is covered by the open sets

{T€K| (1—%)d7((b—%)+) >1}, n=1,2,....

Thus, one of these open sets covers {7 € K | d-((a — €)4+) > 1}. This proves
the lemma. g

Lemma 3.4. Let A be a C*-algebra with strict comparison of positive elements
by K, where K C QT(A) is compact. Let a,b € (AR K)4.

(i) Ifd;(a) < d-(b) for all T € K, then d,(a) < d-(b) for all T € QT(A).
(ii) If 7(a) < 7(b) for all T € K, then 7(a) < 7(b) for all T € QT(A).
Proof. (i) Let k € N. Then d-(a® 1) < (1 — k—il)dT(b@) 1pt1) for all 7 € K.
Since A has strict comparison by 2-quasitraces in K, we have a® 1 < b® 1541,
which in turn implies that d,(a) < (1 + k%rl)dT(b) for all 7 € QT(A). Letting
k — oo, we get that d-(a) < d,(b) for all 7 € QT(A), as desired.

(ii) Let € > 0. By a compactness argument as in the proof of Lemma 3.3,
we find that there exists ¢ > 0 such that 7((a —¢)+) < 7((b — §)+) for all
T € K (see [8, Prop. 5.1 and 5.3]). Let f.,g,95: QT(A) — [0, oc] be as follows:
fe(r) = 7((a — €)4), g(t) = 7(b), and gs(r) = 7((b — 0)4) for all 7. The
functions f. and g (and also gs) belong to the realification of Cu(A), as defined
in [24]. That is, f- = f, T and g = g, T, where f,(7) = %dq-([an]) and
gn(T) = idf([bn]) for some [ay], [bn] € Cu(A) and ry, s, € Nforn =1,....
(This follows from the fact that

[lell
() = / 0. ([(c — 1) ])dt

forall c € (A® K)4+ and 7 € QT(A).) By [8, Prop. 5.1 and 5.3], the function
gs is way below g, so that gs < g, for some n. Hence, f,,(7) < gn(7) for
all 7 € K and all m € N; ie., %de(am) < édT(bn) for all 7 € K and m.
By (i), this same inequality holds for all 7 € QT(A); whence, f,,, < g for all m.
Passing to the supremum over m, we get 7(a — €)+ < 7(b) for all 7 € QT(A)
and £ > 0. Now passing to the supremum over all € > 0, we get 7(a) < 7(b)
for all 7 € QT(A), as desired. O

There is a version of the previous lemma for strict comparison of full positive
elements by traces:

Lemma 3.5. Let A be a C*-algebra with Prim(A) compact and with strict
comparison of full positive elements by traces. Let a,b € (A® K)4 be full
positive elements.
() Ifd;(a) < d-(b) for all T € T(A), then d-(a) < d-(b) for all T € QT(A).
(ii) If 7(a) < 7(b) for all T € T(A), then 7(a) < 7(b) for all T € QT(A).

Note: Since b is full, the inequality d,(a) < d,(b) need only be verified on
densely finite traces, for otherwise d,(b) = oco.

Miinster Journal of Mathematics VoL. 9 (2016), 121-154



136 PINnG WONG NG AND LEONEL ROBERT

Proof. The same proof as the one of Lemma 3.4, with the obvious modifica-
tions, works here. When taking functional calculus cut-downs (a — )4 and
(b — )+, we must take care to choose them so that they are still full (which is
possible by the compactness of Prim(A)). O

Theorem 3.6. Let A be a C*-algebra.

(i) If A has strict comparison of positive elements by traces, then every lower
semi-continuous 2-quasitrace on A is a trace.

(i1) If Prim(A) is compact and A has strict comparison of full positive ele-
ments by traces, then every densely finite lower semi-continuous 2-quasi-
trace on A is a trace.

Proof. (i) Let a,b € Ay. Let ¢,d € M3(A) be defined as

() ()

Then 7(c) = 7(d) for all 7 € T(A). By Lemma 3.4 (ii), we get that 7(c) = 7(d)
for all 7 € QT(A). But 7(¢c) = 7(a +b) and 7(d) = 7(a) + 7(b). So all
7 € QT(A) are additive, as desired.

(ii) The same proof as in (i), but relying now on Lemma 3.5 (ii), shows
in this case that the lower semi-continuous 2-quasitraces on A are additive
on pairs of full positive elements. Let us now prove that the densely finite
ones are additive on any pair of positive elements. Let 7 be one such 2-quasi-
trace and let a,b € Ay. Say w € Ay is full (whose existence is guaranteed
by the compactness of Prim(A)) and let e1,eq,... be an approximate unit of
C*(a,b,w) such that e, 1€, = e, for all n. Notice that e, is full for large
enough n by the compactness of Prim(A). So

T(enaen + enbey) + 27(ent1) = T(enaen + ent1 + enbey, + €n41)

= T(enaen + en—i—l) + T(enben + en—i—l)

= 1(enaey,) + 7(enbey,) + 27(eny1)-
In the first and third equalities we have used the additivity of 7 on commutative
C*-algebras and in the middle equality the additivity of 7 on pairs of full
elements. Since 7(ep41) < 00, we get

T(enaen, + enbey) = T(enaey) + 7(enbey)

for all n € N. Letting n — oo and using the lower semicontinuity of 7, we

obtain that 7(a + b) = 7(a) + 7(b), as desired. O

Remark 3.7. In view of part (i) of the previous theorem, the property of strict
comparison of positive elements by traces is equivalent to “strict comparison
by 2-quasitraces” and “2-quasitraces are traces” (all traces and 2-quasitraces
are assumed to be lower semi-continuous). Observe also that if A has strict
comparison of positive elements by 2-quasitraces and its densely finite 2-quasi-
traces are traces, then A has strict comparison of full positive elements by
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traces. Indeed, if b € (A ® K)4 is a full element, the inequality d(a) < (1 —
€)d-(b) need only be verified on all densely finite traces (otherwise 7(b) = o0).

4. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1 from the introduction. The proof is
preceded by a number of preparatory results.

Theorem 4.1. Let Ay, As, ... be C*-algebras with strict comparison by traces.
Let h € [I72, Ay, be such that hy, ~1y 0 for allm € N. Then h ~y 0

Proof. Let h € Hle A, be such that h,, ~1. 0 for all n. First, let us show
how to reduce ourselves to the case that the C*-algebras A,, are o-unital for all
n € N. Fix n € N. Since h,, € [An, Ay], there exist finite sums of commutators
21 "l (k),yfk)], with x(k),yf € A, for all i, k, converging to h,, as k — oo.
Consider the C*-subalgebra

B, = her({xl(» ,ylk) li=1,..., Ny, ke N}).

Then B,, has strict comparison by traces and is o-unital. Furthermore, h,, €
(B, By]. To prove the theorem, it suffices to show that h ~t, 0 in [[°2, B
Thus, from this point on, we assume that the C*-algebras A, As, ... are all
o-unital.

