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Abstract. A leafwise Hodge decomposition was proved by Sanguiao for Riemannian folia-
tions of bounded geometry. Its proof is explained again in terms of our study of bounded
geometry for Riemannian foliations. It is used to associate smoothing operators to foliated
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Novikov differential complex.
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1. INTRODUCTION

Christopher Deninger has proposed a program to study arithmetic zeta
functions by finding an interpretation of the so-called explicit formulas as
a (dynamical) Lefschetz trace formula for foliated flows on suitable foliated
spaces [16, 17, 18, 19, 20]. Hypothetically, the action of the flow on some
reduced leafwise cohomology should have some Lefschetz distribution. Then
the trace formula would describe it using local data from the fixed points and
closed orbits. The precise expression of these contributions was previously
suggested by Guillemin [27]. Further developments of these ideas were made
in [22, 35, 36, 33].

Deninger’s program needs the existence of foliated spaces of arithmetic na-
ture, where the application of the trace formula has arithmetic consequences.
Perhaps some generalization of foliated spaces should be considered. Anyway,
to begin with, we consider a simple foliated flow ¢ = {¢'} on a smooth closed
foliated manifold (M, F). We assume that F is of codimension one and the
orbits of ¢ are transverse to the leaves without fixed points.

The first two authors proved such a trace formula when {¢'} has no fixed
points [3]. A generalization for transverse actions of Lie groups was also
given [4]. It uses the space C°°(M;AF) of leafwise forms (smooth sections
of AF = NTF* over M), which is a differential complex with the leafwise
derivative dz. Its reduced cohomology is denoted by H*(F) (the leafwise re-
duced cohomology). Since ¢ is foliated, there are induced actions ¢* = {¢*}
on C®(M;AF) and H*(F). In this case, F is Riemannian, and therefore it
has a leafwise Hodge decomposition [2],

(1) C®(M;AF) =ker Ar ®imdr @ imdr,

where 0 and Ar are the leafwise coderivative and leafwise Laplacian. More-
over, the leafwise heat operator e “2F defines a continuous map

(2) C®(M;AF) x [0,00] = C®(M;AF), (a,t)— e “A7q,

where IT7 = e =47 is the projection to ker Ax given by (1). This projection
induces a leafwise Hodge isomorphism

(3) H*(F) 2 ker Ar.

These properties are rather surprising because the differential complex dr is
only leafwise elliptic. Of course, the condition on the foliation to be Riemann-
ian is crucial to make up for the lack of transverse ellipticity. The decomposi-
tion (1) may not be valid for non-Riemannian foliations [21].

On the other hand, the action ¢* on H*(F) satisfies the following properties
[3, 4]. For all f € C°(R) and 0 < u < oo, the operator

(4) Py = / o e A £ (1) dt

is smoothing, and therefore it is of trace class since M is closed. Moreover,
its super-trace, Tr°P, ¢, depends continuously on f and is independent of u,
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and the limit of Tr*P, ¢ as u | 0 gives the expected contribution of the closed
orbits. But, by (3) and (4), the mapping f — Tr°P, ; can be considered as
a distributional version of the super-trace of ¢* on H*(F); i.e., the Lefschetz
distribution Lgis(¢), solving the problem in this case.

We would like to extend the trace formula to the case where ¢ has fixed
points, which are very relevant in Deninger’s program. But their existence
prevents the foliation from being Riemannian, except in trivial cases. However,
the foliations with simple foliated flows have a precise description [6]. For
example, the F-saturation of the fixed point set of ¢ is a finite union MY of
compact leaves, and the restriction F! of F to M* = M\ M? is a Riemannian
foliation. Moreover, F! has bounded geometry in the sense of [44, 5] for certain
bundle-like metric g' on M!. Then, instead of C°>°(M; AF), we consider in [7]
the space I(M, M°; AF) of distributional leafwise forms conormal to M° (the
best possible singularities). This is a complex with the continuous extension
of dr, and we have a short exact sequence of complexes,

0 — K(M,M°%AF)— I(M,M° AF) — J(M,M° AF) — 0,

where K (M, M°; AF) is the subcomplex supported in M°, and J(M, M%; AF)
is defined by restriction to M. A key result of [7] is that we also have a short
exact sequence in (reduced) cohomology,

0— H*K(F)— H*I(F) — H*J(F) — 0,

with corresponding actions ¢* = {¢**} induced by ¢. Thus we can now define
Lis(¢) = Lais,x (¢)+Lais, 7 (¢), using distributional versions of the super-traces
of ¢* on H*K(F) and H*J(F).

On the one hand, H*K(F) can be described using Novikov cohomologies
on M9 Under some conditions and taking coefficients in the normal density
bundle, we can define Lgis x(¢) in this way, with the expected contribution
from the fixed points.

On the other hand, H*.J(F) can be described using the reduced cohomol-
ogy H*H>(F') of the cochain complex defined by dz: on the Sobolev space
H(MY; AFY) (defined with g'); actually, leafwise Novikov versions of this
complex are also needed. At this point, to define Lgis,7(¢), we need a gener-
alization of (1)—(4) for Riemannian foliations of bounded geometry using this
type of cochain complex. This generalization is the purpose of this paper.

Precisely, let F be a Riemannian foliation of bounded geometry on an open
manifold M with a bundle-like metric. Then Sanguiao [44] proved versions
of (1)-(3) using H®(M;AF) and H*H>(F) instead of C°°(M;AF) and
H*(F). We explain again the proof in terms of our study of Riemannian
foliations of bounded geometry [5].

Moreover, let ¢ be a simple foliated flow on M transverse to the leaves.
If the infinitesimal generator of ¢ is C'* uniformly bounded, then we also
get that (4) defines a smoothing operator P, f, and whose Schwartz kernel is
described for 0 < u < co. But now the operators P, ; are not of trace class
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because M is not compact. So additional tools will be used in [7] to define and
study Lais,7(¢) (see also [34]).

Finally, we show how to extend these results to leafwise versions of the
Novikov complex, as needed in [7].

2. PRELIMINARIES ON SECTION SPACES AND DIFFERENTIAL OPERATORS

Let us recall some analytic concepts and fix their notation.

2.1. Distributional sections. Let M be a (smooth, i.e., C*) manifold of di-
mension n, and let E be a (smooth complex) vector bundle over M. The space
of smooth sections, C>°(M; E), is equipped with the (weak) C* topology (see,
e.g., [32]). This notation will be also used for the space of smooth sections of
other types of fiber bundles. If we consider only compactly supported sections,
we get the space C°(M; E), with the compactly supported C° topology.

Let Q°E (a € R) denote the line bundle of a-densities of E, and let
QOF = Q'E. Let TM and T* M be the (complex) tangent and cotangent vector
bundles, respectively, AM = A T*M, Q*M = Q*TM and QM = Q' M. More-
over, let X(M) = C*°(M;TM) and X.(M) = C®*(M;TM). The restriction of
vector bundles to any submanifold L C M may be denoted with a subindex,
like Er, Ty M, Ty M and Q¢ M. Redundant notation will be removed; for in-
stance, C®(L; E) and C*°(M;Q*) will be used instead of C*°(L; Er) and
C*(M;Q*M). We may also use the notation C*(E) = C*(M;E) and
CX(E) = C*(M; E) if there is no danger of confusion. As usual, the triv-
ial line bundle is omitted from this notation: the spaces of smooth (complex)
functions and its compactly supported version are denoted by C*°(M) and
C(M).

A similar notation is used for other section spaces. For instance, consider
also the spaces of distributional (or generalized) sections of F, and its com-
pactly supported version,

C™(M;E)=C>(M;E*®Q),
C.®(M;E)=C>®(M;E*®9Q),

where we take the topological® dual spaces with the weak-* topology. A con-
tinuous injection C*(M; E) C C~°°(M; E) is defined by (u,v) = [,, uv for
u € C®°(M;E) and v € C*(M; E* ® ), using the canonical pairing of F
and E*. There is a similar continuous injection C°(M; E) C C,°(M;E).
If £ is endowed with a Hermitian structure, we can also consider the Banach
space L™ (M; E) of its essentially bounded sections, whose norm is denoted by
I llLs. If M is compact, then the equivalence class of || - || is independent of

1This term is added to algebraic concepts on topological vector spaces to mean that they
are compatible with the topologies. For instance, the topological dual V' consists of continu-
ous linear maps V — C, an isomorphism is called topological if it is also a homeomorphism,
and a direct sum is called topological if it has the product topology.
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the Hermitian structure. Also, for any? m € Ng, C™(M; E) denotes the space
of C™ sections.

When explicitly indicated, we will also consider real objects with the same
notation: real vector bundles, Euclidean structures, real tangent vectors and
vector fields, real densities, real functions and distributions, etc.

2.2. Operators on section spaces. Let F and F' be vector bundles over M,
and let A: C°(M; E) — C*°(M;F) be a continuous linear operator. The
transpose of A,

A Co®(M; F*@Q) = C~®(M; E* @ Q),

is given by (A'v,u) = (v, Au) for u € CX(M; E) and v € C;°(M; F* @ Q).
For instance, the transpose of the continuous dense injection C°(M; E*®@Q) C
C>(M; E* ® Q) is the continuous dense injection C;>°(M; E) C C~°(M; E).
If there is a restriction A*: C°(M; F* @ Q) — C°(M; E* ® Q), then A™:
Co®°(M; E) — C~>°(M; F) is a continuous extension of A, also denoted by A.
The Schwartz kernel, K4 € C™°(M? F X (E* ® Q)), is determined by the
condition (K 4,v ® u) = (v, Au) for u € C°(M; E) and v € C®(M; F* @ Q).
The mapping A — K4 defines a bijection (the Schwartz kernel theorem)?

L(CX(M; E),C~®(M; F)) » C~>*(M* FX (E* ® Q)).
Note that
Kao=R'EKs€C ®(M?*(E*2Q)KF),
where R: M? — M? is given by R(z,y) = (y, ).
There are obvious versions of the construction of A* and A' when both the
domain and target of A have compact support, or no support restriction.

2.3. Differential operators. Let Diff(M) C End(C*°(M)) be the C*°(M)-
submodule and subalgebra of differential operators, filtered by the order. Every
Diff"™" (M) (m € Np) is C°°(M)-spanned by all compositions of up to m tangent
vector fields, where X(M) is considered as the Lie algebra of derivations of
C°°(M). In particular, Diff®(M) = C>°(M). Any A € Diff™(M) has the
following local description. Given a chart (U,x) of M with x = (zt,...,2"),
let 0; = % and D; = 19;. For any multi-index I = (i,...,i,) € Np,
let 9y = 9i*-..9i», D! = DL = D ...Din and |I| = iy + --- + i,. Then
A=311<m arD! on C(U) for some local coefficients a; € C>(U).

On the other hand, let P(T*M) C C*®(T*M) be the graded C°°(M)-
module and subalgebra of functions on T*M whose restriction to the fibers
are polynomials, with the grading defined by the degree of the polynomials.
In particular, PUT*M) = C>°(M) and PM(T*M) = X(M). The princi-
pal symbol of any X € X(M) c Diff'(M) is 01(X) = iX € PI(T*M). The

2We use the notation N = Z+ and Ng = NU {0}.

3For locally convex (topological vector) spaces X and Y, the notation L(X,Y") is used for
the space of continuous linear operators X — Y with the topology of bounded convergence.
End(X) := L(X, X) is an associative algebra with the operation of composition.
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map o7 can be extended to a homomorphism of C*°(M)-modules and algebras,
o: Diff(M) — P(T*M), obtaining for every m the principal symbol surjection
(5) Om : DIff™ (M) — PI™(T* M),

with kernel Diff™ ' (M).

For vector bundles E and F over M, the above concepts can be extended by
taking the C'*° (M )-tensor product with C*°(M; F'® E*), obtaining the filtered
C°° (M )-submodule

Diff(M; E, F) € L(C™(M; E),C™(M; F)),
the graded C'°°(M)-submodule
PN T*M; F @ E*) ¢ C®*(T*M;7*(F ® E*)),
where 7: T*M — M is the vector bundle projection, and the principal symbol
surjection
(6) om: Diff™(M; E, F) — PI™(T*M; F @ E*),

with kernel Diﬁ“mfl(M ; E, F). Using local trivializations of E and F, any
A € Diff™" (M; E, F') has local expressions
A= > aD": CE(U,C) = CE(U,C),
l7]<m

as above, where | = rank E and I’ = rank I, with local coefficients a; €
C>(U;C" @ C*). If E = F, then we use the notation Diff(M; E), which is
also a filtered algebra with the operation of composition. Recall that A €
Diff™ (M; E, F) is called elliptic if 0, (A)(p, &) € F, ® E; = Hom(E), Fy) is an
isomorphism for all p € M and 0 # £ € Ty M.

Using integration by parts, it follows that the class of differential operators
is closed by transposition. So any A € Diff(M; E, F') defines continuous linear
maps (Section 2.2),

A:C ®(M;E) — C (M, F),
A:C7®°(M;E) = C7°(M; F).

2.4. Sobolev spaces. The Hilbert space Lg(M;Ql/z) is the completion
C°(M;QY?) with the scalar product (u,v) = Jyy wv. There is a continuous
inclusion L?(M;QY2) c C=°°(M;QY/?).

Suppose first that M is compact. Then L?(M;QY?) is also a C(M)-
module. Thus the Sobolev space of order m € Ny,
(7)  H™(M;Q?) = {u € L*(M;Q7) | Diff ™(M;Q3)u C L*(M;Q32)},

is also a C°°(M)-module. In particular, HO(M;Q'/?) = L?(M;Q'/?). By the
elliptic estimate, an elliptic operator P € Diff*(M; Q'/2) can be used to equip
H™(M;QY?) with the Hilbert space structure defined by

(8) (U, V)m = (1 + P*P)"u,v).
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The equivalence class of the corresponding norm || - ||, is independent of the
choice of P. Thus H™(M;Q'/?) is a Hilbertian space with no canonical choice
of a scalar product in general. Now, the Sobolev space of order —m is the
Hilbertian space

(9) H™(M;Q?) = H™(M;Q2) = Diff ™ (M;Q2) L*(M; Q?).

