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This paper is dedicated to Peter Schneider on the occasion of its 60-th birthday, in
appreciation for his insights, precision and generosity in mathematics.

Abstract. For any commutative ring R and any reductive p-adic group G, we describe the
center of the pro-p-Iwahori-Hecke R-algebra of G. We show that the pro-p-Iwahori-Hecke
algebra is a finitely generated module over its center and is a finitely generated R-algebra.
When the ring R is noetherian, the center is a finitely generated R-algebra and the pro-p-
Iwahori—-Hecke R-algebra is noetherian. This generalizes results known only for split groups.

1. RESULTS

Let R be a commutative ring, let F' be a local nonarchimedean field, of
finite residue field k with ¢ elements and of characteristic p, let G, T, Z, N be
the groups of F-points of a connected reductive F-group G of maximal F-
split torus T of G-centralizer Z and G-normalizer N. The group Z admits
a unique parahoric subgroup Zp, and Z; admits a unique pro-p-Sylow Zy(1).
The unicity of these groups imply that they are normalized by N. The group
Zy = Zy/Zp(1) is the group of k-points of a k-torus.

Let Wo = N/Z, W = N/Zy and W(1) = N/Zy(1). Then Wy is the relative
finite Weyl group of G, the quotient map W — Wy of kernel A = Z/Zj splits,
the group W (1) is an extension of W by Zj.

We will denote by X (1) the inverse image in W (1) of a subset X of W, and
we write W for an arbitrary element of W(1) of image w € W.

The group A is commutative but the group A(1) = Z/Zy(1) may be not
commutative. A conjugacy class C' of W is contained in A or disjoint from A.
The same is true for W(1) and A(1).

The Iwahori-Hecke R-algebra Hp of G is a deformation of the group R-
algebra R[W] and the pro-p-Iwahori-Hecke R-algebra Hg(1) of G is a defor-
mation of the group R-algebra R[W(1)], cp. [7].
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The center of the R-algebra of the group W or of W (1) can be easily deter-
mined using the following following property:

Lemma 1.1. A conjugacy class C' of W is finite if and only if C is contained
in A. The same is true for W (1) and A(1).

As a corollary, the center of the R-algebra R[W] is equal to R[A]"° and is

R-free of basis
zZ0 = Z /\,
AEC

for all finite conjugacy classes C' of W. The group algebra R[W] is a finitely
generated module over its center. If the ring R is noetherian, the center is a
finitely generated algebra and R[W] is a noetherian algebra. The same is true
for R[W(1)]. We will prove that these properties remain true for the Iwahori
and pro-p-Iwahori R-algebras.

For each (spherical) orientation o, we denote by (E,(w))wew, resp.
(Eo(w))wew (1), the (alcove walk or Bernstein) basis of H g, resp. Hr(1) (cp. [7,
Cor. 5.26, Cor. 5.28]).

Theorem 1.2. The center Zr of the Iwahori—Hecke R-algebra Hp is R-free
of basis
E(C) =3 B0
reC
for all finite conjugacy classes C' of W. The basis elements E(C) do not depend
on the choice of the orientation o.

The Twahori—-Hecke R-algebra is finitely generated and is a finitely generated
module over its center. If the ring R is noetherian, the center is a finitely
generated algebra, and the Iwahori-Hecke R-algebra is noetherian.

The center Zr(1) of the pro-p Iwahori-Hecke R-algebra Hpr(1) satisfies the
same properties.

This theorem was proved by Bernstein for affine Hecke complex algebras [3],
or when the group G is F-split [5], [6]. In his unpublished and nice diplomar-
beit [4], Schmidt gave this theorem for certain pro-p-Iwahori-Hecke algebras,
although his proof contains some gaps but the pattern of his proof is correct
and we follow it. The Iwahori-Hecke or pro-p-Iwahori-Hecke algebras attached
to reductive p-adic groups are more general than the affine Hecke algebras of
Lusztig and than the pro-p-Iwahori—Hecke algebras of Schmidt.

We will prove the theorem for the R-algebras Hr(gs, ¢s) defined in the part I
of our work [7] generalizing the pro-p-Iwahori-Hecke algebra. This allows to
reduce some proofs to the simpler case ¢g; = 1.

We recall the definition of Hpr(gs,cs), cp. [7]. There exists an affine Weyl
Coxeter system (W2, §8) and a finitely generated commutative subgroup €2
normalizing S®%, such that

W =wt x Q.
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We write s ~ s’ for two elements s,s’ € S which are W-conjugate. Let
(@s)sesar o in R, and (cs)segarr (1) in R[Zy] satisfying

cst = ct, co =wesw L, (t€ Zg, s =wsw™!, 5,8 € §M(1), we W(1)).