Let us set HZO:1 A, = A. As before, let h € A be such that h,, ~1. 0
for all n. We may assume that ||h|| < 1. Let us suppose, for the sake of
contradiction, that p(h) # 0 for some trace p on A of norm 1. Notice then that
(hn)+ ~1r (hyp)— for all n € N, but p(h4) # p(h-). We wish, however, to find
positive elements ay,, b, € A, agreeing on all traces in T(A4,,) (i.e., lower semi-
continuous and [0, co]-valued) while at the same time p((an)n) # (((bn)n). Let
us show how to achieve this: Assume, without loss of generality, that u(h) > 0.
Set w(h) =4. Fix n € N. Let (esf))i be an approximate unit of A,, such that

et el — @) for all i.

n

We can find A\ € her(eg)) for 4 large enough such that ||h7(f) —hal < 3

and hYY ~1 0 in her(eg)). (This is achieved as follows: first, sufficiently
approximate h, by a finite sum of commutators; next, multiply the elements
in these commutators by el and let i — 00.) Let

= (hgzl))Jr + eng_l)v
by i= (h)_ + e+,

Let 7 € T(A4,). Sugp)pose first that TE@%JF )) < oo. Then 7 is bounded on
her(e% ), and so 7( = 0, because Ay ~ry 0 in her(egf)). Hence,

7(an) = 7((B) 1) + 7(el )
(W) ) + 7(el)
=7(by).
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On the other hand, if 7(e +1)) = 00, then again we find that 7(a,) = 00 =
7(by). Furthermore,

T((an = t)4) = 7(()4 + (T —1)4)
) :

forall 0 <t < landall7e€T EA ? (This equality is again verified both if
(€™ —1)4) < oo and if (e TV — )4) = .) ,

Let a = (an)n and b = (by,),. Notice that p(a) — u(b) = u((hgf))n) > §/2.
Let K =J,2, T(A;). Let us show that 7(a) = 7(b) for all 7 € K. Consider
the set

Q={reT@) |7((a—t)4)=7((b—1t)4) forall 0 <t < 1}.

Clearly, 7(a) = 7(b) for all 7 € Q. So it suffices to show that K C Q. By
our construction of a and b, we have (J; - T(A,) € Q. We will be done once
we have shown that @ is closed in T(A). Suppose that 7\ — 7 in T(A), with
7y € Q for all A. Let 0 <t < 1 and choose t < t' < 1. Then

7((a —t")4+) < liminf 75 ((@ — ¢')4) < limsup7a(b— ')+ < 7(b —t)4.

Passing to the supremum over all ¢ > ¢ on the left, we get that 7((a — ¢)+) <
T7((b—1t)+). By symmetry, we also have 7((b—t)1) < 7((a—t)+). Thus, 7 € Q
as desired.

Let us now show that A has strict comparison of positive elements by K (as
defined in Definition 3.1). Let ¢,d € (A®K)4 be such that d,(¢) < (1-7v)d-(d)
for all 7 € K and some v > 0. In order to show that [c] < [d], it suffices to
show that [(¢c — ¢)4] < [d] for all € > 0. But, for each € > 0 and § > 0,
we have (¢ —€)y ~cu ¢ € My(A) and (d — )4 ~cu d € My (A) for some
N > 0. Thus, applying Lemma 3.3, we may reduce the proof to the case that
¢,d € My (A) for some N € N. Let us assume this. Let us fix € > 0. Again by
Lemma 3.3, there exists § > 0 such that

do((c—)y) < (1 - %)dT((d —§),) forallTeK.

Since My (A) =[], Mn(A,), we can write ¢ = (¢p)n and d = (dp)n, with
Cn,dn € Mn(A,) for all n. Projecting onto A,,, we get

dr((en —€)4) < (1 - %)dT((dn —6),) forall T € T(A,).

Since the C*-algebra A, has strict comparison of positive elements by traces,
we get that [(¢, — €)4] < [(dn, — 6)4]. Thus, (¢, — 26)+ =z} z, and zyx) €
her((d, — 0)+) for some z, € A,. Then (¢ — 2¢); = z*x and za* < Md for
some M > 0, where © = (2,,)n. Hence, [(c — 2¢)4] < [d] for all € > 0. Letting
e — 0, we get [¢] < [d], as desired.

We now know that 7(a) = 7(b) for all 7 € K and that A has strict compar-
ison by K. By Lemma 3.4 (ii), we conclude that 7(a) = 7(b) for all 7 € T(A).
But this contradicts that p(a) # p(b), which completes the proof. a
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Essentially the same proof, with some modifications, yields the following
theorem:

Theorem 4.2. Let Ay, A, ... be C*-algebras with Prim(A,,) compact and with
strict comparison of full positive elements by traces. Let h € [[, | A, be such
that hy, ~1y 0 for allm € N. Then h ~1, 0.

Proof. Let us sketch the necessary modifications to the proof of Theorem 4.1
that yield a proof of the present theorem: As before, we can reduce to the
case that the C*-algebras Ai, Ao, ... are o-unital. To this end, we use that
Prim(A4,,) is compact if and only if there exist ¢, € (4,)+ and € > 0 such that
(cn —€)4 is full. Now defining
B, = her({cn,xgk),yfk) [i=1,...,Ng, k€ N}),

we guarantee that B, has compact primitive spectrum for all n and is o-unital.
Next, the elements a,, and b,, in the first part of the proof are constructed as
before, except that we take care that they be full elements. This is possible
since the elements of the approximate unit (egf ))i are full for large enough 1.
The definitions of the sets K and @ remain unchanged, and again we find that
K C @ and that @ is closed. In the next segment of the proof of Theorem 4.1
it is shown that A has strict comparison of positive elements by K. The
same arguments can be used to show that, in the present case, the strict
comparison by K holds for full positive elements; i.e., assuming that ¢ and d
are full. We finish the proof as before, now relying on Lemma 3.5, rather than
Lemma 3.4. (]

We deduce from the previous theorems the following corollaries:

Corollary 4.3. There exists N € N such that if A is a C*-algebra with strict
comparison of positive elements by traces and h € A is such that h ~1; 0, then

Hh—i[mi,yi]

1=

1
< |
Sl

for some x;,y; € A such that ||x;|| - lyi|| < ||k for all i.

Proof. Let us suppose for the sake of contradiction that no such N exists.
Then there exist C*-algebras Aj, Ag, As, ... with strict comparison by traces
and contractions h, € A, such that h, ~1. 0 and the distance from h,, to
elements of the form Y i [u;,v;], with |lu;|), ||vs]| < 1 for all 4, is at least 1/2
for all n € N. Let h = (hy,) € [[,~; An. By Theorem 4.1, h ~1, 0. Hence,
[lh— Zévzl[xj,yj]ﬂ < 1/2 for some N and some 21,y1,...,ZN, YN € [ [,y An.
Increasing N if necessary, we may assume that ||z;],|ly;|| < 1 for all j =
1,..., N. We get a contradiction projecting onto the N-th coordinate. O

The same proof, now relying on Theorem 4.2, yields the following corollary:
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Corollary 4.4. There exists N' € N such that if A is a C*-algebra with
Prim(A) compact and with strict comparison of full positive elements by traces,
and h € A is such that h ~1, 0, then

’

Hh— i[xuyz]

7=

1
< <||h
Sl

for some x;,y; € A such that ||z;|| - |y:|| < ||B]| for all i.