For any vector bundle E, the C*(M)-module H¥™(M; E) can be defined
as the C°°(M)-tensor product of H*™(M;Q'/?) with C®(M;E @ Q~1/?);
in particular, this defines L?(M; E). A Hermitian structure (-,-) on E and
a non-vanishing smooth density w on M can be used to define an obvious
scalar product (-,-) on L?(M;FE). Using, moreover, an elliptic operator
P € Diff'(M; E), we get a scalar product (-,-),, on H™(M;E) like in (8),
with norm || « ||;,. Indeed, this scalar product makes sense on C°(M; E) for
any order m € R, where (1 + P*P)™ is defined by the functional calculus
given by the spectral theorem. Then, taking the corresponding completion of
C*(M; E), we get the Sobolev space H™(M; E) of order m € R. In particular,
H-"™(M;E) = H"(M;E* © Q).

When M is not compact, any choice of P, (-,-) and w can be used to
equip C°(M; E) with a scalar product (-,-),, as above, and the correspond-
ing Hilbert space completion can be denoted by H™(M; E); in particular, this
defines L?(M; E) = H°(M; E). But now the equivalence class of || - ||, (and
therefore H™(M; E)) depends on the choices. However, their compactly sup-
ported and their local versions, H*(M; E) and H".(M; E), are independent
of the choices involved. In particular, we have LZ(M; E) and L2 (M; E). The
formal adjoint of any differential operator is locally defined like in the compact
case.

In any case, the notation || - ||lm,m/ (or || - |m if m = m') is used for the
induced norm of operators H™(M; E) — H™ (M; E) (m,m’ € R). For exam-
ple, when M is compact, any A € Dift"(M; E) defines a bounded operator
A: H™t$(M; E) — H™(M; FE) for all s € R. Taking s = 0, we can consider A
as a densely defined linear operator in L?(M; E) with domain H™(M; E). Its
adjoint A* in L?(M; E) is defined by the formal adjoint A* € Diff""(M; E),
which is locally determined using integration by parts. Recall that A is called
formally selfadjoint or symmetric if it is equal to its formal adjoint.

2.5. Differential complexes. A topological (cochain) complex (C,d) is a
cochain complex, where C' is a graded topological vector space and d is con-
tinuous. Then the cohomology H(C,d) = ker d/ im d has an induced topology,
whose maximal Hausdorff quotient, H(C,d) := H(C,d)/0 = kerd/imd, is
called the reduced cohomology. The elements in H(C,d) and H(C,d) defined
by some u € kerd will be denoted by [u] and m, respectively. The continu-
ous cochain maps between topological complexes induce continuous homomor-
phisms between the corresponding (reduced) cohomologies. Topological graded
differential algebras can be similarly defined by assuming that their product is
continuous.
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Recall that a differential complex of order m is a topological complex of the
form (C>°(M; E),d), where E = @, E" and d = @, d,, for a finite sequence
of differential operators of the same order m,

O (M; E%) —%  coo(a BY By o N oeo(ar; BV,
The compactly supported version (C°(M; E), d) may be also considered. Neg-
ative or decreasing degrees may be also considered without essential change.
Such a differential complex is called elliptic if the symbol sequence,

o (d0) (p:€) om(@)@E), | omldy-1)(B:E)

0— Eg E;
is exact for all p € M and 0 # § € Ty M.

Suppose that every E" is equipped with a Hermitian structure, and M
with a distinguished non-vanishing smooth density. Then the formal adjoint
6 = d* also defines a differential complex, giving rise to symmetric operators
D =d+6and A = D? = dd+dd (a generalized Laplacian) in the Hilbert space
L?(M;E). The differential complex d is elliptic if and only if the differential
complex § is elliptic, and if and only if the differential operator D (or A) is
elliptic. If d is elliptic and M is closed, then D and A have discrete spectra,
giving rise to a topological and orthogonal decomposition (a generalized Hodge
decomposition)

N
E; —0,

(10) C*®(M;E) =ker A ®imd @ imd,
which induces a topological isomorphism (a Hodge isomorphism)
(11) H(C*™(M; E),d) = ker A.

Thus H(C*(M; E),d) is of finite dimension and Hausdorff.

2.6. Novikov differential complex. The most typical example of elliptic dif-
ferential complex is given by the de Rham derivative d on C*°(M; A), defining
the de Rham cohomology H*(M) = H*(M;C). Suppose that M is endowed
with a Riemannian metric g, which defines a Hermitian structure on TM.
Then we have the de Rham coderivative § = d*, and the symmetric operators
D=d+ 6§ and A = D? = dd + §d (the Laplacian).

With more generality, take any closed § € C°°(M;A'). For the sake of
simplicity, assume that 6 is real. Let V € X(M) be determined by ¢g(V,-) =6,
let £y denote the Lie derivative with respect to V', and let 0, = —(OA)* = —uy.
Then we have the Nowikov operators defined by 6, depending on z € C,

d,=d+z0N, 6,=di=06—2z0,,
D,=d,+6,=D+RzRg+1i3z Ly,
A, =D?=d.0,+6.d. = A+ Rz (Ly + L) —iSz(Ly — L3) +[2]%16]?,
where, for o« € C*°(M; A" M),
Lya=0-a=0Na+6.a, Rpa=(—1)"a-0=0ANa—0.a.

The subindex “M” may be added to this notation if needed. Here, the dot
denotes Clifford multiplication defined via the linear identity AM = Cl(T*M).
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We may write §- = Lg. The differential operator Ly + Lj, is of order zero,
and Ly — L}, is of order one. The differential complex (C*°(M;A),d.) is el-
liptic; indeed, it has the same principal symbol as the de Rham differential
complex. Actually, A, is a generalized Laplacian [9, Definition 2.2], and there-
fore D, is a generalized Dirac operator, and d, is a generalized Dirac complex.
The terms Novikov differential complex and Novikov cohomology are used for
(C°°(M;A),d,) and its cohomology, HX(M) = H(M;C).

If 0 is exact, say 6 = dF for some R-valued F € C°°(M), then the Novikov
operators are called Witten operators; in particular, d, = e *¥ de*¥ and §, =
e*' §e=#". Thus the multiplication operator e*!" on C°°(M;A) induces an
isomorphism H} (M) = H*(M) in this case.

In the general case, the above kind of argument shows that the isomorphism
class of H(M) depends only on [f] € H'(M). We can also take a regular
covering m: M — M so that the lift 6 = 7*6 is exact, say 6 = dF for some R-
valued F € C°°(M). Thus we get the Witten derivative dy, = e *ldy e
on C*°(M; A), which corresponds to the Novikov derivative dps,, on C*°(M;A)
via m*

For any smooth map ¢: M — M, take a lift (b M — M ie. 7r¢ o
Then (b* = e g et = ¢2 #¢"F—F) ) ¢* is an endomorphism of Wltten differ-
ential complex (C°(M;A), d— 37..), which can be called a Witten perturbation
of ¢*. For all e, we have T*(QS*F F)=¢*F — F, obtaining Ty¢; =
¢*T* Therefore (;52 induces an endomorphlsm ¢ of Witten differential com-
plex dar,, on C®°(M;A), which can be considered as a Novikov perturbation
of ¢*. This ¢} depends on the choice of the lift (b of ¢. However, any flow
¢ = {¢'} has a unique lift to a flow ¢ = {¢'} on M, giving rise to a canonical
choice of ¢'*, called the Novikov perturbation of qbt*.

If M is oriented, then

(12) 0, = (_1)nr+n+1 * OA *, §= ( )nr+n+1 *d*,
on C*°(M;A"), using the Hodge operator x on AM. So
(13) 5, = (=) tlad

3. PRELIMINARIES ON BOUNDED GEOMETRY

The concepts recalled here become relevant when M is not compact. Equip
M with a Riemannian metric g, and let V denote its Levi-Civita connection,
R its curvature, and inj,,: M — RT its injectivity radius function. Suppose
that M is connected, obtaining an induced distance function d. Actually, in
the non-connected case, we can take d(p, q) = oo if p and ¢ belong to different
connected components. Observe that M is complete if inf inj,, > 0. For r > 0,
p € M and S C M, let B(p,r) and B(p,r) denote the open and closed r-balls
centered at p, and let Pen(S,r) and Pen(S,r) denote the open and closed
r-penumbras of S (defined by the conditions d(-,S) < r and d(-,S) < r,
respectively). We may add the subindex “M” to this notation if needed, or a
subindex “a” if we are referring to a family of Riemannian manifolds M,.
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3.1. Manifolds and vector bundles of bounded geometry. It is said
that M is of bounded geometry if infinj,, > 0 and sup|V™R| < oo for every
m € Ny. This concept has the following chart description.

Theorem 3.2 (Eichhorn [23]; see also [42, 45, 46]). M is of bounded geometry
if and only if, for some open ball B C R™ centered at 0, there are normal
coordinates y,: V, = B at every p € M such that the corresponding Christoffel
symbols Fék, as a family of functions on B parametrized by i, j, k and p, lie
in a bounded set of the Fréchet space C™°(B). This equivalence holds as well

replacing the Christoffel symbols with the metric coefficients g;;.

Remark 3.3. Any non-connected Riemannian manifold of bounded geometry
can be considered as a family of Riemannian manifolds (the connected compo-
nents), which are of equi-bounded geometry in the sense that they satisfy the
condition of bounded geometry with the same bounds. Conversely, any dis-
joint union of Riemannian manifolds of equi-bounded geometry is of bounded
geometry.

Assume that M is of bounded geometry and consider the charts y,: V, -+ B
given by Theorem 3.2. The radius of B will be denoted by 7.

Proposition 3.4 (Schick [45, Theorem A.22], [46, Proposition 3.3]). For every
multi-index I, the function |1 (yqy, )| is bounded on y,(V, N'Vy), uniformly
on p,q € M.

Proposition 3.5 (Shubin [47, Appendices A1.2 and A1.3]; see also [46, Propo-

sition 3.2]). For any 0 < 2r < rq, there are a subset {py} C M and some

N € N such that the balls B(pg,r) cover M, and every intersection of N + 1

sets B(pk,2r) is empty. Moreover, there is a partition of unity {fr} subordi-

nated to the open covering { B(py,2r)}, which is bounded in the Fréchet space
().

A vector bundle E of rank [ over M is said to be of bounded geometry when
it is equipped with a family of local trivializations over the charts (V}, y,), for
small enough rg, with corresponding defining cocycle a,q: V,NV, — GL(C,1) C
C", such that, for every multi-index I, the function 01 (apqy, )| is bounded
on yp(V, N'V,), uniformly on p,q € M. When referring to local trivializations
of a vector bundle of bounded geometry, we always mean that they satisfy the
above condition. If the corresponding defining cocycle is valued in U({), then
FE is said to be of bounded geometry as a Hermitian vector bundle.

Example 3.6. (1) If E is associated to the principal O(n)-bundle P of
orthonormal frames of M and any unitary representation of O(n), then
it is of bounded geometry in a canonical way. In particular, this applies
to TM and AM.

(2) The properties of 1 can be extended to the case where E is associated
to any reduction @ of P with structural group H C O(n), and any
unitary representation of H.

4The definition of C2° (M) is given in Section 3.7.
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(3) The condition of bounded geometry is preserved by operations of vec-
tor bundles induced by operations of vector spaces, like dual vector
bundles, direct sums, tensor products, exterior products, etc.

3.7. Uniform spaces. For every m € Ny, a function v € C™ (M) is said to
be C™-uniformly bounded if there is some C,, > 0 with |Vm,u| <(C,, on M
for all m’ < m. These functions form the uniform C™ space® C™ (M), which
is a Banach space with the norm || - |[cm defined by the best constant Cp,.
As usual, the super-index “m” may be removed from this notation if m = 0,
and we have Cy,(M) = C(M)N L (M). Equivalently, we may take the norm
II - HICC’IZ defined by the best constant Cj, > 0 such that |9;(uy,')| < Cj,
on B for all p € M and |I| < m; in fact, by Proposition 3.4, it is enough to
consider any subset of points p so that {V,} covers M. The uniform C* space
is Cx (M) =, C (M), with the inverse limit topology, called uniform C*°
topology. It consists of the functions u € C> (M) such that all functions uy, '
lie in a bounded set of C°°(B), which are said to be C*°-uniformly bounded.
Of course, if M is compact, then the C7} topology is just the C™ topology,
and the notation || - ||cm and || - ||z is preferred. On the other hand, the
definition of uniform spaces with covariant derivatives can be also considered
for non-complete Riemannian manifolds.

For a Hermitian vector bundle E of bounded geometry over M, the uniform
C™ space C (M; E), of C™-uniformly bounded sections, can be defined by
introducing || - ”/CII’E like the case of functions, using local trivializations of E
to consider every uy,* in C™(B,C') for all u € C™(M; E). Then, as above,
we get the uniform C space C%(M; E) of C*-uniformly bounded sections,
which are the sections u € C°°(M; E) such that all functions uy, ' define a
bounded set of C>(B;C'), equipped with the uniform C> topology. In par-
ticular, Xy (M) := CR(M;TM) is a C2(M)-submodule and Lie subalgebra
of X(M). Observe that

(14)  C(M) = {ue C™(M) | Xap(M) "™ 2o (M) u € L®(M)}.

Let Xcom(M) C X(M) be the subset of complete vector fields.
Proposition 3.8. We have Xu,(M) C Xcom(M).