We set gs = ¢s. The R-algebra Hg(gs,cs) is the free R-module of basis
(Tw)wew(1) endowed with the product satisfying
e The braid relations:

(1) TwTw = Ty (w,w" € W(1),0(w) + L(w') = L(ww")),

where ¢(w) = £(w™") if the image of w in W is w*fu, w* ¢ W 4 €
Q and ¢ the length of (W 52 Therefore the linear map sending ¢
to Ty identifies R[Zi] to a subalgebra of Hr(gs,cs), and s? € Zj and
¢s € R[Z}] identify to elements of Hg(gs, cs).

e The quadratic relations:

(2) T? = q.52 + ¢ Ty (s € S*(1)).
In our basic example, the pro-p-Iwahori-Hecke algebra, ¢, = [IsI : I] =
[I(1)sI(1) : I(1)] where I is an Iwahori group of pro-p-Sylow I(1); when s
belongs to a certain coset sZ s = Zj ss in W (1) of a subgroup Zy s of Z
defined in [7],
o= (g = D|Zksl™" D .
t€EZy, s

The R-algebra Hr(gs) generalizing the Iwahori—-Hecke algebra is simpler. It

admits the same definition with ¢s = ¢s — 1 and W instead of W (1). We have

HR((]S) =R QO R[Z4) HR(QS; qs — 1)
for the homomorphism sending ¢t € Zj, to 1.

The affine Weyl group W2 is generated by the orthogonal reflections with
respect to a set of affine hyperplanes in an Euclidean real vector space V. The
finite Weyl group Wy identifies with the subgroup of W& generated by the the
reflections with respect to the hyperplanes containing 0. The group W acts by
conjugation on A and

W=Ax W().
The simply transitive action of the group Wy on the Weyl chambers inflates
to an action of W trivial on A and to an action of W(1) trivial on A(1). The
orientations are in bijection with the Weyl chambers, and inherit this action.
For an orientation o and for w in Wy or W or W(1), we denote by o e w
the image of o by w™!. We denote by S, the set of reflections with respect
to the walls of the Weyl chamber defining 0. The R-basis (E,(w))wew ) of
Hr(gs,cs) associated to o satisfies:
e the product formula [7, Thm. 5.25]:

(3) Eo(w)Epew (W) = quw Eo(ww') (w,w" € W(1)),

where quw = (Guduwpyy)? and qu = gs, ... qs, if w = 31...5,:4

with s; € S* u € Q is a reduced decomposition (r minimal).
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e the Bernstein relations [7, Thm. 5.45]:

(4) Eo(s)Eo(A) — EO(S)‘Sil)EO(S) = Z o, (1) Eo (1)
peA(1)

for A € A(1), s € So(1), with explicit coefficients a, s 2 (1) € R.

We have the subalgebra A, (1) of basis (E,()))rea1) with the natural action
of W(1) coming from the conjugation on A(1), (cp. [7, Cor. 5.26, Cor. 5.28]).
Theorem 1.2 is a corollary of:

Theorem 1.3. The center Zr(qs,cs) of Hr(qs,cs) is the ring A,(1)W D of
W (1)-invariant elements of A,(1). It is a free R-module of basis

B(C) =3 B0
AeC
for all finite conjugacy classes C of W(1). The basis elements E(C) do not
depend on the choice of the orientation o.

The R-algebra Hp(gs,cs) is finitely generated and is a finitely generated
module over its center Zgr(qs,cs). If the ring R is noetherian, the center
Zr(gs,cs) is a finitely generated R-algebra, and the R-algebra Hr(gs,cs) is
noetherian.

Remark 1.4. The action of W on A factorizes through Wy. The center of
Hr(gs) is A0 where A, is the commutative subring of basis E,()\) for A € A.

This theorem generalizes our results on the center for G split [5]. In a
sequel of this paper, when C' is an algebraically closed field of characteristic
p, this theorem will be used to generalize to any reductive connected group
G, some results of Ollivier on pro-p-Iwahori-Hecke C-algebra when G is split:
the embedding of the weighted spherical algebras in the pro-p Iwahori-Hecke
R-algebra Hc(1), the inverse of the Satake isomorphism considered in [2] and
the classification of the supersingular ¢ (1)-modules.