From these corollaries we deduce the theorem on traces of products and
ultraproducts stated in the introduction:

Proof of Theorem 1.2. Imitate the proof of [20, Thm. 8], now relying on Corol-
lary 4.3 or Corollary 4.4 instead of on [20, Thm. 6]. O

In order to obtain finite commutator bounds for a pure C*-algebra whose
2-quasitraces are traces, we intend to apply Theorem 2.9. We have already
shown that condition (ii) of that theorem is met by this class of C*-algebras
(in Corollary 4.3). In the next lemmas we establish the existence of a sequence
of pairwise orthogonal positive elements as in Theorem 2.9 (i).

Recall that, given positive elements a and b, by b < a we mean that b = z*x
and zz* € her(a) for some z € A.

Lemma 4.5. Let A be a pure C*-algebra and a,b € (AQK)y. Ifd-(b) < vd,(a)
for all T € QT(A) and some v < 1/2, then b < a.

Proof. The proof follows closely that of [4, Thm. 4.4.1], but we take care to
remove the assumption on finite quotients needed there. First, using functional
calculus, let us find b;, b}, 0] € C*(b)4, with i = 1,2, ..., such that

(i) bib; = b; and bl/b} = b) for all i,

(i) o L b7 for all i,j such that i # j and i — j is even,

(i) b= "%, b,

(iv) [|i]l = 1.
Since b < P2, %bi, it suffices to show that ;- %bi = a. Let us prove this.

We have that

S d b)) <D de () + D do (b ) < 2d.(b) < 2vd-(a)

i=1 i=1 i=1
for all 7 € QT(A). Since A is pure, for each N € N there exists d € (A ® K)+
such that N[d] < [a] < (N + 1)[d]. By choosing N large enough we can
arrange that d,(by @ d) < 11d,(a) for some ;1 € (27,1) and all 7 € QT(A).
It follows by the strict comparison property of A that [b] @ d] < [a]. Notice
also that, by our choice of d, we have that [b]] < k[d] for some k € N. Since
(0] < [b]] (where < is the relation of compact containment in Cu(A)), there
exists € > 0 such that [bj] < k[(d — €)+]. Let d’ = (d — €)+. We then have
that b ® d’ < (a — )4 for some § > 0. Let v € (A ® K)** be a partial
isometry implementing this subequivalence. Let ¢}, e € her((a — d)) be given
by ¢} = vbjv* and e = vd'v*. Let gs(a) € C*(a) be strictly positive and such
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that gs(a)(a — d)4+ = (a — 0)4. Notice that gs(a) acts as a multiplicative unit
for every element in her((a — 0)+). In particular, gs(a)c) = ¢}. Since ¢ is
a contraction (because b} is one), we have that gs(a) — ¢§ > 0. Let us set
a1 = gs(a) — ¢}. Then

Z dr (b)) + dr(c1) < 27d-(a) < 2vdr(a1) + d-(c))
i=2
for all 7 € QT(A). If d,(c}) < oo, we get
(7) > d-(bf) < 29d-(ax),
i=2

Suppose that d,(cj) = co. Then d, (b)) = d-(c¢]) = oo. Since [b)] < k[d],
we also have d,(e) = d;(d') = co. But a1e = (gs(a) — ¢j)e = e. Hence,
d-(a1) = co. So again we have (7). Let ¢; = vbyv* and notice that a; L ¢;. We
can repeat the same arguments, now finding positive elements ¢z, as € her(aq)
such that by ~ ¢z, az L ¢p and Y oo, d- (b)) < 27vd,(az). Continuing this
process ad infinitum, we obtain c1, ca,... € her(a) such that b; ~ ¢; for all ¢
and ¢; L ¢; for all ¢ # j. Hence,

A 1 — 1
ZG:? Ebi ~ Z 7 Ci € her(a),

i=1
which proves the lemma. U

The previous lemma implies that in a pure C*-algebra the ordered semi-
group W (A) is hereditary in Cu(A). This will not be needed later on but has
independent interest. Recall that W(A) is defined as

W(A) = {[a] eCu(4) lae | Mn(A)}.
n=1

Corollary 4.6. Let A be a pure C*-algebra. The ordered semigroup W(A) is
a hereditary (in the order-theoretic sense) subsemigroup of Cu(A).

Proof. Let a € A® K and b € M, (A) be positive elements such that [a] < [b].
By Lemma 4.5, a < b%3 € M3, (B). Hence a ~ a’ € her(b®3) C Mz, (B),
which in turn implies that [a] = [a/] € W(A). O

In the following lemma we make use of the abundance of soft elements in
the Cuntz semigroup of a pure C*-algebra (see [1]). It will not be necessary
here to recall their definition and multiple properties. We will merely need the
following fact:

Let A be a pure C*-algebra and [a] € Cu(A). Then there exists [a]s € Cu(A)
such that [a]s < [a], dr([a]s) = d-([a]) for all T € QT(A), and [a]s is exactly
divisible by all n € N; i.e., for each n € N there exists [b] € Cu(A) such that
n[b] = [a]s.

A proof of this fact can be extracted from [1] as follows: By [1, Thm. 7.3.11],
the Cuntz semigroup of a pure C*-algebra has Z-multiplication (in the sense
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of [1, Def. 7.1.3]). Here Z denotes the Cuntz semigroup of the Jiang—Su C*-
algebra Z. Then [a]s, = 1" - [a], with 1’ € Z denoting the “soft” 1, has the
desired properties. See [1, Prop. 7.3.16].

Lemma 4.7. Let A be a o-unital pure C*-algebra and ey € Ay a strictly posi-
tive element. Then there exist pairwise orthogonal positive elements ey, es, ... €
Ay such that e; = 6?151 foralli>1 and ey < e?ll,

Proof. Let [eg]s < [eo] be the soft element associated to the Cuntz semigroup
element [eg]. Let us find [f1],[f2],... € Cu(A) such that 5[f1] = [eo]s and
2[fi+1] = [fi] for all 4 2 1. Let f S (A@IC)+ be given by f = fl@%fZ@%fS@ B
Then

4, (1) = gae(FE5),

dr(e0) = o (1),

4. (1) = 3d:e0).

for all 7 € QT(A). Hence, by Lemma 4.5, f; < &5, eo < f'!, and f = eo.
Let v € (A®K)** be the partial isometry implementing the comparison f = eq.
Then, the positive elements e; = vf;v*, with ¢ = 1,2,..., have the desired
properties. U

Let us now prove Theorem 1.1 from the introduction.

Proof of Theorem 1.1. We first prove that every C*-algebra A as in the theo-
rem has finite commutator bounds with no approximations. We then reduce
the number of commutators to 7.