Proof. Let X € Xup(M). The maximal domain of the local flow ¢ of X is an
open neighborhood 2 of M x {0} in M x R. By the Picard-Lindeltf theorem
(see, e.g., [29, Theorem II.1.1]) and the C*°-uniform boundedness of X, there
is some « > 0 such that {p} x (—a,a) C Qforall p e M. So Q@ = M xR,
since ¢ is a local flow. O

3.9. Differential operators of bounded geometry. Like in Section 2.3,
by using X.,(M) and CS2(M) instead of X(M) and C*°(M), we get the fil-
tered subalgebra and CSf (M )-submodule Diff 1, (M) C Diff (M) of differential

5Here, the subindex “ub” is used instead of the common subindex “b” to avoid similarities
with the notation of b-calculus used in [7].
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operators of bounded geometry. Let Py,(T*M) C P(T*M) be the graded
subalgebra generated by P[%] (T*M) = CX(M) and P&} (T*M) = Xy (M),

which is also a graded CS5 (M )-submodule. Then (5) restricts to a surjection
Om: Diff g (M) — PES} (T*M) whose kernel is Diff”5 ! (M). These concepts
can be extended to vector bundles of bounded geometry E and F' over M
by taking the CS(M)-tensor product with CSP(M; F ® E*), obtaining the
filtered C2p(M)-modules Diffy,(M; E, F) (or Diffyz(M; E) if E = F) and
Py(T*M; F ® E*), and the surjective restriction

O DffT (M E, F) — P"™N(T*M; F @ E7)

of (6), whose kernel is Diff”" ! (M; E, F). Bounded geometry of differential op-
erators is preserved by compositions and by taking transposes, and by taking
formal adjoints in the case of Hermitian vector bundles of bounded geometry;
in particular, Diff,,(M; E) is a filtered subalgebra of Diff (M; E). Using local
trivializations of E and F' over the charts (V},,y,), we get a local description of
any element of Diff} (M; E, F) by requiring the local coefficients to define a
bounded subset of the Fréchet space C°°(B,C! @ C!*), where [ and I’ are the
ranks of £ and F. Using the norms || - ||’Cng , it easily follows that every A €
Diff} (M; E, F) defines bounded operators A: O™\ (M; E) — C3, (M;F)
(s € Np), which induce a continuous operator A: CX(M; E) — C2(M; F).

Example 3.10. (i) In Example 3.6 1, the Levi-Civita connection V induces
a connection of bounded geometry on F, also denoted by V. In particular,
V itself is of bounded geometry on 7'M, and induces a connection V of
bounded geometry on AM. This holds as well for the connection on E
induced by any other Riemannian connection of bounded geometry on
TM.

(ii) In Example 3.62, if a Riemannian connection of bounded geometry on
TM is given by a connection on (), then the induced connection on E is
of bounded geometry.

(iii) In Example 3.6 3, bounded geometry of connections is preserved by taking
the induced connections in the indicated operations with vector bundles
of bounded geometry.

(iv) The standard expression of the de Rham derivative d on local coordinates
shows that it is of bounded geometry, and therefore ¢ is also of bounded
geometry.

Let £ and F' be Hermitian vector bundles of bounded geometry. Then any
unitary connection V of bounded geometry on E can be used to define an
equivalent norm || - [[cm on every Banach space Cfj,(M; E), like in the case of
cm(M).

It is said that A € Diff™(M; E, F) is uniformly elliptic if there is some
C > 1 such that, for all p € M and § € Ty M,

CTHE™ < Jom(A)(p, €)| < ClEI™.
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This condition is independent of the choice of the Hermitian metrics of bounded
geometry on F and F. Any A € Dift]} (M; E, F) satisfies the second inequality.

3.11. Sobolev spaces of manifolds of bounded geometry. For any Her-
mitian vector bundle E of bounded geometry over M, any choice of a uniformly
elliptic P € Difflllb(M ; E), besides the Riemannian density and the Hermit-
ian structure, can be used to define the Sobolev space H™(M; E) (m € R)
(Section 2.4). Any choice of P defines the same Hilbertian space H™(M; E),
which is a C%(M)-module. Every A € Diff[} (M; E, F') defines bounded op-
erators A: H™"$(M; E) — H*(M; F) (s € R), which induce continuous maps
A: H¥**(M;E) — H*>*(M; F).

Proposition 3.12 (Roe [42, Proposition 2.8]). If m' > m + n/2, then we
have H™ (M; E) C C(M; E), continuously. Thus H*(M; E) C C%(M; E),
continuously.

3.13. Schwartz kernels on manifolds of bounded geometry. Let E and
F be Hermitian vector bundles of bounded geometry over M.

Proposition 3.14 (Roe [42, Proposition 2.9]). The Schwartz kernel mapping,
A — Ky, defines a continuous linear map

L(H °(M;E),H®*(M;F)) - CX(M; FR (E*®Q)).
Remark 3.15. Let A € L(H *°(M; E), H>*(M;F)) and r > 0. Obviously,
supp Ka C {(p,q) € M? | d(p,q) <1}
if and only if, for all u € H=*°(M; E),
supp Au C Pen(suppu, 7).

Recall that a function ¢ € C(R) is called rapidly decreasing if, for all k € Ny,
there is some Cj > 0 so that [i(x)] < Ck(1 + |2[)~*. They form a Fréchet
space denoted by R = R(R), with the best constants C as semi-norms. If P €
Diff 7}, (M; E) is uniformly elliptic and formally selfadjoint, then it is selfadjoint
as an unbounded operator in the Hilbert space L?(M; E), and the functional
calculus given by the spectral theorem defines a continuous linear map

R — L(H™™(M; E), H*(M; E)), 4 ¥(P).
Thus the linear map
(15) R—= CH(M; ER(E" ®9Q)), ¢ — Kyp),

is continuous by Proposition 3.14, see [42, Proposition 2.10].

For any closed real § € C%(M;A') and 2 € C, we have the corresponding
Novikov operators, D, € Diff:, (M;A) and A, € Diff%, (M;A) (Section 2.6),
which are uniformly elliptic and formally selfadjoint; indeed, D, is a generalized
Dirac operator. Thus, for the symmetric hyperbolic equation

Oray = iD 0, g = a,
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on any open subset of M and with ¢ in any interval containing 0, any solution
satisfies the finite propagation speed property, see the proof of [14, Proposi-
tion 1.1] (see also [13, Theorem 1.4] and the proof of [43, Proposition 7.20]),

(16) supp oy C Pen(supp o, [¢]).

In particular, for the Novikov wave operator e®*P: and any a € C*°(M;A),
a; = e®P=q satisfies (16). On the other hand, using the expression of the
inverse Fourier transform, we get

(17) w(D.) = ) [ D= e de.

— 0o

According to Remark 3.15, it follows from (16) and (17) that, for all » > 0,

(18) supp®) C [—r,7] = supp Ky(p.) C {(p,q) € M* | d(p,q) < r}.

For ¢ € R, the operator ¥/(D,) is smoothing and we may use the notation
k., = ky. = Kymp,)- We may also use the notation k, . = ky, . for any
family of functions 1, € R depending on a parameter u. For instance, for
() = e~ua’ (u > 0), we get the Novikov heat kernel ky, , = Ko-ua..

3.16. Maps of bounded geometry. For a € {1,2}, let M, be a Riemannian
manifold of bounded geometry, of dimension n,. Consider a normal chart
Ya,p: Va,p — Bq at every p € M, satisfying the statement of Theorem 3.2. Let
rq denote the radius of B,. For 0 < r < rg, let B, , C R" denote the ball
centered at the origin with radius 7. We have B,(p,7) = yz »(Ba,r)-

A smooth map ¢: M7 — M is said to be of bounded geometry if, for some
0 <r <ryandall p € My, we have ¢(B1(p,7)) C Va,4(p), and the compositions
Y2,6(p) PY1. 11, define a bounded family of the Fréchet space C°°(By -, R"?). This
condition is preserved by composition of maps. The family of smooth maps
M, — M of bounded geometry is denoted by CS% (M, Ma).

For m € Ny and ¢ € CX (M1, Ms), using || - ”/CC’IL’ we easily get that ¢*
induces a bounded homomorphism

(19) ¢*: Ol (Mz; A) — Oy (M3 A),
obtaining a continuous homomorphism
(20) @ Cop(Ma; A) — CoL(My; A).

On the other hand, recall that ¢ is called uniformly metrically proper if, for
any s > 0, there is some t5 > 0, so that, for all p,q € My,

da(d(p), 9(q)) < s = di(p,q) < ts.

For 0 < 2r < ry,79, take {p1x} C My, {p2,} C Mz and N € N satisfying the
statement of Proposition 3.5. Then ¢ € C*°(My, M3) is uniformly metrically
proper if and only if there is some N’ € N such that every set ¢=!(Ba(p2,, 7))
meets at most N’ sets Bi(p1,x,7). Using || - ||}, on H™(M,; A) (Section 3.7),
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it follows that, if ¢ is of bounded geometry and uniformly metrically proper,
then ¢* induces a bounded homomorphism

(21) @*: H™(Ma; A) — H™(Mq; A)
for all m, obtaining induced continuous homomorphisms
(22) ¢* s HE®(My; A) — HE(M;; A).

If ¢ € Diffeo(Mjy, M), and both ¢ and ¢! are of bounded geometry, then ¢
is uniformly metrically proper.

3.17. Smooth families of bounded geometry. Consider the notation of
Sections 3.1, 3.7 and 3.9. Let 7" be a manifold, and let pry: M xT — M
denote the first factor projection. A section u € C°(M x T;pr} E) is called a
smooth family of smooth sections of E (parametrized by T'), and we may use the
notation u = {u; | t € T} C C°(M; E), where uy = u(-,t). Its T-support is
{t € T | uy # 0}. If the T-support is compact, then u is said to be T'-compactly
supported. It is said that w is T-locally C*°-uniformly bounded if any t € T
is in some chart (O, 2) of T such that the maps u(y, x 2)~! define a bounded
subset of the Fréchet space O (B x z(0),C!), using local trivializations of F
over the normal charts (V,,yp).

In particular, we can consider smooth families of C-valued functions, tangent
vector fields and sections of C*°(M; F ® E*), which can be used to define a
smooth family of differential operators, A = {A; | t € T} C Diff(M; E, F),
like in Section 2.3. The T'-support of A and the property of being T'-compactly
supported is defined like in the case of sections. Adapting Section 3.9, if the
smooth families of functions, tangent vector fields and sections used to describe
A are T-locally C*°-uniformly bounded, then it is said that A is of T'-local
bounded geometry.

On the other hand, with the notation of Section 3.16, a smooth map ¢: Mj x
T — My is called a smooth family of smooth maps My — My (parametrized
by T'). It may be denoted by ¢ = {¢' | t € T}, where ¢! = ¢(-,t): My — M.
It is said that ¢ is of T-local bounded geometry if every t € T is in some chart
(O, z) of T such that, for some 0 < 7 < 71, we have ¢(B1(p,7) x O) C V5 4
for all p € My, and the compositions ya 4, @(y1,p X 2) 7, for p € My, define a
bounded subset of the Fréchet space C*° (B, x 2(0),R™?). The composition of
smooth families of maps parametrized by T" has the obvious sense and preserves
the T-local bounded geometry condition. In particular, for a flow ¢ = {¢° |
t € R} = {¢'} on M, it makes sense to consider the R-local bounded geometry
condition. The following result complements Proposition 3.8.

Proposition 3.18. Let X € Xcom(M) with flow ¢. Then X € Xup(M) if and
only if ¢ is of R-local bounded geometry.

Proof. The “if” part is obvious because X, = ¢.(0p, %(0)) for all p € M,
where 0, denotes the zero element of T),M.

Let us prove the “only if” part. First, given 0 < r < 79 and tg € R, since
|X| is uniformly bounded on M, there is some € > 0 such that ¢'(B(p,r)) C
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B(¢'(p),r0) =V, for allp € M if t € O = (tg — €,to + €); in particular, the
COmMPpOSitions Yeto (p)P(Yp X idp)~1, for all p € M, define a bounded subset of
C(B; x O,R™). Then the argument of the proof of [29, Theorem V.3.1] shows
that the maps ygio () @(yp X idp) ™!, for all p € M, define a bounded subset
of CY(B, x O,R"), where B, C R" is the ball centered at the origin of radius
r. Continuing by induction on m, it also follows, like in the proofs of [29,
Corollary V.3.2 and Theorem V.4.1], that the maps y4t0 ()@ (yp x ido) ™!, for
all p € M, define a bounded subset of C™ (B, x O,R"™) for all m. O

4. PRELIMINARIES ON FOLIATIONS

Standard references on foliations are [30, 31, 10, 26, 11, 12, 49].

4.1. Foliations. Recall that a (smooth) foliation F on manifold M, with codi-
mension codim F = n/ and dimension dim F = n”, can be described by a
foliated atlas of M, which consists of charts (Ug, zx) of the smooth structure
of M, called foliated charts or foliated coordinates, with

(23)  ap = (z},2}): Up = 2x(Uy) = S x BY CR” xR =R",

such that ¥ is open in R™ and By is an open ball in R"”, and the corre-
sponding changes of coordinates are locally of the form

(24) ziay (u,0) = (hig(u), gk (u, v)).
The notation

wp = (zh, ..., 27) = (z},... ,x%"/,a:g"url, )
will be also used. In the case of codimension one, the notation (z,y) =
(z,y',...,y"" 1) will be often used instead of (z’,2”). It may be also said
that (M,F) is a foliated manifold. The open sets U and the projections
zj: Uy — Xy are said to be distinguished, and the fibers of ) are called
plagques. The smooth submanifolds x}~!(v) C Uy (v € By) are called local
transversals defined by (Ug, ), which can be identified with X5 via z}. All
possible plaques form a base of a finer topology on M, becoming a smooth
manifold of dimension n” with the obviously induced charts whose connected
components are called leaves. The leaf through any point p may be denoted
by L,. Foliations on manifolds with boundary are similarly defined, where the
boundary is tangent or transverse to the leaves. The F-saturation of a subset
S C M, denoted by F(S), is the union of leaves that meet S.