2. PROOFS

We denote by T' the maximal split torus of G, and by X*(T') and X.(T)
the lattices of characters and of cocharacters of T'. Let w be the valuation of F
such that w(F*) = Z. The kernel of the canonical map t — (x — (wo x)(t)) :
T — Hom(X*(T),Z) ~ X.(T) is the maximal compact subgroup Ty of T'. The
choice of an uniformizer pyr defines a splitting of the exact sequence

12Ty —-T— X.(T)—1

sending pu € X, (T) to p(pr). We have Zo N T = Ty and Zo(1) NT = Tp(1)
is the unique pro-p-Sylow of T. The quotient Ty = Tp/To(1) is the group of
k-points of a split k-torus. The splitting induces isomorphisms

T ~ To x X.(T), T/T,(1) ~ Ty x X.(T).
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The commutative finitely generated group T/Tp(1) is central of finite index in
A(1). We recall the homomorphism

B) v:Z—=-V=R2;Q(®")|aov(t)=—-woa(t)forac®, tcT,

where ® C X*(T) is the set of roots of T in G. The homomorphism v factorizes
through A = Z/Zy and A(1) = Z/Zy(1).

Lemma 2.1. A conjugacy class of A is finite.

A conjugacy class of W is finite and contained in A, or infinite and disjoint
from A.

The same is true for W (1) and A(1).

Proof. A conjugacy class of W is contained in A or disjoint from A because A
is normal in W. The same is true for W (1) and A(1).

The group A is commutative and the conjugacy classes of W contained in
A are the orbits of the finite Weyl group Wy acting on A. They are of course
finite.

The group A(1) is not commutative but the conjugacy classes of A(1) are
finite, as the center of A(1) contains 7'/Ty(1) hence has a finite index. For
A € A(1) we denote by ¢(\) the conjugacy class of A € A(1). We have W (1) =
A(1)Wy(1). Obviously te(A\)t=! = ¢()) for t € Zi, and Wy = Wy(1)/Z), acts
on the conjugacy classes of A(1), with orbits the conjugacy classes of W (1)
contained in A(1). They are of course finite.

The image in W of a conjugacy class of W (1) not contained in A(1) is a
conjugacy class of W not contained in A.

We show that a conjugacy class of W not contained in A is infinite. Let
A€ AN we Wy, w# 1. The conjugacy class of Aw in W is infinite because, for
z € T/Ty, 2dwz~! = 2dwz lw ™ w and v(zdwrtw™t) = v(z) — wv(z)) +
v(A), and the set of v(z) — w(v(z)) for x € T'/Ty contains the set of y — w(y)
for y in the subgroup Q(®") of X.(T') generated by the set ®" of coroots of
T in G. This latter set is infinite. U

It is now easy to see that the center of the group R-algebra R[W(1)] is
R[A(1)]V ).
Lemma 2.2. The center of R[W (1)] is the free R-module of basis

ZCc = Z )\,
AeC

for all finite conjugacy classes C' of W (1).
Proof. Let z =}, cy(q) 2(u)u € R[W(1)] where the function z : W(1) — R
has finite support. The following properties are equivalent:

1. zw = wz for all w € W(1),
2. z(wtu) = z(uw™1) for all u,w € W(1),
3. z(.) is constant on C for all conjugacy classes C of W (1).
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We want now to determine the center of the R-algebra Hr(qgs, ¢s), described
in the first part of Theorem 1.3. The proof is long and we formulate the
different steps as propositions, lemmas, and corollaries. We fix an orientation
o and we determine first the center of A, (1).

Proposition 2.3. The center of A,(1) is a R-free module of basis
Eo(c) = Z Eo(N),
A€Ec
for all conjugacy classes ¢ of A(1).

Proof. Let z =3, ) %(x)Eo(z) be an element in A, (1) where z: A(1) — R
is a function of finite support, and let A € A(1). Let ([7, Def. 4.14]):

(6) Qu w' = (Qwa/ql_mlu/)l/Q (U),U)/ e W(1)).
By [7, Cor. 5.28],
Eo(z)Ey(N) = (IL)\EO(ZU)\)
and gxga-1,0 = Gz,x = Qo because gy depends only on the image of A in A,
and A is commutative. Then z commutes with E,(A) if and only if

Z 2(2)gz 2 Eo(zA) = Z z2(x)gr,u Eo(Ax).

zeA(1) 2EA(1)

Replacing = by AzA~!, the left hand side is equal to

Z z()\x/\_l)q)\@Eo(/\m).
zeA(1)

Hence z belongs to the center of A,(1) if and only if
z()\x/\_l)qr)\ = z(x)gy,» for all z, A € A(1).

If z(.) is constant on the conjugacy classes of A(1), then z central in A,(1).
For the converse, there is a problem when ¢, x is not invertible in R, but it
can be raised. We have ¢, » = 1 if and only if ¢(Az) = ¢(A) + ¢(z). If z central
in A,, the next lemma implies that z(.) is constant on the conjugacy classes
of A(1). Admitting the next lemma, the proposition is proved. |

Lemma 2.4. Let 2,2’ be two conjugate elements of A(1). There exists A €
A(1) such that £(A\x) = £(A\) + £(z) and o' = AxA~L.