Let h € [A, A]. Then 21 1z <"),yf")] —> h for some x( ),yl € A. Passing
to the hereditary C*-subalgebra her({x ,yl( | i = Jkny,m=1,...})if
necessary, we may assume that A is o-unital (since hereditary subalgebras of
pure C*-algebras are again pure). Let eg € A4 be a strictly positive element.
By Lemma 4.7, A contains a sequence of pairwise orthogonal positive elements
(€;)$24 such that e; < efil for all i and ey < eiﬁll. Furthermore, Corollary 4.3 is
applicable to every hereditary subalgebra of A. Thus, Theorem 2.9 is applicable
to A. That is, A has finite commutator bounds (n, C') with no approximations,
for some n € N and C > 0.

Let us now reduce the number of commutators to 7. Since A is pure, we
can find b € (A ® K)4 such that (2n + 1)[b] < [eo] < (2n + 2)[b] (with n as in
the end of the previous paragraph). Then

n 2n+2
<
GT 1d (eo) and d;(ep) <

Hence, by Lemma 4.5, there exists f € A, such that 8™ ~ f and ey < f®°.
Now let h € A be such that h ~1v 0. From Lemma 2.8 we obtain that
h = S0 [wi,yi] + B for some B’ € her(f) such that h’ ~g 0 in her(f).
But her(f) = M, (her(b)). Thus, by Theorem 2.7 (ii), b’ = [z¢,ys] + [T7, y7]-

4. (b%™) < d. (b®57).
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Furthermore, the sum 21721”95@” - lyi|| is bounded by C’||A|| for some C’ > 0,
as can be seen from the statements of Lemma 2.8 and Theorem 2.7. d

In Theorem 1.1, it is possible to reduce further the number of commutators
under a variety of additional assumptions. We show in Theorem 4.10 below
that if the C*-algebra is assumed to be unital, then three commutators suffice.
We need a couple of lemmas.

Lemma 4.8. Let d € M(A) be a multiplier positive contraction satisfying that
doded <1—din M(A). Then for each h € A there exist x,y € A and
B’ € her(1 — d) such that h = [z, y] + b and ||z| - |y]| < 2|k

Proof. We have h =dh + (1 — d)hd + (1 — d)h(1 — d). Let
f=dh+(1-d)hd,
e=d+h*d*h+ (1 —d)hd*n*(1 — d).

Since dh € her(d + h*d*h) and (1 — d)hd € her(d + (1 — d)hd*h*(1 — d)), we
have that f € her(e). Also, e Xd®d®d <1—d. We can apply Lemma 2.8
(with n = 1) to f € her(e). We get f = [z,y] + f', with f’ € her(1 — d) and
llz]l - Iyl < If]l < 2]|h||- Hence, h = [z,y] + (1 — d)h(1 — d) + f’, which proves
the lemma. (]

Let Z,,_1,, denote the dimension drop C*-algebra:
Znoan={f¢€ M(n_l)n(C[O, 1) f(0) e M1 ®1,, f(1) € M, ® 1,1}

Proposition 4.9. Let A be a pure unital C*-algebra. Then for alln € N there
exists a unital homomorphism ¢: Zp_1 n — A.

Proof. Let n € N. Since Cu(A) is almost divisible, we can find [a] € Cu(A) such
that nla] < [1] and [1] < (n+1)[(a — &)+] for some € > 0. In turn, this implies
that there exist pairwise orthogonal positive elements by, bs,...,b, € Ay such
that (a — 5)4 ~ by ~ --- ~ by,. Using functional calculus, let us modify b; so
that there exists b} € her(b;)4, with b;b; = b} and b; ~ (a —€)4 for all . Set
S bi=0. Then (1 —b)b, = (1 —b;)b; =0 for all 4. That is, 1 —b L b} for
all 7. We have

dr(1 = b) +nd-(by) = d-(1 —b) + d(i bé) < dr (1) < (n+ 1)dr(by)
=1

for all 7 € QT(A). Hence,

1
d-(1-0) < d‘r(bll) = ng(bll ® b/Q ® b/3)

By Lemma 4.5, this implies that 1 — b < b} @ b, @ b}. Let us assume now that
n = 3k for some k € N. By [27, Prop. 5.1], there exists a unital homomorphism
from the dimension drop C*-algebra Zj ;41 into A. [l
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Theorem 4.10. Let A be a pure C*-algebra with compact Prim(A) and with
strict comparison of full positive elements by traces. Then A has commutator
bounds (7,C1), with no approximations, for some universal constant Cy. If A
is unital, then it has commutator bounds (3,Cs), with no approximations, for
some universal constant Cs.

Proof. Let us first show that A has finite commutator bounds. To this end,
we proceed as in the proof of Theorem 1.1, but with a few small modifications.
(The main difference with Theorem 1.1 being that now we only require strict
comparison by traces on full positive elements.) Lemma 4.7 is applicable to A,
yielding a sequence of pairwise orthogonal positive elements (e;)72, such that
ey = e?ll and e; < e?fl for all i. Here ey € A, is strictly positive. The
hereditary subalgebras her(e;) have compact primitive spectrum for all ¢ (since
they are full in B). Hence, Corollary 4.4 is applicable in each of them. Now
Theorem 2.9 implies that A has finite commutator bounds (n,C) with no
approximations.

The arguments for reducing the number of commutators to 7 in the proof
of Theorem 1.1 apply here as well.

Let us now show that if A is unital, then the number of commutators can
be reduced to 3. By Proposition 4.9, the dimension drop C*-algebra Z,, 1
maps unitally into A. By [27, Prop. 5.1], there exist mutually orthogonal
fisooy fn € Ay such that fi ~ f; foralliand 1—>"" | f; < (f1 —¢)+ for some
e > 0. Let us assume without loss of generality that n > 3. By Lemma 4.8,
for each h € [A, A] we have h = [x1,y1] + I/, with A’ € her(f1,..., fn). But
her(f1,..., fn) =& My(her(f1)), and her(f1) has commutator bounds (n,C)
with no approximations. It follows by Theorem 2.7 that b’ = [z2, y2] + %3, y3].

|

Example 4.11. Let (A;,7;), with ¢ = 1,2,..., be unital C*-algebras with
faithful tracial states. Assume that for infinitely many indices i1, 2, ... there
exist unitaries u;, € A;, such that 7, (u;,) =0 for alln. Let A = Ay x Ag*---
and 7 = 1y *7To % - - be the reduced free product C*-algebra and tracial state. It
is known that A is simple and 7 is its unique tracial state (by [3]). Furthermore,
by [23, Prop. 6.3.2], A has strict comparison of positive elements by the trace 7.
It follows that A is pure and, by Theorem 3.6, that the only bounded 2-quasi-
traces on A are the scalar multiples of 7. By Theorem 4.10, if h € A is such
that 7(h) = 0, then & is a sum of three commutators.

5. SUMS OF NILPOTENTS OF ORDER 2

Let A be a C*-algebra. Let Ny = {z € A | 22 = 0}; i.e., N3 denotes the set
of nilpotent elements of order 2 in A (a.k.a, square zero elements).