If a smooth map ¢: M’ — M is transverse to (the leaves of) F, then the
connected components of the inverse images ¢~1(L) of the leaves L of F are
the leaves of a smooth foliation ¢*F on M’ of codimension n’, called pullback
of F by ¢. In particular, for the inclusion map of any open subset, ¢: U — M,
the pullback ¢*F is the restriction F|y, which can be defined by the charts of
F with domain in U.

Given foliations F, on manifolds M, (a = 1,2), the products of leaves of
JF1 and Fy are the leaves of the product foliation F; x Fo, whose charts can
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be defined using products of charts of F; and F3. Any connected manifold
M’ can be considered as a foliation with one leaf. We can also consider the
foliation by points on M’, denoted by M. Thus we get the foliations F x M’
and F x M, on M x M'.

4.2. Holonomy. After considering a possible refinement, we can assume that
the foliated atlas {Uy,xy} is regular in the following sense: it is locally finite;
for every k, there is a foliated chart (U, @) such that Uy, C Uy and &, extends
xk; and, if Uy := U NU; # &, then there is another foliated chart (U, ) such
that U, UU; C U. In this case, (24) holds on the whole of Uy;, obtaining diffeo-
morphisms hy;: ) (Uy) — 2}, (Uki) determined by the condition hyz; = x) on
Uk, called elementary holonomy transformations. The collection {Uy, x}, hii }
is called a defining cocycle. The elementary holonomy transformations hy; gen-
erate the so-called holonomy pseudogroup H on ¥ := | |, Xj, which is unique
up to certain equivalence of pseudogroups [28]. The H-orbit of every p € X
is denoted by H(p). The maps ), define a homeomorphism between the leaf
space, M /F, and the orbit space, X/H.

The paths in the leaves are called leafwise paths when considered in M. Let
c: I:=[0,1] = M be a leafwise path with p := ¢(0) € Uy, and ¢ := ¢(1) € U,
and let p = z},(p) € Xy and § = z},(¢) € X;. There is a partition of I, 0 =ty <
ty <--- <ty =1, and a sequence of indices, k = k1, ko, ..., k., = [, such that
c([ti—1,t:]) C Uk, for i =1,...,m. The composition he = hg, k,_, - Pkoky 1S
a diffeomorphism with p € domh, C ¥y and § = h.(p) € imh. C ¥;. The
tangent map he.: 152 — 15X is called infinitesimal holonomy of c. The
germ h, of h. at p, called germinal holonomy of ¢, depends only on F and the
end-point homotopy class of ¢ in L := L,,.

4.3. Infinitesimal transformations and transverse vector fields. The
vectors tangent to the leaves form the tangent bundle TJF C T M, obtaining
also the normal bundle NF = TM/TF, the cotangent bundle T*F = (T F)*
and the conormal bundle N*F = (NJF)*, the tangent/normal density bun-
dles, Q*F = Q°TF (a € R) and Q*NF (removing “a” from the notation
when it is 1), and the tangent/normal exterior bundles, AF = N\T*F and
ANF = A\ N*F. The complex versions of these vector bundles are taken, un-
less it is explicitly indicated that the real versions are considered. The terms
tangent/normal vector fields, densities and differential forms are used for their
smooth sections. Sometimes, the terms “leafwise” or “vertical” are used in-
stead of “tangent”. By composition with the canonical projection TM — NF,
any X in TM or X(M) defines an element of NF or C*°(M; NF) denoted by
X. For any smooth local transversal ¥ of F through a point p € M, there is
a canonical isomorphism T, = N, F.

A smooth vector bundle E over M, endowed with a flat T F-partial con-
nection, is said to be F-flat. For instance, NF is F-flat with the T F-partial
connection V7 given by Vi, X = [V, X] for V € X(F) := C®(M;TF) and
X € X(M). For every leafwise path ¢ from p to g, its infinitesimal holonomy
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can be considered as a homomorphism hc.: NpJF — NgF, which equals the
V7 -parallel transport along c.

X(F) is a Lie subalgebra and C°°(M)-submodule of X(M), whose normal-
izer is denoted by X(M,F), obtaining the quotient Lie algebra X(M,F) =
X(M,F)/%(F). The elements of X(M,F) (respectively, X(M,F)) are called
infinitesimal transformations (respectively, transverse vector fields) of (M, F).
The projection of every X € X(M, F) to X(M, F) is also denoted by X; in fact,
X(M, F) can be identified with the linear subspace of C*°(M; NF), consisting
of the V7 -parallel normal vector fields (those that are invariant by infinitesi-
mal holonomy). Any X € X(M) is in X(M, F) if and only if every restriction
X|u, can be projected by z}, defining an H-invariant vector field on X, also
denoted by X. This induces a canonical isomorphism of X(M, F) to the Lie
algebra X(3,H) of H-invariant tangent vector fields on X.

When M is not closed, we can consider the subsets of complete vector fields,
Xeom(F) C X(F) and Xeom(M,F) C X(M,F). Let Xeom(M,F) C X(M,F)
be the projection of Xcom (M, F).

4.4. Holonomy groupoid. On the space of leafwise paths in M, with the
compact-open topology, two leafwise paths are declared to be equivalent if
they have the same end points and the same germinal holonomy. This is an
equivalence relation, and the corresponding quotient space, & = Hol(M, F),
becomes a smooth manifold of dimension n+n' in the following way. An open
neighborhood 4l of a class [c] in &, with ¢(0) € Uy and ¢(1) € Uy, is defined
by the leafwise paths d such that d(0) € Uy, d(1) € Uj, x,,d(0) € dom h,, and
hq and h. have the same germ at x}.d(0). Local coordinates on I are given
by [d] — (x1d(0),z]d(1)). Moreover, & is a Lie groupoid, called the holonomy
groupoid, where the space of units &) = M is defined by the constant paths,
the source and range projections s,r: & — M are given by the first and last
points of the paths, and the operation is induced by the opposite of the usual
path product®. Note that & is Hausdorff if and only if H is quasi-analytic
in the sense that, for any h € H and every open O C ¥ with O C domh,
if h|o = ido, then h is the identity on some neighborhood of O. Observe
also that s,r: & — M are smooth submersions, and (r,s): & — M? is a
smooth immersion. Let R = {(p,q) € M? | L, = L,} C M?, which is
not a regular submanifold in general, and let A C M? be the diagonal. We
have (r,s)(®) = Rr and (r,s)(&®) = A. For any leaf L and p € L, we
have Hol(L,p) = s~1(p) N r~%(p), the map r: s~*(p) — L is the covering
projection Lhl 5 I and s: r~!(p) — L corresponds to r: s~!(p) — L by the
inversion of &. Thus (r,s): & — M? is injective if and only if all leaves have
trivial holonomy groups, but, even in this case, it may not be a topological
embedding. The fibers of s and r define smooth foliations of codimension n
on B. We also have the smooth foliation s*F = r*F of codimension n’ with

6A product of leafwise paths, c2 - c1, is defined if ¢1(1) = c2(0), and it is equal to c1
followed by ca2, reparametrized in the usual way.
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leaves s71(L) = r~1(L) = (r,s)(L?) for leaves L of F, and every restriction
(r,s): (r,s)"Y(L?) — L? is a smooth covering projection.

Let Fi. = ]:|Ukv & = HOI(Uk,Fk) and R = 'R]:k. Then Uk & (respec—
tively, U, R&) is an open neighborhood of &) in & (respectively, of A in Rz).
Furthermore, by the regularity of {Uy,z)}, the map (r,s): U, & — M?isa
smooth embedding with image J, Ri; we will write J, & = U, Ri.

4.5. The convolution algebra on ® and its global action. Consider the
notation of Section 4.4. For the sake of simplicity, assume that & is Hausdorff.
The extension of the following concepts to the case where & is not Hausdorff
can be made like in [15].

Given a vector bundle E over M, consider the vector bundle S = r*E ®
s*(E* @ QF) over &. Let C2(;5) C C™(8;S) denote the subspace of
sections k € C°°(®; S) such that suppk Ns~1(K) is compact for all compact
K C M; in particular, C2(8;5) = CX(&;95) if M is compact. Similarly,
define C(&;S) by using r instead of s. Both C2(®;5) and CF(&;5) are
associative algebras with the convolution product defined by

%bew=lzkﬂﬁb@

[ meehk@= [ m@ k),
s(e)=s(7) r(8)=r(+)
and C2(&;9) := CX(&;5) N CX(&;5) and C°(B;.S) are subalgebras.

There is a global action of C(®;S) on C*°(M; E) defined by
(o) = [ bulsia))
r(v)=p

In this way, CX(®;S) can be understood as an algebra of operators on
C>*(M; E). Moreover, C%.(®;5) preserves C°(M; E), obtaining an algebra
of operators on CS°(M; E). It can be said that these operators are defined by
a leafwise version of the Schwartz kernel (cp. Section 2.2).

Let S’ be defined like S with E* @ QF instead of E. Then the mapping
k +— k% where k'(y) = k(y 1), defines the anti-homomorphisms C*°, (&;S) —

cs/cr
oes(838") and C (85 5) — CF(6;.57), obtaining a leafwise version of the
transposition of operators (cp. Section 2.2). Similarly, using E = Q'/2F, or if
FE has a Hermitian structure and we fix a non-vanishing leafwise density, we

get a leafwise version of the adjointness of operators.

4.6. Leafwise distance. Assume that M is a Riemannian manifold, and con-
sider the induced Riemannian metric on the leaves. The leafwise distance is
the map dz: M? — [0, c0] given by the distance function of the leaves on Rz,
and with dz(M? \ Rz) = co. Note that d > dy;. Givenp € M, S ¢ M
and r > 0, the open and closed leafwise balls, Bx(p,r) and Bz (p,r), and the
open and closed leafwise penumbras, Peny(S,r) and Penx(S,r), are defined
with dr like in the case of Riemannian metrics (see Section 3).
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Equip & with the Riemannian structure so that the smooth immersion
(r,s): & — M? is isometric. Let d,: & — [0, 00] denote the leafwise distance
for the foliation on & defined by the fibers of r, and consider the correspond-
ing open and closed leafwise penumbras, Pen, (&) ) and Pen, (6¢(®,r). Note
that we get the same penumbras by using s instead of r; indeed, they are defined
by the conditions dg?l < r and d]}_f’l < r, respectively, where dg?l: & — [0,00)
is defined by d%°!(y) = inf. length(c), with ¢ running in the piecewise smooth
representatives of .

We have d%°' = dz on |, &5, = |J, Rx. Using the convexity radius (see,
e.g., [39, Section 6.3.2]), it follows that, after refining {Uy, z1 } if necessary, we
can assume dr is continuous on J, Ry.

From now on, suppose that the leaves are complete Riemannian manifolds.
Then the exponential maps of the leaves define a smooth map, expr: TF —
M, on the real tangent bundle of F.

Lemma 4.7. For all compact @ C M and r > 0, Penz(Q,r) is relatively
compact in M, and Peny (& r) N s™1(Q) and Peng(&© r) N r=1(Q) are
relatively compact in &.

Proof. The set E = {v € TF | ||v]| < r} is a subbundle of T'F with compact
typical fiber, ERH// (0,7). So its restriction Eg is compact, obtaining that
expr(Eq) = Penr(Q,r) is compact.

For every v € TF, let ¢,: I — M denote the leafwise path defined by
cy(t) = expr(tv). A smooth map o: TF — & is defined by o(v) = [¢,]. We
get that 0(FEg) = Penzg(6© r)Ns~1(Q) is compact, as well as Peng (&, r)N
r1(Q) = (Pene(6©),r) N5~ 1(Q) . o

With the notation of Section 4.5, let C5°(&;S) C C>(&;S) denote the
subspace of sections supported in leafwise penumbras of &(°). By Lemma 4.7,
this is a subalgebra of Cg5.(®;.5), and the leafwise transposition restricts to an

anti-homomorphism C°(8; S) — C5°(8;5").

4.8. Foliated maps and foliated flows. A foliated map ¢: (M1,F1) —
(My, F2) is a map ¢: My — My that maps leaves of F; to leaves of Fo.
In this case, assuming that ¢ is smooth, its tangent map defines morphisms
¢s: TF, — TFy and ¢,: NF; — NJF,, where the second one is compati-
ble with the corresponding flat partial connections. We also get an induced
Lie groupoid homomorphism Hol(¢): Hol(M;, F1) — Hol(Ma, F2), defined by
Hol(¢)([c]) = [¢c]. The set of smooth foliated maps (M, F1) — (Ma, F2) is
denoted by C*° (M, Fi; M, F2). A smooth family ¢ = {¢' | t € T'} of foli-
ated maps (M1, F1) — (Maz, F2) can be considered as the smooth foliated map
¢: (M1 X T,.Fl X Tpt) — (Mg,fg).

For example, given another manifold M’, if a smooth map : M’ — M is
transverse to F, then it is a foliated map (M',¢*F) — (M, F).

Let Diffeo(M, F) be the group of foliated diffeomorphisms (or transfor-
mations) of (M,F). A smooth flow ¢ = {¢'} on M is called foliated if
¢t € Diffeo(M, F) for all t € R. More generally, a local flow ¢: Q — M,
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defined on some open neighborhood Q of M x {0} in M x R, is called foliated
if it is a foliated map (2, (F x Rpy)|o) — (M, F). Then X(M,F) consists of
the smooth vector fields whose local flow is foliated, and Xcom (M, F) consists
of the complete smooth vector fields whose flow is foliated.

Let X € Xcom(M,F), with foliated flow ¢ = {¢'}. With the notation of
Sections 4.2 and 4.3, let ¢ be the local flow on ¥ generated by X € X(X,H).
Since X |y, corresponds to X|s, via z},: Uy — X, the local flow defined by
¢ on every Uy also corresponds to the restriction of ¢ to ¥i. Hence ¢ is
‘H-equivariant in an obvious sense.