Proof. We choose an arbitrary element A € A(1) such that 2/ = AzA~t. We
choose X' € T/T,(1) such that v(AXN) and v(z) belong to the same closed
Weyl chamber. We have ¢(ANz) = £(AN) + £(x) (cp. [7, Ex. 5.12]) and 2’ =
(AN)z(AN) ™! because N belongs to the center of A(1). O

The orientation o is associated to a Weyl chamber ©, of V. We denote by
A, the set of reduced roots a € ® positive on ®, such that Ker « is a wall of
D,, by S, C Wy the set of reflections s, for a € A,. The opposite orientation
associated to the opposite Weyl chamber —9,, gives the same set S,. The set
S = S N, is associated to the dominant and antidominant Weyl chambers
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DT and —D*. For s € S,(1), there exists a unique root o« € A, U —A, taking
positive values on D71 such that the image of s in S, is so. We say that the
root a of @ is associated to (o, s).

For v € ® let e, € N5 0 be the positive integer such that the image of ® by
the map 7 > e, is a reduced root system ¥ of affine Weyl group W2, If « is
the root of @ is associated to (o, s), the root 8 = e, of 3 is called associated
to (o, s).

Let z, be a central element of A,(1). By Proposition 2.3:
(7) 20= 3 2(¢)Eo(c) (20(c) € R).

Let s € S,(1). In the R-basis (E,(w))wew ) of Hr(gs,cs), we write
—20Fo(8) + Eo(8)2o = 2, + 2V

where 2! € A,(1) and the component of z/ in A,(1) is 0. The elements z,
and E,(s) commute if and only if 2/, = z// = 0. We denote by scs~! the set of
shs™t for A € c.

Lemma 2.5. We have
s) Z 20(€)(Eo(c) — Eoes(c)),

20 = E,(s) Z(zo(c) — 2o(5¢571)) Eges( Z 2! (sc)E

with z/(sc) = qs.c(20(c) — zo(scs™1)).

Proof. The equality gycs-15 = ¢s,c deduced from (6), implies by the product
formula (3)

Eo(s¢s 1) Ey(5) = Eo(5)Epes(c).
Writi)ng 20Es(5) = Eo(8) Y], 20(¢)Eoes(s71s) = Eo(s) Y, 2o(5¢57 1) Epes(c)
we obtain

—20F,(8) + Eo( Z 20(€)Ey(c) — zo(s5c57 1) Eyes(c),

from which we deduce —z,F,(s) + Eo(s)z, = 2, + 2/ with 2.2/ as in the
lemma. The element 2z belong to A, (1) by the Bernsteln relations (4) and the
component of

Zo = Z 2 (s¢)Eo(sc), z,(sc) = gs.c(20(c) — 2o(ses™))

in A,(1) is 0 because sA(1)NA(1) = 2. O

Proposition 2.6. Let s € S, ( ) and let ¢ be a conjugacy class in A(1). Then
Ey(s) and E,(c) + E,(scs™t) commute.
Eo(s) and E,(c) commute if and only if ¢ = scs™1.
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Proof. a) Let 8 be the root of ¥ associated to (0, s). We note that v is constant
on a conjugacy class of A(1), scs™! is a conjugacy class of A(1), y(sﬁ)\sgl) =
sg(w(N)) for A € A and sg(z) = x — B(z)BY for x € V where Y is the coroot
of 3. Therefore we have

v(scs™') = v(c) — Bov(c)p.
If ¢ = scs™ ! then Bowv(c) = 0.
If Bov(c) =0 then ¢sc = ge,s =1 and Eyes(c) = E,(c). This implies

Ey(3)Es(c) — Eo(c)Es(3) = Eo(8)Eoes(c) — Eo(c)Eo(s) = Ey(sc) — Eo(cs).

We deduce that E,(s) and E,(c) commute when ¢ = scs™!, and that E,(s)
and E,(c) do not commute when ¢ # scs™* and 8o v(c) = 0.

b) We suppose 3 o v(c) # 0. We prove that either E,(c) or E,(scs™!) does
not commutes with E,(s).

When £(sc) = 1+ £(c), take z, = E,(c) in Lemma 2.5. The coefficient of
20 on E,(sc) is s = (¢59.q3.")"/? = 1. We have 2!, # 0 hence E,(c) does not
commute with F,(s).