Lemma 5.1. Let z € Nyo. Then z = [u,v] and z + z* = [w*,w] for some
u, v, w € A.
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Proof. We may assume that ||z|| = 1. The universal C*-algebra generated by
a square zero contraction is M3(Cy(0, 1]). Thus, there exists a homomorphism
¢: M3(Co(0,1]) — A such that z := () % 2. So it suffices to express 7 and
Z 4+ z* as commutators. Indeed,

0 t\ [/t 0\ [0 ¢
0 0o/ [\o o/’\0 0/
0 t\ 1[[tz —t= tz t2 .
t 0) 4|\es —3) 0 \4s 3 )|
The preceding lemma implies that the linear span of N> is contained in
[A, A]. In Theorem 5.3 below we show, conversely, that if A is a pure unital

C*-algebra, then every commutator is expressible as a sum of at most 14 x 256
order 2 nilpotents.

Lemma 5.2. Let A be a C*-algebra and a,b € A.

(i) If a,b € Na, then [a,b] is a sum of three order 2 nilpotents.
(ii) If A= My(B) or A = M5(B), then [a,b] is at most a sum of 14 order 2
nilpotents.

In both cases, the norm of the nilpotents is bounded by Cllal| - ||b||, where C' is
a universal constant.

Proof. (i) Let a,b € No. Normalizing a and b if necessary, we may assume that
they are contractions. Then, as pointed out in [14, Lem. 3.2],

[a,b] = (ab+ aba — b — ba) + (—aba) + (b),

and each term on the right-hand side is an order 2 nilpotent of norm at most 4.

(ii) This is proven by Marcoux in [14, Thm. 5.6 (ii)] for n = 2, and in [14,
Thm. 3.5 (ii)] for n = 3 (see also the remarks after [15, Thm. 5.1]). Although
in the statements of these theorems Marcoux assumes that B is unital, a quick
inspection of the proofs reveals that this is not used. O

Theorem 5.3. Let A be a pure unital C*-algebra and a,b € A.

(i) Then [a,b] is a sum of at most 14 x 256 nilpotents of order 2. The norm
of the order 2 nilpotents is bounded by C|a|| - ||b||, where C is a universal
constant.

(i) If [a,b] is selfadjoint, then it is a sum of 14 x 256 commutators of the
form [x*, x] with x € Na, with ||z||*> < C’'||a| - ||b]] and C" is a universal
constant.

Proof. (i) Let us choose s1 and so such that 0 < s1 < so < 1. Let f1, fo, f3, fa €
C(]0,1])+ be functions such that f; is supported on [0, s1), f2 is supported on
(0, s2), fs is supported on (s1,1), f4 is supported on (s2, 1], and f1+ fo+ f3+
fa = 1. Let us regard C([0,1]) embedded in 255 via the map f — f - 1.
Further, by Proposition 4.9, Z; 3 maps unitally into A. In this way, we can
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view f1, f2, f3, f4 as elements of A. Then

[0 = Y [fiaf, fubfi].

1<4,5,k,1<4

We will show that each of the 256 terms on the right-hand side is expressible
as a sum of at most 14 nilpotents of order 2.

Let us examine the commutator [fiaf;, febfi]. Since hera(fi + fo + f3) =
M(B) and hera(fa + f3 + fa) = M3(B’) for some B,B’ C A, if not all
four functions appear in [f;af;, frbfi], then by Lemma 5.2 this commutator is
expressible as a sum of at most 14 order 2 nilpotents.

Let us examine the commutators [f;af;, frbfi] where all four functions ap-
pear; i.e., such that {i,7,k,1} = {1,2,3,4}. Let us assume that i = 1. If [ = 3
or | = 4, then [fiafj, fxbfi] is itself an order 2 nilpotent and we are done.
Suppose that [ = 2. Since we are assuming that all four indices must appear,
either k =4 and j = 3, or k = 3 and j = 4. Suppose that k =4 and j = 3.
Since fiafs and fybfs are both order 2 nilpotents, [fiafs, fabfa] is a sum of
three order 2 nilpotents by Lemma 5.2 (i). Suppose now that k = 3 and j = 4.
The commutator is then [fiafa, f3bfz], which can be dealt with as follows:

[fiafa, fabfo] = [fla(f4f3)%, (f4f3)%bf2]
H[(fafs)20(f2f1) 7, (fafr) 2 al fufs)?]
+[(faf1)2afs, f3b(f21) ).

Each of the commutators on the right side is a commutator of order 2 nilpotents
and is thus expressible as a sum of three order 2 nilpotents. So, [fiafs, f3bf2]
is expressible as a sum of 9 nilpotents of order 2.

Let us assume now that ¢ # 1. As argued above, we may reduce ourselves to
the case that one of the indices j, k,l is 1. On the grounds of the symmetry of
our set-up, any of these cases can be dealt with just as we did above for i = 1.
(Notice that only the orthogonality relations between the functions were used
in our analysis; the asymmetry of the dimension drop C*-algebra played no
role.) We are thus done.

(i) Suppose that [a,b] is selfadjoint. By (i), it can be written as a sum
with 14 x 256 terms, each of the form z + z*, with z € Ny. In turn, each of
these terms is expressible as a commutator of the form [z*,z], with € Na,
by Lemma 5.1. |

Theorem 5.4. Let A be a pure unital C*-algebra whose bounded 2-quasitraces
are traces. Then the sets [A, A], [A, A], and the linear span of N2, are equal.
Each h € A such that h ~1y 0 is expressible as a sum of 3 x 14 x 256 square zero
elements. If h is selfadjoint, then it is also expressible as sum of 3 x 14 x 256
commutators of the form [z*, x|, with x € Ns.

Proof. The assumptions on A imply that it has strict comparison of full positive
elements by traces (see Remark 3.7). By Theorem 4.10, each h € [A, A] is
expressible as a sum of three commutators. Each of these commutators, in
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turn, is expressible as a sum of 14 x 256 square zero elements. If A is selfadjoint,
then it is also expressible as a sum of 14 x 256 terms of the form z + z*, with
z € Na, and each of these is a commutator [z*, z] with x € Na. O

6. THE KERNEL OF THE DETERMINANT MAP

Let us briefly recall the definition of the de la Harpe—Skandalis determinant,
as defined in [10]. Let A be a C*-algebra. Let GLo(A) denote the infinite
general linear group of A and GLgo (A) the connected component of the identity.
(If A is nonunital, the general linear groups GL,,(A4) are defined as the subgroup
of GL, (A™) of elements of the form 1, + z, with « € M,,(A), and GL(A) is
the direct limit.) Let € GL% (A). Let n: [0,1] — GL’ (A) be a path such
that n(0) =1 and n(1) = x. Let

3) = g me( [ o one ) < AT

21

If ¢ is another path connecting 1 to x, then ﬁn(m) - &C(m) belongs to the (ad-
ditive) subgroup {Tr(p) — Tr(q) | p, g projections in M, (A)}, which we denote
by Tr(Ko(A)). The de la Harpe-Skandalis determinant Ay () is defined as the
image of En(x) in the quotient of A/[A, A] by Tr(Ko(A)). If x = [[,_, e,
then Ay (x) can be computed to be the image of >";'_, hy in this quotient.