4.9. Differential operators on foliated manifolds. Like in Section 2.3,
using X(F) instead of X(M), we get the filtered C*°(M )-submodule and sub-
algebra of leafwise differential operators, Diff (F) C Diff (M), and a leafwise
principal symbol surjection for every order m,

7o DIftf™(F) — P"™(T*F) — 0,

whose kernel is Diff ™! (F). Moreover, these concepts can be extended to
vector bundles E and F over M like in Section 2.3, obtaining the filtered
C(M)-submodule Diff(F; E, F) (or Diff (F; E) if E = F) of Diff(M; E, F),
and the leafwise principal symbol surjection

7o : Diff™(F; E,F) — P"™(T*F; F @ E*),
whose kernel is Diff”"~!(F; F, F). The diagram

Diff™(F; E,F) —2 PI(T*F;F © E¥)

e ! !

Diff"(M; E, F) —2"— PM™(T*M;F @ E*)

is commutative, where the left-hand side vertical arrow denotes the inclu-
sion homomorphism, and the right-hand side vertical arrow is defined by
the restriction morphism T*M — T*F. The condition of being a leafwise
differential operator is preserved by compositions and by taking transposes,
and by taking formal adjoints in the case of Hermitian vector bundles; in
particular, Diff(F; E) is a filtered subalgebra of Diff(M; E). It is said that
A € Diff " (F; E, F) is leafwisely elliptic if the leafwise symbol 7o, (A)(p, £) is
an isomorphism for all p € M and 0 # § € T F.

A smooth family of leafwise differential operators, A = {A; | t € T'} with
A; € Diff"™(F; E, F), can be canonically considered as a leafwise differential
operator A € Diff ™ (F x Tp; pr B, pri F'), where pry: M x T — M is the first
factor projection.

On the other hand, using the canonical injection N*F C T*M, it is said
that A € Diff™"(M; E, F) is transversely elliptic if the symbol o,,(A4)(p,§) is
an isomorphism for all p € M and 0 # § € N F.
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4.10. Riemannian foliations. The H-invariant structures on ¥ are called
(invariant) transverse structures. For instance, we will use the concepts of
a transverse orientation, a transverse Riemannian metric, and a transverse
parallelism. The existence of these transverse structures defines the classes
of transversely orientable, (transversely) Riemannian, and transversely par-
allelizable (TP) foliations. If a transverse parallelism of F is a base of a Lie
subalgebra g C X(3, H), it gives rise to the concepts of transverse Lie structure
and (g-) Lie foliation. If G is the simply connected Lie group with Lie algebra g,
then F is a g-Lie foliation just when H is equivalent to some pseudogroup on
G generated by some left translations.

By using the canonical isomorphism X(M, F) = X(X,H), the condition on
F to be TP means that there is a global frame of NF consisting of transverse
vector fields X1, ..., X, also called a transverse parallelism; and the condition
on F to be a g-Lie foliation means that, moreover, X1, ..., X, form a base
of a Lie subalgebra of g C X(M,F). With this point of view, if, moreover,
X1,..., Xp € Xeom(M, F), then the TP or Lie foliation F is called complete.

Similarly, a transverse Riemannian metric can be described as a Euclidean
structure on NJF that is invariant by infinitesimal holonomy. In turn, this
is induced by a Riemannian metric on M such that every z} : Uy, — Xj is a
Riemannian submersion, called bundle-like metric. Thus F is Riemannian if
and only if there is a bundle-like metric on M.

It is said that F is transitive at a point p € M when the evaluation
map evy,: X(M,F) — T,M is surjective, or, equivalently, the evaluation map
ev,: X(M,F) C C®(M;NF) — N,F is surjective. The transitive point set
is open and saturated. The foliation F is called transitive if it is transitive at
every point. It is said that F is transversely complete (T'C) if evy(Xcom (M, F))
generates T, M for all p € M. Since the evaluation map Xeom(F) — TpF is
surjective [37, Section 4.5], F is TC if and only if &7, (Xcom (M, F)) generates
N, F for all p e M.

All TP foliations are transitive, and all transitive foliations are Riemannian.
On the other hand, Molino’s theory [37] describes Riemannian foliations in
terms of TP foliations. A Riemannian foliation is called complete if, using
Molino’s theory, the corresponding TP foliation is TC. Furthermore, Molino’s
theory describes TC foliations in terms of complete Lie foliations with dense
leaves. In turn, complete Lie foliations have the following description due to
Fedida [24, 25] (see also [37, Theorem 4.1 and Lemma 4.5]). Assume that M is
connected and F is a complete g-Lie foliation. Let G be the simply connected
Lie group whose Lie algebra (of left-invariant vector fields) is (isomorphic to) g.
Then there is a regular covering space, 7: M— M , a fiber bundle D: ]T{/ -G
(the developing map) and a monomorphism h: ' := Aut(r) = m; L/m L — G
(the holonomy homomorphism) such that the leaves of F := m* F are the fibers
of D, and D is h-equivariant with respect to the left action of G on itself by
left translations. As a consequence, 7 restricts to diffeomorphisms between the
leaves of F and F. The subgroup Hol F = im h C G, isomorphic to I, is called
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the ~global holonomy group. The f—lg@f ‘5~hr0ugh every p € M will be denoted
by L. Since D induces an identity M /F = G, the 7-lift and D-projection of
vector fields define the identities”

(26) X(M,F)=%(M, F,T) = ¥(G, Hol F).

These identities give a precise realization of g C X(M, F) as the Lie algebra of
left invariant vector fields on G. The holonomy pseudogroup of F is equivalent
to the pseudogroup on G generated by the action of Hol F by left translations.
Thus the leaves are dense if and only if Hol F is dense in G, which means

g=X(M,F).
4.11. Differential forms on foliated manifolds.

4.11.1. The leafwise complex. Let dx € Diff*(F; AF) be given by (dz€)|, =
dr(&|r) for every leaf L and & € C°°(M;AF). Then (C°(M;AF),dr) is a
differential complex, called the leafwise (de Rham) complex. This gives rise
to the (reduced) leafwise cohomology® (with complex coefficients), H*(F) =
H*(F;C) and H*(F) = H*(F;C). Compactly supported versions may be also
considered when M is not compact.

Similarly, we can take coefficients in any complex F-flat vector bundle E
over M, obtaining the differential complex (C°(M;AF ® E),dr), with dr €
Diff' (F; AF ® E), and the corresponding (reduced) leafwise cohomology with
coefficients in E, H*(F; E) and H*(F; E). For example, we can consider the
vector bundle E defined by the GL(n')-principal bundle of (real) normal frames
and any unitary representation of GL(n'), with the F-flat structure induced by
the F-flat structure of NF. A particular case is ANF, which gives rise to the
differential complex (C°(M;AF ® ANF),dr) and its compactly supported
version. Note that

AF=AF®AN°NF c AF®@ ANF,

inducing an injection of topological complexes and their (reduced) cohomolo-
gies, and the same holds for the compactly supported versions. In fact, these
are topological graded differential algebras with the exterior product, and the
above injections are compatible with the product structures.

For any ¢ € C™(M,,Fi; Ma, F3), the morphisms ¢.: TF; — TF2 and
¢« NF1 — NJFs induce a morphism

over idps,, which in turn induces a continuous homomorphism of graded dif-
ferential algebras,

(27) ¢ C®(Ma; AFy @ ANFy) — C=(My; AF, @ ANF),

"Given an action, the group is added to the notation of a space of vector fields to indicate
the subspace of invariant elements.
8The term tangential cohomology is also used.
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and continuous homomorphisms between the corresponding (reduced) leafwise
cohomologies. By restriction, we get the homomorphism

@ C°(Ma; AF2) — C°°(My; AFy),
with analogous properties.
4.11.2. Bigrading. Consider any splitting
(28) TM=TFeH=TF® NF,

given by a transverse distribution H C TM, and let AH = A H*. It induces a
decomposition

(29) AM=AF®AH = AF @ ANF,
giving rise to the bigrading of AM defined by®
AYM=A"FRAHXA"FQA*NF,
and the corresponding bigrading of C*°(M; A) with terms
C®(M;A"") = C®(M;AN"F @ A“NF).
This bigrading depends on H, but the spaces AZ% M and C>(M; AZ%") are
independent of H (see, e.g., [1]). In particular, every AZ% M/AZu+1 M is
independent of H; indeed, there are canonical identities
(30) AZS MNP M = A M = AF @ AN F,
where only the middle bundle depends on H. The de Rham derivative on
C°(M;A) decomposes into bi-homogeneous components,
(31) d=dop1+dio+ds1,
where the double subindex denotes the corresponding bi-degree. We have

do1 € Diff (F; AM), dyo € Diff' (M;A), da 1 € Diff°(M; A).

Moreover,*°

(32) do1 =drF,

via (29), and dg,—1 = 0 if and only if H is completely integrable. Note that
(33) do = d: C®(M;A"") — CF(M; A™).

By comparing bi-degrees in d? = 0, we get (see, e.g., [1])

(34) gy = do,1d1,0 + diodo,1 = 0.

For any ¢ € C°°(My, F1; M2, F3), we have restrictions
o C’OO(MQ;AZ“") — CO"(Ml;AZ"")

9We have reversed the order given in [2] for the factors of the tensor product in the
definition of A*»Y M because the signs in some expressions become simpler. But we keep the
same order for the “transverse degree” u and the “tangential degree” v in A%?Y M because this
is the usual order in the Leray spectral sequence of fiber bundles, generalized to foliations.

10The sign of [2, Lemma 3.4] is omitted here by our change in the definition of A*Y M.
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of ¢*: C®°(Ma; A) — C°(M;; A), which induce (27) using (30). Like in (31)
and (32),

(35) " = oo+ &1+ CF (Mg A) = C(My; A)
and
(36) $o,0 = 9",

via (29), where the right-hand side is (27).

For any X € X(M), let tx denote the corresponding inner product, and
let V: TM — TF and H: TM — H denote the projections defined by (28).
By comparing bi-degrees in Cartan’s formula, Lx = dix + txd, we get a
decomposition into bi-homogeneous components,

Lx =Lx_11+Lx00+Lx1,-1+Lx2-2;
for instance,

(37) Lx 0,0 =doitvx +ivxdo1 + diotax + taxdio.

It is easy to check that Lx 1,1, £x,1,—1 and Lx 2 2 are of order zero, and
(38) £X1070(a A\ ﬂ) = ,CX70’00[ AB+aA ,CX’0705.

MOI"eOVGI‘, EX,O,O = X and EX,—l,l = LX,l,—l = EX’Q,_Q =0on OOO(M)
Assume that X € X(M,F) from now on. Then L£x 1,1 = 0 by (35), and
therefore

(39) Lx0,0do,1 = do,1Lx,0,0,

by comparing bi-degrees in the formula Lxd = dLx. Let ©x be the operator
on C*°(M; AF @ ANF) that corresponds to Lx 0,0 via (29). By (38) and (39),

Ox(ENC) =OxEN(+ENOX(, Oxdr =drOx.

Let (U, z) be a foliated chart of F, with = (2/,2"), like in (23). To em-
phasize the difference between the coordinates 2’ and =", we use the following
notation on U or x(U). Let 2/ = z* and 9/ = 9; for i < n’/, and 2"" = 2°
and 9! = 0; for i > n’. Thus, when using 2’* or 8/, it will be understood that

i runs in {1,...,n’}, and, when using 2”* or 9/, it will be understood that i
runs in {n’ +1,...,n}. For multi-indices of the form I = (i1,...,i,) € Ng,
write 0y = 9}97, where 9} =0y --- 9,7 and 9} = 0, -+ 0ir. For multi-
indices of the form J = {ji,...,jr} with 1 < 53 < -+ < j, < n, let

dz’ = dxI* A-- - Adx?™ be denoted by dz’’ or dz"’ if J only contains indices in
{1,...,n'} or {n’ +1,...,n}, respectively. Using functions fr, fr; € C>(U),
dr can be locally described by

(40) dr(frda") = 9} frdz" A dx',
and (32) means that
(41) do1(fryda"" ndx'") = dz(fryda"") A da”.
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4.11.3. Compatibility of orientations. A transverse orientation of F can be de-
scribed as a (necessarily V7 -invariant) orientation of NF. It is determined by a
non-vanishing real form w € C*°(M; A”/N]-'); i.e., some real w € C°(M; A"/)
with

TF={Y €TM|iyw=0}.

On the other hand, an orientation of T'F is called an orientation of F, which
can be described by a non-vanishing form y € C*°(M; A" F) = C°°(M; AO"").
When F is equipped with a transverse orientation (respectively, an orienta-
tion), it is said to be transversely oriented (respectively, oriented). Given
transverse and tangential orientations of F described by forms w and x as
above, we get an induced orientation of M defined by the non-vanishing form
X Aw e C®(M; A"y = C(M; A™).

Suppose that, moreover, M is a Riemannian manifold, and take H = T F*.
Then, using (29), the induced Hodge star operators, x on AM, xz on AF and
x1 on AH satisfy'! [8, Lemma 4.8], [2, Lemma 3.2],

(42) *= (1) e @ xy r ABUM — AV T VA
If we take w = x;1 € C®(M;A"H) = C®°(M;A" %) and xy = »71 €
Co(M; A" F) = C°°(M; A°""), then y Aw = 1 € C°°(M; A™).

4.11.4. Bihomogeneous components of the coderivative. Let g be a Riemannian
metric on M. On the one hand, g induces a Hermitian structure on AF QAN F,
and we can consider 7 = d% on C*°(M; AF @ ANF). On the other hand, by
taking formal adjoints in (31) with H = TF*, we get the decomposition into
bi-homogeneous components,

(43) 0=2080-1+d_10+d_21,

where 0_; —; = dj ;. From (34), it follows that

(44) 537_1 = 00,—10_1,0 + 0_1,000,—1 = 0.