When £(sc) = —1 + £(c) we have £(cs) = 1+ £(c). Take z, = E,(scs™1).
We have E,(scs™!) = E,(s 'cs) because s> € Z;,. We have Bov(c) = —fo

v(scs™1) # 0. The coefficient of 2/, on E,(cs) is gy 105 = (qs@s—10s00s ) /2 = 1.
We have 2!, # 0 hence E,(scs™!) does not commute with F,(s).

c¢) We show that E,(c) + E,(scs™1) commutes with E,(s). In Lemma 2.5
we take z, = E,(c) + E,(scs™1). We have obviously 2/ = 0.

When the ¢, = 1 we show that z/ = 0. By symetry, we can suppose
Bov(c) <0and Bov(scs~t) > 0. The Bernstein relations (4) give an explicit
element By € Ap(1) and different signs €,e5(1, 8) # €,(1, s) such that

Eo(s)(Eoes(c) = Eo(c)) = €oes(1,5)BonEo(c),
Eo(8)(Eoes(scs™) — Ey(ses™)) = €,(1, 8)Eo(c) Bon-
As F,(c) is central in A,,

—2!! = E,(5)(Eoes(c) — Eo(c) + Epes(scs ™) — Ey(scs™)) = 0.

We proved that E,(s) commutes with E,(c) 4+ E,(scs™1) when the ¢, are 1.

We choose indeterminates q, for s € S*/ ~ of square q2 = q,. By Lemma
5.43 in [7], we deduce that ;1 E,(s) commutes with q; ' E,(c)+q,  Eo(scs™!)
in the algebra Hp -1y, (ds,¢s)]. We have q. = q -1 (cp. [7, Prop. 5.13]).
Hence FE,(s) commutes with E,(c) + E,(scs™!) in the generic subalgebra
HR[(q.)] (s, ¢s)]. We specialize qs — g5 hence E,(s) commutes with E,(c) +
E,(scs™1) in Hp(gs, cs).

d) We deduce from b) and c) that both E,(c) and E,(scs™!) do not com-
mutes with E,(s) when 5o v(c) # 0.

O

Proposition 2.7. For any conjugacy class C of W(1) contained in A(1), the

element
E(C) = Eo(C) = ) | Eo(N)
XeC
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does not depend on the choice of the orientation o.

The R-algebra A,(1)V ) does not depend on the choice of o, is R-free of
basis (E(C)) for the conjugacy classes C of W (1) contained in A(1), and is
contained in the center Zr(qs,cs).

Proof. Let s € S,(1). By Proposition 2.6 and its proof, z, = E,(C) commutes
with E,(s) and z) = E,(s)(Ees(C)—E,(C)) = 0. When ¢; = 1 for all s, E,(s)
is invertible and 2/ = 0 implies Eyes(C) = E,(C). As qc = qw is constant on
C we have Eoes(C) = Eo(C) in the generic algebra Hp,  -1)/(qs, ¢s)], hence
in the generic subalgebra H gj(q,y(ds, ¢s)]. This is valid for any s € S,(1), and
the set S,(1) generates the group Wy(1). The spherical orientations are o ® w
for w € Wy(1). Hence Eoeyy(C) = E,(C) for any w € Wy(1). We denote this
element by E(C).

We show that E(C) belongs to the center of Hgj(q,)(ds, ¢s). Indeed, for the
orientation o associated to the antidominant Weyl chamber —®¥, we have:
S, = SN Wy, E,(s) = T, for s € S,(1), and E(C) commutes with A,(1)
and T for s € S,(1). By the braid relations (1), E(C) commutes with T,
for w € Wy(1). We have W (1) = A(1)Wy(1) with Z; = A(1) N Wp(1). The
product formula (3) implies that Hgj(q,)(ds,cs)] is generated by A,(1) and
T, for w € Wy(1).

The proposition is proved in Hg(q,))(ds, ¢s). By specialization qs + g, the
proposition is true in Hg(gs, cs)- O

The following proposition implies that the intersection of A,(1) with
Zr(qs,cs) is contained in A,(1)W (M. We recall the reduced root system
Y = {eqa | a € ®} attached to Wt [7].

Proposition 2.8. Let s € S,(1), let § € 3 be the root associated to (o, s) and
let zo be a central element of Ao(1) as in (7). Then Ey(s) commutes with z,
if and only if zo(c) = 2o(scs™ 1) for all ¢ such that Bov(c) # 0.

Proof. We suppose that zg # 0, and thanks to Proposition 2.6, that z,(c) # 0
implies 2z,(scs™1) = 0. We will prove that 2/ or z// does not vanish. This
implies that z, does not commute with E,(s) by Lemma 2.5.