Let U(A) denote the unitary group of A and U%(A) the connected compo-
nent of the identity. (If A is nonunital, U(A) is defined as the unitaries in
U(A™) of the form 1 + z, with € A.) Given unitaries u,v € U°(A), let us
denote by (u, v) the multiplicative commutator uvu~'v~1. Let DU’(A) denote
the derived or commutator subgroup of U°(A). Tt is clear that DUY(A) is con-
tained in the kernel of Ay, (since Ay is a group homomorphism with abelian
codomain). In this section we prove the following theorem:

Theorem 6.1. Let A = M3(B), where B is a unital pure C*-algebra whose
bounded 2-quasitraces are traces. Then ker A, NU°(A) = DU(A).

The proof is preceded by a number of lemmas.

Lemma 6.2. Let A be a pure unital C*-algebra and p € M,,(A) a projection.
Then there exists h € Ag, such that h ~1, p and eth = (u,v) for some unitaries
u,v € UY(A).

Proof. Let B = pM,,(A)p. Choose n € N. Since B is pure and unital, there
exists a unital homomorphism ¢: Z,_1, — B, by Proposition 4.9. Let e €
Zn—1, be a positive element such that rank(e(t)) = n for all ¢ € (0, 1] and
rank(e(0)) = n — 1 (so that (n — 1)[e] < [1] < n[e] in the Cuntz semigroup
of Z,_1,). In the proof of [18, Lem. 5.4] a selfadjoint element h € her(e) is
constructed such that h ~1, 1 (in Z,_1,) and e = (u,v) for some unitaries
u,v € U%(her(e)). Moving these elements with the homomorphism ¢, we get
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¢/ € By, I € her(e')sa, and u',v" € U°(her(e’)), such that

(=D <Pl <nle], W ~mp, and e = (@,0).
Now choose n > 2m. Then (2m+ 1)[e’] < [p] < m[1], where 1 is the unit of A.
By Lemma 4.5, this implies that ¢/ < 1; i.e., there exists x € M,,(A) such
that *z = ¢’ and xz* € A. Let x = w|x| be the polar decomposition of z (in

M, (A)**). Then the selfadjoint h” = wh'w*, and the unitaries v’ = wuw*
and v” = wvw* have the desired properties. O

Lemma 6.3. Let A be a pure unital C*-algebra. Let u € U°(A) be such that
Aty (u) =0. Then u = Hjlvil(uj,vj) e for some uy,vy,. .., up, vy € UY(A)
and some h € A, such that h ~71, 0

Proof. Since u € U°(A) we have u = H? 16“I , where hy,...,h, € Ag,
and since A (u) = 0 we also have Z;;l hj ~1 p — q for some projections
p,q € M,,(A). Applying the previous lernmau7 we can write

n+2

u= (u/, v/)(u”, UN) H eihj’
j=1

where now Z?:f hj ~7 0. It thus suffices to prove the lemma for the unitary
[1)Z7e™ . Let N € N. Then

n+2 n+2 M n+2

H oihi — H(eihj/N)N _ H uj, ;) (H ihi /N)

j=1 Jj=1 Jj=1

Here the commutators (u;, v;) result simply from rearranging the factors of the
first product. In particular, uj,v; € U%(A) for all j. We can choose N large
enough so that H;Z;rf ehi/N = e for some h € Ag,. By [10, Lem. 3 (b)], the
trace of the logarithm of a product of n+ 2 unitaries belonging to a sufficiently
small neighborhood of the identity is equal to the sum of the trace of the
logarithm of each of the unitaries. Thus, for N large enough, we have that
h ~myp Zn+2 h;j/N ~mr 0. Therefore,

M .
w=[](uy,v))- ™",
=1
with h € Ag, such that A ~1 0. This proves the lemma O

Lemma 6.4. Let m € N, R > 0, and € > 0. Then there exists M € N with
the following property: If A is a C*-algebra and aq, ..., an € Asa are such that

llai|| < R for all i, then there exist x1,y1,...,Zn,Ym € Asa and ¢ € Ag, such
that
M
ei(a1+...+am) _ H(eirk’ei‘yk) . eial . _eiam . eic’
k=1
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m
lzall, gl < &Y llagl for k=1,.... M,

=1

m
||C||<5‘Z||aj||, and ¢ ~1y 0.

Proof. By [28, Thm. 2], for A € R such that [\| < -1z - (In2 — ) we have
ei)\a1+---+i)\am — ei)\a1 ei)\ag L. ei)\am . eic()\)

where [c(\)|| < LA? max;||a;||?> and the constant L > 0 is dependent on m
and R only. Furthermore, by [10, Lem. 3 (b)], for || small enough (depending
only on m and R), the trace of the logarithm of the right side is equal to
SiLy iXTr(ay) + Tr(e(A)); whence ¢() ~y 0. Now let us choose A = &, with
N € N. Then for N large enough (depending only on m and R) we have that
(8) eial/NJr---Jriam/N _ eial/Neiaz/N . _eiam/N . eCN

where ¢y € Ag, satisfies that ¢y ~1r 0 and

L . _ LR
N2 max||az|| <Nz m?XHai”-
Raising to the N on both sides of (8) we get

tar+-Fiam _ (eal/Nea2/N . 'eam/NecN)N

lenll <

e

mk ezyk .e%1ef2 ... eameNcN.

w::]s

The commutators (e”k,eiyk) in the last expression result from rearranging
the terms in (e®/Ne®2/N ... eam/N . )N Notice that M depends only on N
and m. Choosing N > 1 we arrange for ||z, |lys|| < e max;|ja;|. Choosing
N > % we also get that

LR
|Newll < S max]ai]| < £ maxay | 0
i J

Proposition 6.5. There exists N € N such that the following holds: If
A = My(B), where B is a pure C*-algebra with compact Prim(B) and whose
bounded 2-quasitraces are traces, and h € A, is such that h ~1, 0 and ||h|| < 1,

then
N

eih _ H(ujvvj) .eic

J=1

for some ¢ € Ag, and some uy,v1,...,uy,vy € U°(A) such that
1
e, el < Sl

and
. 1
Juj — 1], lv; — 1| < [le”" = 1|2 forallj=1,...,N.
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Proof. Let h € Ag, be such that h ~1, 0 and ||| < 1. By Theorem 4.10, h is a
sum of seven commutators, and by Lemma 5.2 (ii), each of these commutators
is a sum of at most 14 nilpotents of order 2. Furthermore, since h is selfadjoint,
we can assume that these nilpotent elements have the form [2*, 2], with 2% = 0.
We thus have h = > [z}, 2] for some 21,...,2, € A such that 2} = 0.
Here m = 7 x 14 and ||z;||?> < C’||h| for all k, where C” is a universal constant.
However, dividing the elements z; by a large natural number (> C’ 1/ 2) and

enlarging m, we can assume instead that | zx||> < ||k|| for all k = 1,...,m. Let
us assume this. Notice that now ||[zx, z;]|| < ||h]| < 1. By Lemma 6.4 applied
with € = ;, m, and R = 5, we have

M m

eih _ ei[zl,z;‘]Jr...Jri[zn“z:n] _ H Ty ezyk H ilzf,2K] |

k=1 k=1
where z1,y1,...,20m,ym € A and ¢ € Ag, are such that ¢ ~1, 0, ||c[| < &R,
and ||k |, [|ye|l < 3/|A| for all k. Notice that |le™* —1]|, [l —1|| < |le?h—1||1/2
for all & = 1,...,M. It remains to show that the terms el**%l are also

expressible as commutators. By [18, Lem. 2.4 (ii)], for all z € A such that

2 =0 and |2]|? < Z we have e'l*"# = (u,v) for some unitaries u,v € U°(A)
such that |u — 1|, [Jv — 1|| < ||el®*"1=1||*/2. Applying this to each zj, we get
e'l#e2k] = (uy, vp), where ug, v € U%(A) are such that

Jlur, = 1] llow = 1] < fle®*75 —1)1% < [le™ — 112
forall k=1,...,m. O
Lemma 6.6. Let A be a pure C*-algebra with strictly positive element d € A .