Lemma 4.12. The metric g is bundle-like if and only if o1 = dr via (29).

Proof. By working locally, we can assume that F is transversely oriented and
oriented, and consider the induced orientation of M according to Section 4.11.3.
By (41) and (42), and since % determines g|g, we get that g is bundle like
if and only if dy,; commutes with 1 ® x,, which is equivalent to 6g,—1 = 07
by (12). |

With the notation of (41), the equality dg—1 = dr means that
(45) So.—1(fryda"" A dx"") = Sx(fryda") Ada'’

HThe sign of this expression is different in [2, Lemma 3.2] by the different choice of
induced orientation of M, given by w A x in that paper.
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5. RIEMANNIAN FOLIATIONS OF BOUNDED GEOMETRY

With the notation of Section 4, suppose that F is Riemannian. Let g be a
bundle-like metric on M, V its Levi-Civita connection and R its curvature.

The vector subbundle TF+ C TM is called horizontal, giving rise to the
concepts of horizontal vectors, vector fields and frames. Now, we take H =
TF=+ in (28), and therefore V: TM — TF and H: TM — H are the orthogo-
nal projections. The O’Neill tensors [38] of the local Riemannian submersions
defining F can be combined to produce (1,2)-tensors T and A on M, defined
by

for all E, F' € X(M). According to [38, Theorem 4], if M is connected, given g
and any p € M, the foliation F is determined by T, A and T,,F.

A Riemannian connection V on M, called adapted, is defined by [8]
VeF = VVg(VF)+HVg(HF),
for all B, F € X(M). For V,W € X(F) and X € C*(M;H), we have
(46) Vv -Vy =Ty, Vx-Vx=Ax,
and (see [5, Egs. (3.8)—(3.10)])
(47) VIW = Vy W,
VIX = Vv X - AxV,
(48) V(X,V])=VxV - TyX.

By (47), the %—geodesics that are tangent to the leaves at some point remain
tangent to the leaves at every point, and they are the geodesics of the leaves.
So the leaves are ﬁ—totally geodesic, but not necessarily V-totally geodesic.
By the second equality of (46) and [38, Lemma 2], V and V have the same
geodesics orthogonal to the leaves.

Given any p € M, let 2': U — X be a distinguished submersion so that
p € U. Consider the Riemannian metric on ¥ such that 2’ is a Riemannian
submersion, and let V and exp denote the corresponding Levi-Civita con-
nection and exponential map of ¥. From [38, Lemma 1(3)], it follows that
VxY € X(U, F|v) for all horizontal X,Y € X(U, F|y) and, moreover,

(49) VxY = VY.

Let exp denote the exponential map of the geodesic spray of v (see, e.g.,
[40, pp. 96-99]). Observe that the exponential map of the leaves is a restriction
of exp. The maps exp and exp restrict to diffeomorphisms of some open neigh-
borhoods, V of 0 in T}, M and V of 0 in T,/(»)%, to some open neighborhoods,
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O of p in M and O of z/(p) in . Moreover, we can suppose that O C U,
z, (V) C V and 2/(O) C O. By (49),

(50) 2’ exp = exp !,

on VNT,F*. Let x, (or simply x) be the smooth map of some neighborhood
W of 0 in T,M to M defined by

kp(X) = exp, (Pax VX),

where ¢ = efipp(oHX ), and Pux: TpoM — T, M denotes the ﬁ—parallel trans-
port along the V-geodesic ¢ +— exp,(tHX), 0 < ¢ < 1, which is also a V-
geodesic because it is orthogonal to the leaves. By choosing W small enough,
we have W C V and x(W) C O; thus 2,(W) C V and 2’x(W) c O. For
X, Y € W, we have X — Y € T,F if and only if x(X) and x(Y) belong to
the same plaque of U [5, Proposition 6.1]. We also have z'x(X) = exp 2/, (X)
for all X € WNT,Ft by (50). Furthermore, x defines a diffeomorphism of
some neighborhood of 0 in T}, M to some neighborhood of p in M. By choosing
horizontal and vertical orthonormal frames at p, we get identities T),F L =R
and T, F = R™". Then, for some open balls centered at the origin, B’ in R™
and B” in R"", we can assume that « is a diffeomorphism of B’ x B” to some
open neighborhood of p. From now on, we use the notation U = (B’ x B")
and k1 =z = (2/,2") on U, like in (23). This foliated chart (U, z) is called
normal, as well as the foliated coordinates x. As usual, g;; denotes the corre-
sponding coefficients of the bundle-like metric, and let (¢*/) = (g;;)~*. On U,

we have!?
(51) V = girg"™ 0] @ da'* + 0} ® da’",
(52) H =0, ®da" — ging" 9 ® da'",

where k runs in {n' +1,...,n}, see [5, Eq. (7.2)].

It will be said that F has positive injectivity bi-radius'® if there are normal
foliated coordinates x,: U, — B’ x B" at every p € M such that the balls B’
and B” are independent of p.

Definition 5.1 (Alvarez—Kordyukov—Leichtnam [5, Definition 8.1]). It is said
that F is of bounded geometry if it has positive injectivity bi-radius, and the
functions |V™R|, |[V™T| and |[V™A| are uniformly bounded on M for every
m € Npy.

Another definition of bounded geometry for Riemannian foliations was given
by Sanguiao [44, Definition 1.7]. Definition 5.1 also has the following chart
characterization, which is at least as strong as Sanguiao’s definition [5, Re-
mark 8.5].

12We use the convention that repeated indices are summed.

131y [5, Section 8], the concept of transverse injectivity radii was introduced for a defining
cocycle, and it was wrongly stated that its positivity is independent of the defining cocycle.
Then some step in the proof of [5, Theorem 8.4] does not work. This problem is clearly
solved with the new concept of positive injectivity bi-radius.
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Theorem 5.2 (Alvarez Kordyukov-Leichtnam [5, Theorem 8.4]). With the
above notation, F is of bounded geometry if and only if there is a normal
foliated chart z,,: U, — B’ x B" at every p € M such that the balls B’ and B”
are independent of p, and the corresponding coefficients g;; and g, as family

of smooth functions on B’ x B" parametrized by i, j and p, lie in a bounded
subset of the Fréchet space C*°(B’ x B").

In this section, assume from now on that F is of bounded geometry. Then
M and the disjoint union of the leaves are of bounded geometry [5, Remark 8.2
and Proposition 8.6]. Consider the foliated charts x,: U, — B’ x B" given by
Theorem 5.2. The radii of the balls B” and B” will be denoted by r(, and r(j. By
the usual expression of the Christoffel symbols I'¥; of V in terms of the metric
coefficients g;; and ¢/, and by (51) and (52), it follows that the Christoffel
symbols Ffj of V, as family of smooth functions on B’ x B” parametrized by
i, j, k and p, also lie in a bounded subset of the Fréchet space C°°(B’ x B").

Proposition 5.3 (Alvareszordyukovaeichtnam [5, Proposition 8.6]). For
some r > 0, we have B(p,r) C U, for all p € M.

Proposition 5.4 (Alvareszordyukovaeichtnam [5, Proposition 8.7]). For
every multi-index I, the function |01 (zqx, )| is bounded on x,(U, N U,), uni-
formly on p,q € M.

For 0 < v < rjand 0 < 7 < r{/, let B!, and B!, denote the balls in

R™ and R™" centered at the origin with radii 7 and r”, respectively, and set
Up,’r/,r” = x;l(B;/ X B,:,///).

Proposition 5.5 (Alvarez Kordyukov Leichtnam [5, Proposition 8.8]). Let
' r” > 0 with 2r' < vy and 2r" < r]. Then there is a collection of points py,
in M, and there is some N € N such that the sets Up, ./ ,» cover M, and every
intersection of N + 1 sets Up, o,/ 20+ is empty. Moreover, there is a partition
of unity { fr} subordinated to the open covering {Uy, 2, 2}, which is bounded
in the Fréchet space CS5(M).

Let y,: V, —+ B be normal coordinates satisfying the statement of Theo-
rem 3.2. The radius of B is denoted by 7y. According to Proposition 5.3, we
can assume that V}, C U, for all p.

Proposition 5.6. The functions mpyzjl, for p € M, define a bounded subset
of the Fréchet space C°(B,R" x R"").

Proof. By Theorem 3.2, the statement is equivalent to requiring that, for all
m € Ny, the functions |V™z,| are bounded on V,, uniformly on p € M.
By (46), this in turn is equivalent to requiring that the functions |@mmp| are
bounded on Vj,, uniformly on p € M. But this follows from Theorem 5.2,
since the functions TpT, I = idg/x g~ obviously define a bounded subset of the

Fréchet space C®(B' x B, R" x R""). O
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Take 0 < 7’ < rjand 0 < v’ < r{ such that ' +r" < ro. Then Uy 4, C V),
for all p € M by the triangle inequality. The proof of the following result is
similar to the proof of Proposition 5.6.

Proposition 5.7. The functions ypxzjl, for p € M, define a bounded subset
of the Fréchet space C*°(B.., x B/, ,R").

Let E be the Hermitian vector bundle of bounded geometry associated to
the principal O(n)-bundle of orthonormal frames on M and a unitary repre-
sentation of O(n) (Example 3.61). Since V on T'M is of bounded geometry,
it follows from (46) that V is also of bounded geometry. Thus we get induced
connections V and V of bounded geometry on E (Example 3.10i). By (46),
we also get that V can be used instead of V to define equivalent versions of
| - [lcm and (-,-), in the spaces CU}(M; E) and H™(M;E) (Sections 3.7
and 3.11). By Propositions 5.6 and 5.7, if B’ and B” are small enough, then
we can use the coordinates (Up, ;) instead of (V},,y,) to define equivalent ver-
sions of || - ”/C{;',; and (-,-)/ . Similarly, given another bundle F like F, we
can use the coordinates (Up, x,) instead of (V},,y,) to describe Diff;} (M; E, F')
(Section 3.9) by requiring that the local coefficients form a bounded subset of
the Fréchet space C*°(B’ x B";C' @ C™*), where [ and I’ are the ranks of E
and F.

The conditions of being leafwise differential operators and having bounded
geometry are preserved by compositions, and by taking transposes and formal
adjoints. Moreover,

Diff,(F; E, F) = Diff (F; E, F) N Diffyo(M; E, F)

is a filtered CS5(M)-submodule of Diff (F; E, F'). The notation Dift,,(F; E)
is used if £ = F; this is a graded subalgebra of Diff (F; E). The concepts of
uniform leafwise ellipticity for operators in Diff (F; E, F'), and uniform trans-
verse ellipticity for operators in Diff (M; E| F'), can be defined like uniform
ellipticity (Section 3.9). If P € Diff}, (F; E) is uniformly leafwise elliptic and
Q € Diffl, (M; E) is uniformly transversely elliptic, then H™(M;E) can be
described with the scalar product (u,v),, = (1+P*P+Q*Q)™u,v) (m € R).

The normal foliated coordinates (U,,zp) can be used in a standard way to
endow T'F with the structure of a vector bundle of bounded geometry, and let
Xup(F) = CX(M;TF), which equals Xy, (M) NX(F). On the other hand, let
X (M, F) =Xuw(M)NX(M,F).

6. OPERATORS OF BOUNDED GEOMETRY ON DIFFERENTIAL FORMS

The principal O(n)-bundle P of orthonormal frames of M has a reduction
Q@ with structural group O(n’) x O(n”) C O(n), which consists of the frames
of the form (¢’,e”), where ¢’ and e” are orthonormal frames in H and TF,
respectively. Then H and TF are associated to ) and the unitary repre-
sentations of O(n’) x O(n”) on C" and C"" induced by the canonical unitary
representations of O(n') and O(n”). Thus H and T'F are of bounded geometry
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(Example 3.62). Moreover, V can be restricted to connections on H and T'F,
which are of bounded geometry because they are induced by the restriction to
Q@ of the connection on P defined by v (Example 3.10ii). Thus every A“YM
is of bounded geometry (Example 3.63), and the connection V on A%YM is of
bounded geometry (Example 3.10iii).

Consider the induced connections V and V of bounded geometry on AM.
By using V instead of V in the definitions of || - cm and (-, )m, it follows
that the spaces C77 (M;A) and H™(M;A) inherit the bigrading of AM, and
therefore C°2(M; A) and H¥°°(M;A) have an induced bigrading: their terms
of bi-degree (u, v) are the uniform and Sobolev spaces for A** M. In particular,
all of this applies to AF = A% M.

Lemma 6.1. The canonical projection of AM to every A*“"M is of bounded
geometry for all u and v.

Proof. This follows from (51), (52) and Theorem 5.2. O
Using the decompositions (31) and (43), let
Dy =doy1+60,—1, Di=dio+d_1,0,
Ao = D§ = do180,—1 + d0,—1do,1-
Note that Dy € Diff'(F; AM), D, € Diff'(M;A) and A, € Diff?(F; AM).

Corollary 6.2. The differential operators d; j, 6—i —j, Do, D1 and Ay are of
bounded geometry.

Proof. This follows from Lemma 6.1, since d is of bounded geometry, and this
property is preserved by taking formal adjoints and compositions. O

It is elementary that
(53) 7o (do)(p, &) =N,  o(d_1,0)(p,¢) = iCA,
fa(50,—1)(pa€) = ifJ) U(50,—1)(p5 C) = ZIC—‘?
forallpe M, £ € T;F and ¢ € NjF. So
(54) 70(Do)(p,€) = i(EN+ 1), Ta (Do), €) = [€]%,
a(D1)(p; ) = i(¢A + ().
Thus we get the following.

Proposition 6.3. Dy and Ag are uniformly leafwise elliptic, and D, is uni-
formly transversely elliptic.