If there exists ¢ with z,(c) # 0 and 8 o v(c) = 0, then {(sc) = £(c) + 1,
¢s,c = 1 and z/(sc) = z,(c). Hence 2, # 0.

We suppose, as we may, that z,(c) # 0 implies Bov(c) # 0 and z,(scs™t) =
0. We prove this time that 2/ # 0.

We analyze z;, = — > 20(¢) X_\co Fo(5)(Eoes(A) — Eo(A)) using the Bern-
stein relations (4) (cp. [7, Thm. 5.45 and Rem. 5.46]) for A € ¢

n(c)—1
Eo(8)(Boas(N) = Eo(A) = €o(1,8)ea(e) D alk, Ne(k, \) Eo(u(k, A)

k=0

w]ilere [(30)1/((:) = eg(c)n(c) with eg(c) € {£1} and n(c) > 0, and Bov(u(k, \)) =
2k —n(c).

Miinster Journal of Mathematics VoL. 7 (2014), 363-379



372 MARIE-FRANCE VIGNERAS

Let m = max{n(c) | zo(c) # 0}. To prove the proposition it suffices to show
that the component z; ., of 2 in @goy(n)|=mE6(A) is not 0.

Only the terms with & = 0 in the expansion of E,(s)(Eoes(A) — Epes(A)) for
A € ¢ with n(c) = m and 2,(c) # 0 contribute to 2;,,. Up to multiplication
by a sign, 2, , is equal to

S 20(0)es(e) 3 g0, (0, N B (0, 1)).

c,n(c)=m A€c
By [7, Rem. 5.46], ¢(0, \)e(0, \) E,(1(0, N)) is equal to
csEo(N) if egle) = =1, E,(sAs™Y)es if eg(c) = 1.

We deduce
20 = Z 2o(c)ep(c)es Ey(c) + Z Zo(c)es(c)Ey(scs™ )es.
c,Bov(c)=—m c,Bov(c)=m
As Bov(c) = —Bov(ses7t), and 2z,(c) # 0 implies z,(scs™t) = 0, we obtain
Zgm # 0. O

Corollary 2.9. The intersection of A,(1) with Zr(qs,cs) is A, (1)W1,
Proof. Proposition 2.8 and 2.7. g

The last step of the proof of the equality Zr(gs,cs) = Ao(1)V M) is given
by:

Proposition 2.10. When o is the orientation associated to the anti-dominant
Weyl chamber —D7, an element of Hr(qs,cs) which commutes with each ele-
ment of A,(1) is contained in A,(1).

Proof. We pick a nonzero element in Hg(gs,cs) — Ao(1),
z= Z z(x)Ey(x),
zeW (1)

which commute with E,(A) for all A € A(1). We pick an element w € W (1) of
maximal length in the nonempty set of x € W (1) — A(1) with z(x) # 0. We
will show that there exists A € A(1) such that

8) U(w) < LOWA™Y), L0w) = 6(N) + £(w).

We have ¢, =1 (cp. [7, Lemma 4.13]) and E,(Aw) = E,(\)E,(w). We have
E,(N)z = zE,(\) and the coefficient of E,(\)z on E,(Aw) is z(w) # 0.

We will show that the coefficient of E,(Aw) in 2E,(A) is 2(AwA™1)gama-1 -
We have z(AwA~™!) = 0 because AwA~! does not belong to A(1) and ¢(w) <
/(AwA™1). Our hypothesis was absurd and the proposition is proved if we
admit the existence of A and the value of the coefficient of E,(Aw) in zE,()),
given by the next two lemmas. g

Lemma 2.11. Let w € W not in A. There exists A\ € A such that
9) Lw  AwA™h) > 20(w), £0w) = L(\) + £(w) > £(w).
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The lemma is stronger than the claim in the proof of Proposition 2.10 be-
cause (9) implies 20(w) < L(w I AwA™t) < L(w) + L(AwA™t) hence {(w) <
C(AwA™1).

Proof. Replacing A by w~! \w which has the same length, (9) is replaced by

(10) (OwA P w™h) > 20(w), L(w) = L(N) 4 L(w) > L(w).
We show first that there exists A € A satisfying the weaker property
(11) COwA tw™h) >0, L(w)) = £(N) + L(w) > L(w).

We write w = woAg € Wp x A with wg # 1. The length formula [7, Cor. 5.10]
shows that ¢(wA) = £(w) + £()) is equivalent to
1) (yov)(N), (yov)(A) have the same sign when v € ¥ 7, wg(y) > 0,
2) (yov)(A), 1+ (yov)(XAo) have the same sign when v € X, wo(y) < 0.
We have:

AwA w1t = LAwp Aty t) because A is commutative,

(Awor "ty ) > 0 & (v o v)(AwpA"twy ) # 0 for some v € X, by the
length formula [7, Cor. 5.10],

e vQAwedwyt) # 0 & v(\) # wo(r(N).