Let € > 0. Then there exist pairwise orthogonal positive elements such that
a; ~b; and b; = a;y1 + biy1 for all i, and [(d — €)4] < 11[aq].

Proof. Let [d]s € Cu(A) denote the “soft” element associated to [d]. Using that
this element is infinitely divisible, we can find [¢1], [c2], [e3], ... € Cu(A) such
that [¢;] = 2[ci41] for all 4 and 10[c1] = [ds]. Let us pick the representatives
¢; such that ||¢;|| — 0. Since [d] < 11]e1], there exists d; > 0 such that
[(d—¢)4+] <11[(e1 — 041)]. Let us continue choosing ds, d3, . .. such that

(ci = 0i)+ = (i1 — Gip1)+ @ (cir1 — dit1)+

for all 7. Consider the element

c= @(ciEBci) E(A®K)4

i=1
Notice that d-(c) < 2d,(d) for all 7 € QT(A). By Lemma 4.5, ¢ < d. Let
v € her(d)** denote the partial isometry implementing this subequivalence.
Let us define

a; = v((ci — di)+ ® 0™,
b; = U(O D (Ci - (Si)Jr)U*,
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for all 7. The elements a1, b1, as,ba,... are pairwise orthogonal. They satisfy
Qg ~ b1 and bz j Aj41 + bi+1 for all 7 and [(d — 6)+] S 11[(61 — 51)+] = 11[&1],
as desired. O

Lemma 6.7. Let A be a pure C*-algebra with Prim(A) compact and whose
bounded 2-quasitraces are traces. Let ay,by,a2,b,... € Ay be pairwise or-
thogonal positive elements as in the previous lemma. Let h € her(ai) be a
selfadjoint element such that h ~1, 0. Then e € DU%(A).

Proof. The proof uses the multiplicative version of “Fack’s technique”, as ap-
plied in [18, Lem. 6.5].

Since e = (e"N)N for all N € N we can assume that ||| < § for any
prescribed §. Let us choose ¢ such that [11, Prop. 5.18] is applicable to any
unitary within a distance of at most § of 1.

By Proposition 6.5 applied in her(a; + b1), there exist unitaries ugl), vgl) in
U(her(ay +b1)) for i = 1,..., N, such that

N
o =TT o,
i=1
where ) € her(aj + b1)sa, b} ~1v 0, and ||h1]]" < ||R||/2.
Next, by Lll Prop. 5.18] (see also [18, Lem. 6.4]), there exist unitaries

w20 D 20 in U0 (her(ay + by)) such that
RN SRORNONNOEN IS

and hf € he,z,r(bg)sa. Finally, by [11, Lem. 5.17] applied in her(by + ag + b2),
we have et = (y(M), z(W)eth2 | with yW), 2N e U°(her(by + az + b)) and
hs € her(ag + ba)sa. Next, we apply again Proposition 6.5 in her(ag + bs):

N
eih2 — H(uz@)’ vl@))eih;’

i=1
with hl, ~1, 0 and ||hb|| <
[11, Lem. 5.17]:

5, followed by applications of [11, Prop. 5.18] and

3

) 2@ ihs

oihs = (2) ())( (2) (2)) ihY

wy Xy T )\Wy 7, Tg

= (i, o) (s ),

where hY € her(bs)s, and hf ~t 0, and hs € her(az + b3)sa and hz ~1y 0.
Continuing this strategy, we construct, for each n € N,
(i) unitaries ugn), Ugn), . ug\?), U](\?) and wgn), xgn), wén), xg") in U%(her (b)),
(ii) unitaries y™, z(™ in Uo(her(bn + ant1 + bnt1), and
(iii) a selfadjoint h,, € her(ep)sa,

such that h ~Ty 0 and
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Notice that h, — 0. Thus, the above formula yields an expression of e’ as an
infinite product of commutators. By the pairwise orthogonality of the elements
an and by, we can gather the terms of this infinite product into subsequences,
each of them equal to a finite product of commutators. This is done in the
same manner as in the proof of [11, Prop. 6.1]. First, we group together the
commutators (y*), 2(*)) in the product above:

em:nHl< ﬂ@(k)’ ﬁlqk)))(@gk)’j(k) 5 50 1:[ (¥, 50y
k=1 =1 kel
where
(y(k 1) (k=1 )ugk)( (k— 1) (kfl))717
~(k) (y(k 1) (k= D)“Ek)( (k— 1) (k—l))—l
~(k) (y(k 1) o (k= ”)w](k( (k— 1) (k—l))—l

ig»k) (y(k 1) Z(k 1))x k)( (k—1) z(k 1))

(
J
foralli=1,...,N,j=1,2,and k=2,...,n. Slnce(y(k
her(by) + her(ag+1 + bg+1), the modified umtames U, k),
to belong to U°(her(ay + b)). Therefore,

() [T, (TI, @, 58 - (@, 77y - (@8, 75) is a product of N 4 2

commutators,
(ii) TIre,(y*=D), 2k} is a single commutator,
(iii) TTre,(y®®), 220} is a single commutator.