Let us extend the arguments of [2, Section 3] to open manifolds using
bounded geometry. The expression (48) defines a differential operator

0: X(F) - C*(M;H" @ TF), OxV =V(X,V]),
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for X € C*°(M;H) and V € X(F). It induces a differential operator

O: C®(M;AF) — C®(M; H* ® AF),
Oxa)(Vi,.... V) = Xa(Vi,....V;) = Y _a(Vi,...,0xV;,....V,),

Jj=1

for X € C*(M;H), o € C®°(M;A"F) and V; € X(F). If X € X(M,F) N
C>(M;H), then this expression agrees with the operator © x of Section 4.11.
According to [2, Lemma 3.3], a zero order differential operator

E: C®°(M;AF) - C*(M;H* ® AF)
is locally defined by
Ex = ()" O,k lxr

on C®(M;A"F) for any X € C*°(M;H), where xr is the local leafwise star
operator determined by g and any local orientation of F. This Z can be
considered as a vector bundle morphism AF — H* ® AF. By tensoring =
with the identity morphism on AH, we get a vector bundle morphism AM —
H*®AM according to (29), which is also denoted by E. On any normal foliated
chart (U, z), let K be the endomorphism of AU given by

K = da'*NEny,.
This local definition gives rise to a global endomorphism K of AM.
Proposition 6.4. The endomorphism K is of bounded geometry.
Proof. Take a normal foliated chart (U, z). By (52),
Omo, 0 = V(H;,0]) = V((0; — 9ixg™ 9}, 1) = 9}/ (9xg™)0],
where k runs in {n’ +1,...,n}. Hence

(9Ha;d9€”a)(5z/f) = Hag(dx”“((?{,’)) - dﬁC”a(GHa;(%/)
= —0y (girg™) dz""*(9}) = 0} (gixg"™®),
giving
Ongda”" = —3) (girg"®) dz".

It follows that ©ga; dz"" = firx dx'", where the functions fi;x are universal
polynomial expressions of the functions gq; and g%®, and their partial deriva-
tives. On the other hand, for any choice of an orientation of F on U, we have
*xrdx"’ = hrk dz”™, where the functions hrx are universal expressions of the
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functions gq, and ¢g%°. So
EHagdxl/I = (—1)("”_”)”[@}131(,*]:] *r dx"t

= eHaédm/ll — (=) g Ono; *r dx'""

= firr da'"™ — (—1)("“’”)” *7 Onor (hrr dz')

= Jirie dal"™ — (S1 I s (0 — gt g) da'A
+ hrafiap dz'?)

= (firx — (—1)("”_”)”((32111;& - gikgkjaj/'/hIA)hAK
+ hrafiaphpi)) da'"™. O

Like in the case of compact manifolds [2, Proposition 3.1], using the local
expression oy = (—1)"xrdr *r on C®(U; A’ F), and (34), (41), (44) and (45),
we get

(55) D, Dy+ DygD, = KDy + DyK.

7. LEAFWISE HODGE DECOMPOSITION

With the notation of Section 5, since M is complete, by (54) and the com-
mutativity of (25), given any a € C°(M; A), the hyperbolic equation

(56) Orar = 1Doay, a9 = «,

has a unique solution a; € C°(M; A) depending smoothly on ¢t € R, see [14,
Theorem 1.3]. The solutions of (56) defined on any open subset of M and for ¢
in any interval containing zero satisfy (see [41, Proposition 1.2])

(57) supp a; C Penz(supp a, |¢]).

This can be proved like (16), or it also follows from (16) by taking restrictions
to the leaves.

The operators Dy and Ag, with domain C°(M;A), are essentially self-
adjoint in L?(M;A) [14, Theorem 2.2], and their selfadjoint extensions are
also denoted by Dg and Ag. Using the functional calculus of Dy given by the
spectral theorem, we get a unitary operator e**”° and a bounded selfadjoint
operator e *20 on L?(M; A) with |[e~**°|| < 1. The solution of (56) is given by
a; = ePoq. Let Ily (or e~>20) denote the orthogonal projection of L2(M; A)
to the kernel of Ag in L?(M;A).

Proposition 7.1. For every m € Ny, there is some C,, > 0 such that, for all
a € CP(M;A) andt € R,

le" 2ol < eIl |n.

Proof. We adapt arguments from [48, Section IV.2]. The case where M is
compact is stated in [41, Proposition 1.4] with more generality.
By Proposition 6.3, we can assume that, for all o € C°(M; A),

lallm = llell + 1 Dg* el + [ DT all.
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Writing oy = e*Poq, we have
d
dt
d - m m m - m
EHDT%HQ = (iD'"'Doa, D''a) + (D", i D' Docve)

= i<[AT7D0]Oét7OZt>-

IDg ae||* = (iDg* g, Do) + (D' e, iDG o) = 0,

But, by (55),
~1
[AT', Do| = AT Dy, Dy Do+ DoD 1 )A,

3

<
I
o

3
S
—

— ATTYID, KDy + DoK]A,.
=0

<

This expression can be written as a sum of 4m terms, ), P,Q;, where, up to
sign, P, and @Q; are operators of the one of the following forms: D% K DyDY |
DiDQKDi or DT, for a,b € Ny with a + b+ 1 = m. In particular, P, Q; €
Diff7y (M; A) by Corollary 6.2 and Lemma 6.4. Hence there is some Cy, > 0,
independent of «, such that

d m * *
IPTael® < > Qe Pra)| <Y (| Quaul| - [|PFal| < Conlle3,.
l l

Therefore d
Zlleullz < Cllauliz,
and the result follows by using Gronwall’s inequality. g

Recall also that the Schwartz space S = S(R) is the Fréchet space of func-
tions ¢ € C*(R) such that (™ € R for all m € Ny, with the semi-norms
defined by applying the semi-norms of R to derivatives of arbitrary order. Let
A denote the Fréchet algebra and C[z]-module of functions ¢: R — C that can
be extended to entire functions on C such that, for every compact K C R, the
set {x — Y(x+iy) |y € K} is bounded in S, see [41, Section 4]. It contains all
functions with compactly supported smooth Fourier transform, as well as the
Gaussian  — e~ Furthermore, if ¢ € A and u > 0, then v, € A, where
Yy (x) = Y(ux). By the Paley-Wiener theorem, for every ¢ € A and ¢ > 0,
there is some A, > 0 such that, for all £ € R,

(58) [$(€)] < Ace™ell.
The semi-norms on A, || - ||4,c,» (C > 0 and r € Ny), can be defined by

Hw”J‘LCw = jrfkagr Ao |§j(9§1&(§)| 60\5\ dé

Proposition 7.2. The functional calculus map, ¥ — ¥(Dy), restricts to a
continuous homomorphism A — End(H*(M;A)) of C[z]-modules and alge-
bras.
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Proof. This follows like in the case where M is compact [41, Proposition 4.1].
Precisely, for every ¢ € A, it follows from the inverse Fourier transform that

(59) vy = 5= [ dge e

So, by Proposition 7.1 and (58), ¥(Dy) defines an endomorphism of every
H™(M;A) with

(60) W@MMsi/;m@w%m@g%/‘g%wm%,

— 0o

which is finite for k > C,,. O

According to Proposition 7.2, the operator e 20 (t > 0) restricts to a
continuous endomorphism of H*°(M; A). As pointed out in [44], by using (55),
Corollary 6.2, and Propositions 6.3, 6.4 and 7.2, the arguments of the proof
of [2, Theorem A] can be adapted to show the following result, where A is
considered on H>°(M; A).

Theorem 7.3 (Sanguiao [44]). There is a topological direct sum decomposition,
(61) H>®(M; A) = ker Ag & m do.; & im oo, 7.
Moreover, (t,a) — e 20 defines a continuous map

[0,00] x H®(M;A) — H®(M;A).

By Corollary 6.2, (H>(M;A),dp 1) is a topological complex. The terms of
the direct sum decomposition (61) are orthogonal in L?(M;A). Thus Il has
a restriction H*°(M;A) — ker Ay, which induces the isomorphism stated in

the following corollary. Its inverse is induced by the inclusion map ker Ag <
H>(M;A).

Corollary 7.4 (Sanguiao [44]). As topological vector spaces,

];I*(];IOO(]W'7 A), d071) = ker Ao.

By (29) and (32), we can consider (H*(M;AF),dr) as a topological sub-
complex of (H*(M;A),dp.1), and the notation H* H>(F) and H*H>(F) is
used for its (reduced) cohomology. By Lemma 4.12, 6 on H*(M; AF) is also
given by dp 1. Thus we get the operators Dr = dr + 07 and Ar = D% =
Srdr +drér on H>®(M; AF), which are essentially selfadjoint in L?(M; AF).
Then Propositions 7.1 and 7.2, Theorem 7.3 and Corollary 7.4 have obvious
versions for dr, 07, Dr and Ax; in particular, we get the following.

Theorem 7.5 (Sanguiao [44]). Let F be a Riemannian foliation of bounded
geometry on a Riemannian manifold M with a bundle-like metric. Then there
is a topological direct sum decomposition,

(62) H>®(M;AF) =kerAr @imdr ®imdr.
Moreover, (t,a) — e *A7a defines a continuous map
[0,00] x H®(M;AF) — H*>(M; AF).

Miinster Journal of Mathematics VoL. 13 (2020), 221-265



256 JESUS A. ALVAREZ LOPEZ, YURI A. KORDYUKOV, AND ERIC LEICHTNAM

Corollary 7.6 (Sanguiao [44]). We have H*H>(F) 2 ker Az, as topological
vector spaces.

Theorem 7.3 and Corollary 7.4 can be considered as versions of Theorem 7.5
and Corollary 7.6 with coefficients in ANF. We could also take leafwise differ-
ential forms with coefficients in other Hermitian vector bundles associated to

NF, like the bundles of transverse densities or transverse symmetric tensors'4,

Compare Theorem 7.3 and Corollary 7.6 with (10) and (11) (the case of an
elliptic complex on a closed manifold).

8. FOLIATED MAPS OF BOUNDED GEOMETRY

For a = 1,2, let F, be a Riemannian foliation of bounded geometry on
a manifold M, with a bundle-like metric. Set n/, = codim F, and n/ =
dim F,. Consider a normal foliated chart x,,: U, — Bl x Bl at every
p € M, satisfying the conditions of Theorem 5.2. Let r/ and 7/ denote the
radii of B and B/, respectively. For 0 < ' < r, and 0 < " < rl/, let
Uaprgr = Tgb(Bl, % BI.,), where B, , C R" and B/, C R" de-
note the balls centered at the origin with respective radii v’ and r”. Like in
the cases of C'% (M; E), H™(M; E) and Diff], (M; E, F) (Section 5), in the
definition of bounded geometry for maps M; — Mas (Section 3.16), we can re-
place the charts (Vi p,y1,p) and (Va,¢(p); ¥2,6(p)) With the charts (Uy p, 71,,) and
(Uz,6(p)s T2,4(p)), and we can replace the sets By (p,r) with the sets Uy p .
Let

CR(My, Fi; Mo, Fo) = C (M, Fi; M2, Fa) N Cop (M, Ma).

Form € Ng and ¢ € C3% (M7, Fi; Ma, F2), using the version of ||||’CT,L defined
with the charts (U, ), it follows that ¢* induces a bounded homomorphism
¢* : ]?%(MQ,A.FQ) — S{L)(Ml;Afl),

obtaining a continuous homomorphism
¢* : Eg(Mg,A]:g) — Eg(MhA]:l)

These homomorphisms are induced by (19) and (20) via (29). Similarly, if ¢ is
also uniformly metrically proper, then ¢* induces a bounded homomorphism
¢ H™(Ma; AF2) — H™(My; AF)
for all m, and therefore it induces a continuous homomorphism

¢* s HE(Ma; AFy) — HE®(My; AF).

By (36), these homomorphisms are induced by (21) and (22) via (29).
Now, let ¢ = {¢'} be a foliated flow on (M, F) of R-local bounded geom-
etry, and let Z € X,,(M, F) be its infinitesimal generator (Proposition 3.18).

14However, this is not true for any Hermitian vector bundle with a flat Riemannian F-
partial connection, contrary to what was wrongly asserted in [2, Corollary C] when M is
compact. A counterexample was provided to the first two authors by S. Goette.
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Every ¢! is uniformly metrically proper because ¢** is of bounded geometry
(Section 3.16). Thus ¢* induces continuous homomorphisms,

S(M;AF) = CR(M;AF), HE®(M;AF) — HE°(M;AF).
Proposition 8.1. We have © 7 € Diff}, (M; AF).

Proof. Since d € Diffl, (M;AF) and Z € X.,(M, F), we obtain that £; =
diz 4 1zd is of bounded geometry. So ©z = Lz is of bounded geometry by
Lemma 6.1 and using the identity (29). d

By (37) and (53),
o(©z)(p,¢) =1i((2)
for all p € M and ¢ € N, M, obtaining the following.

Proposition 8.2. O is uniformly transversely elliptic if inf 7| Z| > 0.

9. A CLASS OF SMOOTHING OPERATORS

Suppose that F is of codimension one'®. Assume also that M is equipped
with a bundle-like metric g so that F is of bounded geometry. Let ¢ = {¢'} be
a foliated flow of R-local bounded geometry, whose infinitesimal generator is
Z € Xu(M, F) (Proposition 3.18). Suppose that infy/|Z| > 0; in particular,
the orbits of ¢ are transverse to the leaves. Moreover, let A = {A; |t € R} C
Diff " (F; AF) be a smooth R-compactly supported family of R-local bounded
geometry. For every ¢ € A, the operator

(63) P [ " Avdtu(Ds)

on H=°(M;AF) is defined by the version of Proposition 7.2 for Dr. The
subindex “¥” may be added to the notation of P if needed, or the subindex
“u” in the case of functions ¥, € A depending on a parameter u.