The existence of A € A satisfying (11) is equivalent to the existence of A € A
satisfying

(12) 0 #v(A\) #woe(r(N), L(Aw) = L(\) + L(w).

It is obvious that there are infinitely many A € A satisfying these conditions.

In fact, the existence of A € A satisfying (11) is not a weaker property than
the existence of A € A satisfying (10). Indeed, let A € A satisfying (11), we
show that, for a large odd integer n, A" satisfies (10).

We have (AwA~tw™1)? = A"wA~"w~! because A is commutative. If n is
large and /(AwAw™!) > 0 then {(A\"wA™"w™!) = nf(AwAw™1) > 20(w). In
particular, £(wA) = £(X) + £(w) implies £(wA™) = £(A") + £(w) for odd n > 0.
Obviously £(X) + £(w) > £(w) implies £(A™) + £(w) > £(w). O

Lemma 2.12. The coefficient of Eo(Aw) in zE,(X) is 2(AwA™ )gawa-1.x, for
z, \,w in the proof of Proposition 2.10.

Proof. We write E,(x)E,(\) for z € W(1), as
Eo(7) Eoez (M) +Eo(2) (Eo(N) = Eoex(N) = qu A Eo(TA)+Eo(2)(Eo(A)—Eoez (N)),
and zE,(\) = z1 + 22 where

z1 = Z 2(2)ge AEo(TA), 22 = Z 2(2)Ey(2)(Eo(N\) — Eoex(N)).

zEW (1) zEW (1)

The coefficient of z1 on E,(Aw) is 2(AwA™!)grpa-1.0 as A = dw & z =
AwA~1. The coefficient of z3 on E,(Aw) is 0 because

a) if x € A(1) we have o @z = 0.
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b) if x € W(1) — A(1), we have (cp. [7, Thm. 4.5, Cor. 5.26])
Eo(z) € Tu+ Y RT,,

y<x

Eo(A) = Eoex(A) € Y RT,,
U<\

T,T.€ Y RT,

v<yu

Eo(m)(EO(/\) - Eoor()\)) S Z RTv,
v<yu,u<A,y<z
and from v < yu,u < A,y < z, we have £(v) < £(A) + £(z) < L(w) +L(N) =
L(Aw). O

This ends the proof of the first part of Theorem 1.3 describing the center
3r(gs, cs). The second part generalizes the following finiteness properties:

Proposition 2.13. The group algebra R[W] is a finitely generated module
over its center. If the ring R is noetherian, the center is a finitely generated
algebra, and R[W] is a noetherian algebra.

The group algebra R[W (1)] satisfies the same properties.

Proof. 1) T/Tp(1) is a free, finitely generated commutative group which is
normalized by W (1). The action of W (1) by conjugation on T'/Ty(1) factorizes
by Wy. By a general theorem ([1, AC V.1.9 Thm. 2 p. 29]) for any finitely
generated commutative R-algebra with an action of a group with finite orbits,
R[T/Tp(1)] is a finitely generated R[T/Tp(1)]"°-module; moreover, if R is
noetherian, R[T/Tp(1)]"V° is a finitely generated R-algebra.

ii) The center R[A(1)]V(™) of R[W(1)] contains R[T/To(1)]"e, R[W(1)]
is a finitely generated R[A(1)]-module and R[A(1)] is a finitely generated
R[T/Tv(1)]-module, because the index of T/Typ(1) in A(1) and the index of
A(1) in W (1) are finite.

iii) R[W(1)] is finitely generated over R[A(1)]"V' (") and over R[T/To(1)]".
If the ring R is noetherian, then R[WW (1)] is noetherian, R[A(1)]" (1) is a finitely
generated R[T/Ty(1)]"°-module hence a finitely generated R-algebra. O

The proof of these finiteness properties for the R-algebra Hpg(gs,cs) (the
second part of Theorem 1.3) follows the same pattern. We pick a spherical
orientation o. The R-module A,(T/Ty(1)) generated by E, () for A € T'/Tp(1)
is a commutative algebra with an action of W (1) factorizing through Wy. We
claim:

a) The R-algebra A,(T/To(1)) is finitely generated.
Therefore, A,(T/Ty(1)) is a finitely generated A, (T /To(1))"°-module; more-
over, if R is noetherian, A,(T/Tp(1))"° is a finitely generated R-algebra
(cp. [1, AC V.1.9 Thm. 2 p. 29]). The center AVD - Zr(gs, cs) contains
Ao (T/Tp(1))"o. Theorem 1.3 follows from:
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b) The left A,(1)-module Hr(gs,cs) is finitely generated,
¢) The left A,(T/Tp(1))-module A, (1) is finitely generated.