1 belongs to
contmue

kS ~<2>

U; ’ j

We thus arrive at an expression of e’ as a product of N +4 commutators. [

Proof of Theorem 6.1. Tt is clear that every unitary in DUY(A) is in ker Ary.
To prove the converse, it suffices, by Lemma 6.3, to show that e, with h ~ 0
is a finite product of commutators. Writing e’ = (e»/N)N | we can assume
that [|h|| < ¢ for any prescribed 6. We will specify how small should ¢ be
soon. By [11, Prop. 5.18], e is a product of commutators times e, with
h' € her(e1,1) and A’ ~7, 0. Let us choose d € her(ez s + €33) and € > 0 such
that

Nd] < [e2,2 + ess] < (N +1)[(d — 2¢)4],

for N large enough (how large to be specified soon). Let us find pairwise
orthogonal elements dy,...,dy € her(es s + €3 3) such that d; ~ (d —¢)4 for
all 4. Since [e1,1] < N[(d — 2¢)4], we have e1 1 < (3, d; —€)4. By repeated
application of [11], we can express e’ as a finite product of commutators times
e’ with h” € her((dy —e) ) selfadjoint such that A ~, 0 (in her((dy —e))).
Let us choose a sequence aq1,b1,as,bs ... € her(da+- - -+di3) as in Lemma 6.6.
Then 12[d1] = [d2+- - - +d13] < 11[a1]. Thus, (d1 —¢€)+ < a1. We can therefore
express e as a commutator times e with A’ € her(a;) and A" ~m 0.
By Lemma 6.7, e is a finite product of commutators. O

Miinster Journal of Mathematics VoL. 9 (2016), 121-154



(1]
2]

B

[4

[5

[6]

[7

8

[9

[10]
(11]

(12]

(13]
(14]
(15]
[16]
(17]
(18]
(19]
20]
21]
[22]
23]

[24]

SUMS OF COMMUTATORS IN PURE C*-ALGEBRAS 153

REFERENCES

R. Antoine, F. Perera and H. Thiel, Tensor products and regularity properties of Cuntz
semigroups, arXiv:1410.0483v2 [math.OA] (2014)

P. Ara, F. Perera and A. S. Toms, K-theory for operator algebras. Classification of
C*-algebras, in Aspects of operator algebras and applications, 1-71, Contemp. Math.,
534, Amer. Math. Soc., Providence, RI, 2011. MR2767222

D. Avitzour, Free products of C*-algebras, Trans. Amer. Math. Soc. 271 (1982), no. 2,
423-435. MR0654842

B. Blackadar, L. Robert, A.P. Tikuisis, A.S. Toms and W. Winter, An algebraic ap-
proach to the radius of comparison, Trans. Amer. Math. Soc. 364 (2012), no. 7, 3657—
3674. MR2901228

E. Blanchard and E. Kirchberg, Non-simple purely infinite C*-algebras: the Hausdorff
case, J. Funct. Anal. 207 (2004), no. 2, 461-513. MR2032998

N. P. Brown, J. Bosa, Y. Sato, A. Tikuisis, S. White and W. Winter, Covering dimension
of C*-algebras and 2-coloured classification, arXiv:1506.03974v2 [math.OA] (2015)

J. Cuntz and G. K. Pedersen, Equivalence and traces on C*-algebras, J. Funct. Anal.
33 (1979), no. 2, 135-164. MR0546503

G. A. Elliott, L. Robert and L. Santiago, The cone of lower semicontinuous traces on a
C*-algebra, Amer. J. Math. 133 (2011), no. 4, 969-1005. MR2823868

T. Fack, Finite sums of commutators in C*-algebras, Ann. Inst. Fourier (Grenoble) 32
(1982), no. 1, vii, 129-137. MR0658946

P. de la Harpe and G. Skandalis, Déterminant associé a une trace sur une algébre de
Banach, Ann. Inst. Fourier (Grenoble) 34 (1984), no. 1, 241-260. MR0743629

P. de la Harpe and G. Skandalis, Produits finis de commutateurs dans les C*-algebres,
Ann. Inst. Fourier (Grenoble) 34 (1984), no. 4, 169-202. MR0766279

D. A. Herrero, Approzimation of Hilbert space operators. Vol. 1, second edition, Pit-
man Research Notes in Mathematics Series, 224, Longman Sci. Tech., Harlow, 1989.
MR1088255

E. Kirchberg and M. Rgrdam, Central sequence C*-algebras and tensorial absorption
of the Jiang—Su algebra, J. Reine Angew. Math. 695 (2014), 175-214. MR3276157

L. W. Marcoux, On the linear span of the projections in certain simple C*-algebras,
Indiana Univ. Math. J. 51 (2002), no. 3, 753-771. MR1911053

L. W. Marcoux, Sums of small number of commutators, J. Operator Theory 56 (2006),
no. 1, 111-142. MR2261614

L. W. Marcoux, Projections, commutators and Lie ideals in C*-algebras, Math. Proc.
R. Ir. Acad. 110A (2010), no. 1, 31-55. MR2666670

P. W. Ng, Commutators in the Jiang—Su algebra, Internat. J. Math. 23 (2012), no. 11,
1250113, 29 pp. MR3005566

P. W. Ng, Commutators in C}(Fs), Houston J. Math. 40 (2014), no. 2, 421-446.
MR3248648

E. Ortega, M. Rgrdam and H. Thiel, The Cuntz semigroup and comparison of open
projections, J. Funct. Anal. 260 (2011), no. 12, 3474-3493. MR2781968

N. Ozawa, Dixmier approximation and symmetric amenability for C*-algebras, J. Math.
Sci. Univ. Tokyo 20 (2013), no. 3, 349-374. MR3156986

G. K. Pedersen and N. H. Petersen, Ideals in a C*-algebra, Math. Scand. 27 (1970),
193-204 (1971). MR0308797

C. Pop, Finite sums of commutators, Proc. Amer. Math. Soc. 130 (2002), no. 10, 3039—
3041 (electronic). MR1908928

L. Robert, Classification of inductive limits of 1-dimensional NCCW complexes, Adv.
Math. 231 (2012), no. 5, 2802-2836. MR2970466

L. Robert, The cone of functionals on the Cuntz semigroup, Math. Scand. 113 (2013),
no. 2, 161-186. MR3145179

Miinster Journal of Mathematics VoL. 9 (2016), 121-154



154

[25]
[26]
[27]

[28]

[29]
[30]

31]

PINnG WONG NG AND LEONEL ROBERT

L. Robert, Nuclear dimension and sums of commutators, Indiana Univ. Math. J. 64
(2015), no. 2, 559-576. MR3344439

M. Rgrdam, The stable and the real rank of Z-absorbing C*-algebras, Internat. J. Math.
15 (2004), no. 10, 1065-1084. MR2106263

M. Rgrdam and W. Winter, The Jiang—Su algebra revisited, J. Reine Angew. Math.
642 (2010), 129-155. MR2658184

M. Suzuki, On the convergence of exponential operators—the Zassenhaus formula, BCH
formula and systematic approximants, Comm. Math. Phys. 57 (1977), no. 3, 193-200.
MRO0463973

K. Thomsen, Traces, unitary characters and crossed products by Z, Publ. Res. Inst.
Math. Sci. 31 (1995), no. 6, 1011-1029. MR1382564

A. S. Toms, S. White and W. Winter, Z-stability and finite-dimensional tracial bound-
aries, Int. Math. Res. Not. IMRN 2015, no. 10, 2702-2727. MR3352253

W. Winter, Nuclear dimension and Z-stability of pure C*-algebras, Invent. Math. 187
(2012), no. 2, 259-342. MR2885621

Received July 22, 2015; accepted October 12, 2015

Ping Wong Ng

Department of Mathematics,

University of Louisiana at Lafayette, Lafayette, USA
E-mail: png@louisiana.edu

Leonel Robert

Department of Mathematics,

University of Louisiana at Lafayette, Lafayette, USA
E-mail: 1xr7423@louisiana.edu

Miinster Journal of Mathematics VoL. 9 (2016), 121-154