Proposition 9.1. Py is a smoothing operator, and the linear map
A— L(H-°(M;AF), H®(M;AF)), 1 — Py,
18 continuous.

Proof. According to the proof of Proposition 7.2, ¢(Dz) defines a bounded op-
erator on every H™(M; AF). Since, moreover, ¢ and A are of R-local bounded
geometry, and A is R-compactly supported, it follows that P also defines a
bounded operator on every H™(M; AF).

Since © € Diff}, (M; AF) is uniformly transversely elliptic (see Proposi-
tions 8.1 and 8.2) and Dz € Diff. (F; AF) is uniformly leafwise elliptic (Corol-
lary 6.2 and Proposition 6.3), to get that P is smoothing, it suffices to prove
that © P and DY P are of the form (63) for all N € Np. In turn, this follows
by showing that © z P and QP are of the form (63) for any @ € Diff,,,(F; AF).

15The higher dimensional case could be treated like in [4], but we only consider codimen-
sion one here for the sake of simplicity.
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We have
QP = [ 6" Bidtv(Ds)
R

where By = ¢~ Q¢t* A;. Since ¢! is a foliated map, this defines a smooth fam-
ily B ={B, |t € R} C Diff(F; AF). Moreover, B is R-compactly supported
and of R-local bounded geometry because A is R-compactly supported, and ¢,
Q@ and A are of R-local bounded geometry. Thus QP is of the form (63).

Let C = {C; | t € R} C Diff(F;AF) be the smooth family given by
C, = %At_s|szo. Note that C' is of R-local bounded geometry because the
family A is of R-local bounded geometry and R-compactly supported. Like in
the proof of [4, Proposition 6.1], we get

0P =4 [ o] _ u(Ds)
S R s=0

d T % . «
_ E/R(b Ar—sdr| (D7) _/Rgf Gy dt (D),

which is of the form (63).
By (60), for any N € Ny and ¢ € A, the operator (1+Ax)N (D) extends
to a bounded operator on every H™(M; AF) with

6 10+ AR 6D < 5 [ 10 =IO de.

- 27

Hence, by the above argument, it can be easily seen that, for integers m < m/,
there are some C,C’ > 0 and N € Ny such that

65) [Pl < C" / |(d —82)V(€)| ¥ de < O[]l acran-

Here, C depends on m and m’, and C’ depends on m, m’ and A. Then the
mapping ¢ — P, of the statement is continuous. O

Corollary 9.2. The linear map
A= CH(M*AFR (AF* ® QM)), ¢+ Kp,,
18 continuous.
Proof. This follows from Propositions 9.1 and 3.14. g

—ux

Now, consider the particular case where ¢, (z) = e 2, and the correspond-
ing operators P, (u > 0), defined on H>*(M; AF). Let also

Py = / P Ay dt T
R
on H*(M;AF), where IIx is the orthogonal projection to ker Ax.
Corollary 9.3. P, is a smoothing operator.
Proof. This follows from Theorem 7.5 and Proposition 9.1, since we have Py, =

P11 O
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Proposition 9.4. P, — Py, in L(H=°(M;AF), H*(M;AF)) as u T co.

Proof. By Theorem 7.3, e A7 —IIz — 0 in End(H>(M;AF)) as u 1 oc.
Therefore this convergence also holds in End(H ~*°(M;AF)), by taking dual
spaces and dual operators. Hence

P, — Py =P (e VA" _1Ix) =0

in L(H->(M;AF), H>*(M;AF)) as u T co. O
Corollary 9.5. Kp, — Kp_ in CX(M* AF R (AF* @ QM)) as u 1 oo.
Proof. This follows from Propositions 3.14 and 9.4. U

From now on, consider only the case where A = f € C°(R), obtaining the
smoothing operator

(66) P= /}R o 1(t) di (D),

as well as its versions, P, if 1, is used, and P, if Iz is used. The proof
of [4, Proposition 6.1] clearly extends to the open manifold case, showing the
following improvement of (65).

Proposition 9.6. For any compact I C R containing supp f, and for all
m, m’ € Ny, there are some C,C’" > 0 and N € Ny, depending on m, m’' and I,
such that

[P llm,ms < C" | fllow rlléllac,n-

Here, || - [|c~ 7 is the semi-norm on C™ (R) defined by
I flo~r = max{|f™(z)| |z €1, m=0,...,N}.
10. DESCRIPTION OF SOME SCHWARTZ KERNELS

Here, we will keep the setting of Section 9. The transverse vector field
7 defines the structure of a transversely complete R-Lie foliation on F (Sec-
tion 4.10). The corresponding Fedida’s description of F is given by a regular
covering map 7: M — M, a holonomy homomorphism h: I' := Aut(r) — R,
and the developing map D: M — R (Sect1on 4.10). The lift of the bundle-like
metric g to M is a bundle-like metric g of ' = 7*F, and let b M xR — M
and Z € %ub(M F) be the lifts of ¢ and Z. Then § and Z are I'-invariant,
and (b is ['-equivariant. Moreover, Zis D- projectable, and we can assume that
D.Z = 0, € X(R), where x denotes the standard global coordinate of R. Thus
¢ induces via D the flow ¢ on R defined by ¢!(z) = ¢ + 2. Considering the
equivalence between the holonomy pseudogroup and the pseudogroup gener-
ated by the action of Hol F on R by translations, this ¢ corresponds to the
equivariant local flow ¢ induced by ¢ on the holonomy pseudogroup. Since ¢*
preserves every Hol F-orbit in R if and only if ¢ € Hol F, it follows that ¢'
preserves every leaf of F if and only if ¢ € Hol F.

For any ¢ € A and f € C(R), we have the smoothing operator P given
by (66), and a similar smoothing operator P defined with (b and F instead
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of ¢ and F. We are going to describe their smoothing kernels under some
assumptions.

Let & = Hol(M, F) and &= HOI(M, ]?), whose source and range maps are
denoted by s,r: & — M and §,7: & — M (Section 4.4). Since the leaves of
F and F have trivial holonomy groups, the smooth immersions (r,s): & —
M? and (%,8): & — M? are injective, with images Rr and Rz. Via these
injections, the restriction m x m: Rz — Rz corresponds to the Lie groupoid
homomorphism 7 := Hol(w): & — & (Section 4.8), which is a covering map
with Aut(ng) =T In fact, since F is defined by the fiber bundle D, we get that
R z is a regular submanifold of M 2 and (7,8): & — R 7 is a diffeomorphism.
We may write & = Rr and & =R z.

Consider the C*° vector bundles, S = r*AF ® s*(AF @ QF) over & and
S = FFAF @8 (AF ® QF) over &. Note that S = 7S, and any k € C(&; 5)
lifts via e to a section k € C°°(Q~5; g) Since 7 restricts to diffeomorphisms of
the leaves of F to the leaves of F, it follows that k € C’g"(@; S) if and only if
ke C(8;9).

For any ¢ € R, the collection of Schwartz kernels k, := Ky p,), for all
leaves L of F, defines a section k = ky of S called leafwise Schwartz kernel,
which a priori may not be continuous. This also applies to the operators
¥(D5) on the leaves L of F, obtaining the leafwise Schwartz kernel k= ky,
which is a possibly discontinuous section of S.

Proposition 10.1. If¢) € C2°(R), then ky, € Ce(&;5), and the global action
of ky on C°(M; AF) (Section 4.5) agrees with the restriction of the operator
W(Dx) on H®(M;AF), defined by Proposition 7.2 and (29).

Proof. This follows with the arguments of [41, Theorem 2.1], using Cgo(Qﬁ; S)
instead of C2°(®;.S) when M is not compact. O

Remark 10.2. In Proposition 10.1, more precisely, if suppt C [—R, R] for
some R > 0, then suppk, C Penz () R) by (18). Hence supp (D)o C
Penz(supp a, R) for all « € H=>°(M; AF) by Remark 3.15.

Suppose for a while that w € COO( ). Then Proposition 10.1 also applies
to F, obtaining that k € COO(Qﬁ S), and the global action of k on COO(M AF)

is the restriction of the operator ¢(Dz) on H °°(M : AF) defined by Proposi-
tion 7.2 and (29). Indeed, since 7 restricts to a diffecomorphism between the
leaves of F and the leaves of F , we get that k is the lift of k, and therefore the
diagram

(M AF) Y7, oo (A1 A F)

(67) ml lm

Co(M; AF) Y87 oo (g AF)
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is commutative, where

(68) ma=y Tra

yell

for all & € C° (1\7, AF), using the notation T, for the action of every v € I'

on M. Locally, the series of (68) only has a finite number of nonzero terms.
The same expression also defines m,: CC_O"(M; AF) = C;=(M; AF).

Take some R > 0 such that suppy C [—R,R]. By Remark 10.2 and
since ¢ is of R-local bounded geometry, there is some R’ > 0 such that
supp Pa C Pen(supp a, R') for all o € H=°°(M; AF). Thus P defines a con-
tinuous homomorphism Cg>°(M;AF) — C°°(M AF). Similarly, P defines

a continuous homomorphism CZ (M AF) — COO(M AF). Moreover, the
commutativity of (67) yields the commutativity of the diagram

Coo(M; AF) —L— Coo(M; AF)
(69) ml lm
Co°(M;AF) —2— C=(M;AF).

Let A = D*dx = dz, which is a transverse invariant volume form of F

defining the same transverse orientation as Z. Since A is I-invariant by the h-
equivariance of D, it defines a transverse volume form A of F, which defines the
same transverse orientation as Z. These A and A define transverse invariant
densities |A| and |A] of F and F.

Proposition 10.3. Let v € A and p,§ E~M over p,q € M. Then, writing
ts.q = D(§G ) D(N) and using the identity S ) = S(p,q), we have'®

= T glra MO R(T ¢t (5), ) f(tpa) A (g),

~el’

defining a convergent series in C2%(M?;S).

Proof. We can assume that 1& € C*(R) by Propositions 9.6 and 3.14, and be-
cause C2°(R) is dense in A. Then, by Proposition 10.1, for all & € C(M; AF),

(Pa)p) = [ (3 (D)) f0)d
= [ 3 @A) @ @) s0
-/ / 3R (7). D)) £ (1) de
teR JGeD—1(t)
= [ k@ 0,03 (ts0) 3@
geM
16The leafwise part of the density of Kp(-,q) is given by the density of l~c( Q).
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because D@'(p) = D(§) if and only if ¢t = t5 5. Therefore

Kp(p.q) = 6" 7k(8'77(5), ) f (t5.5) [A| (@)
On the other hand, by (68) and the commutativity of (69),
9) =Y TiKp(y-5,d)-
yel

Locally, this series only has a finite number of nonzero terms. This is the
series of the statement because D(¢) — D(v-p) = D(q) — D(p) — h(y) by the
h-equivariance of D. O

11. EXTENSION TO THE LEAFWISE NOVIKOV DIFFERENTIAL COMPLEX
Consider the notation of Section 2.6 and Section 4.11, and assume that
0 € CR(M;AY) = C%(M;A'F). Then, like in (31) and (43), we get the
decompositions into bi-homogeneous components,
d,=d,01+dio+da—1, 6,=020-1+d_10+06-271,

where d, 01 = do,1 + 20N and §, 09,1 = dp,—1 — 201, which are of bounded
geometry by Corollary 6.2 and because 6§ € C%2(M; A%1). Since 6 is closed, we
get d; ;0 = 0 for all ¢, j. So, by (34) and (44),

(70) di,o,l =d,0,1d1,0 + di,0d2,01 =0,
(71) 5207,1 =0,,0,-10-1,0 +0-1,002,0,—1 = 0.
Let

2
Do.=d01+0:0-1, Do.= Do,z =4d;0,102,0,-1+d20,102,0,—1-

On the other hand, we can also consider the leafwise version of the Novikov
differential complex, dr ., = dr + z0A on C®°(M;AF), or on C°(M;AF ®
ANF), as well as its formal adjoint dr , = dr — Z6u. They satisfy the obvious
versions of (32) and Lemma 4.12, yielding obvious versions of (41) and (45).
Furthermore, for any choice of an orientation of F on a distinguished open
set U, we have
0F. = (—1)" s dy _sr
on C®°(U;A*F) by (13). So, using also (70) and (71), we get the following
version of (55):

DDy, + Dy.Dy =KDy, + Do K.
This yields straight-forward generalizations of all results and proofs of Section 7
for the leafwise Novikov operators, d. o1, Do ., Doz, dF., Dr,. and Ag .
Let IIp , and Iz , denote the corresponding versions of Iy and IIz. The term
leafwise Witten operators should be used if 6 is leafwise exact.

Let ¢: (M, F) — (M, F) be a smooth foliated map, let M be a regular cov-
ering of M so that the lift 6 of 6 is exact, and let F be the lift of F to M. Like
in the case of the Novikov differential complex (Section 2.6), using (27), any
lift ¢: (M JF) = (M , F) of ¢ determines an endomorphism ¢* of the leafwise
Novikov differential complex dr , on C*®(M;AF), or on C°(M;AF @ ANF),
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which can be called a leafwise Novikov perturbation of ¢*. With this definition,
there is an obvious generalization of (36), using the bi-homogeneous component
¢k 0.0 of @5 on C®(M;A). For every foliated flow ¢ = {¢'} on (M, F), using
its unique lift to a foliated flow ¢ = {¢'} on (M, F), we get a unique determi-
nation of ¢¢* on C°(M;AF), or on C®(M;AF ® ANF), called the Novikov
perturbation of ¢t*. Then, in Sections 9 and 10, the definitions of P, P,, P,
k, k, k. and k, can be extended by using ¢** and Dx . instead of ¢** and Dy.
The subindex “z” may be added to their notation if needed. Moreover, the
results, proofs and observations of Sections 9 and 10 have straight-forward
generalizations to this setting, using the indicated extensions of the tools.
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