It remains to prove the claims a), b) and c¢). When the homomorphism
v : A(1) — V defined by (5) sends A, X € A(1) to the same closed Weyl
chamber, we have £(A\) + £(\") = £(AN') and the product formula (3) is simply

Eo,(N)E,(N) = Eo(AX).
We denote by A(1)p the inverse image by v of the closure of a Weyl chamber
© of V. The maximal subgroup of the monoid A(1)p is the kernel Q(1)NA(1)
of v.

We denote L = T/Tp(1) and Lo = LNA(1)n. The R-module of basis E,(A)
for A € A(1)p is a subalgebra A, o and the R-algebra A,(Lp) of basis E,(\)
for A € Lo satisfy
(13) Aoo ~ R[A(1)s], Ao(Ln) ~ R[Ls],

(14) Ao(1) =Un Ao p, Ao(L) =UpAo(Lp),
where © runs over all the Weyl chambers of V.
Lemma 2.14. Ly is a finitely generated monoid of finite index in A(1)s.

Proof. We have exact sequences
1—-LNnQA1)— Lo »v(L)ND — 1,
1-A1)NQA) - A(l)p —v(A(1))ND — 1.
The monoid v(L)ND is finitely generated of finite index in the monoid v(A(1))N
®. The commutative group LN(1) is finitely generated because any subgroup

of L is free and finitely generated. The index of L N Q(1) in A(1) N Q(1) is
finite because A(1)/L is finite. O

We deduce the claims a) and c):

Lemma 2.15. The R-algebra A,(T/To(1)) is finitely generated and Ay(1) is
a finitely generated left and right A.(T/To(1))-module. In particular, the R-
algebra A, (1) is finitely generated.

Proof. By the Lemma 2.14, A,(Lg) is a finitely generated R-algebra and A, o
is a finitely generated A, (Lo )-module. O

Lemma 2.16. A contains a finite set X such that, for any (A, w) € A x Wy,
there exists p € X such that

LOw) = ™) + £(pw).

Proof. Tt suffices to prove the lemma for an arbitrary fixed element of the finite
group Wy. Let w € Wy and let A\, u € A. By the length formula [7, Cor. 5.10]
£(Aw) is equal to the sum of |a o v()\)| over the positive roots a such that
w1 () is positive, plus the sum of |30 v()\) — 1| over the positive roots 3 such
that w=1(3) is negative. We deduce that /(Aw) = ¢(Au~—1) + £(pw) if and only
if

Minster Journal of Mathematics VoL. 7 (2014), 363-379



376 MARIE-FRANCE VIGNERAS

aov(u) >0 implies a o v

aov(u) <0 implies a ov

Borv(w) > 1 implies Sov ov(p),

Bov(u) <1 implies Borv(A) < Bov(u).
for all o, 8 as above. It is clear that, for any A € A, there exists a positive
integer N such that {(\w) = £(Au~1) + £(uw) for some p with |y ov(u)| < N,
for all positive roots . There are finitely many choices of x(p) = (yov(u))y>o0
with |y o v(p)| < N for all positive roots v, and p € A. We deduce that there
are finitely many elements puq, ..., i, such that, for any A € A, there exists u;
such that £(Aw) = €A ) + €(iw). O

A) = aov(p),
A) < aov(p),
A) > Bov(n)
A

A~~~

We choose a finite set X C A as in Lemma 2.16, and we denote by X (1) and
XWy(1) the inverse image in W (1) of the finite sets X and {pw | p € X, w €
Wo}.

Lemma 2.17. The left Ao(1)-module Hr(qs,cs) is generated by the elements
E,(w) for w in the finite set XWy(1), and the R-algebra Hr(qs,cs) is finitely
generated.

Proof. W(1) = A(1)Wy(1) and for w = dwg € W(1) with A € A(1),wp €
Wo(1), there exists u € X (1) such that ¢(Awg) = £(Au~"') + (pwp). Hence
Qrp-1,uwe = 1 and

Eo(w) = E,(Mwo) = Eo(Ap™ ") E,(pwo).
We deduce the first part of the lemma. As the R-algebra A,(1) is finitely
generated by Lemma 2.15, the same is true for the R-algebra Hg(gs,cs). O

We deduce the claim b). The proof of Theorem 1.3 is complete.

3. REMARKS

3.1. When the order of the finite commutative group Zj is invertible in R,
and when R contains a root of unity of order the least common multiple of
the orders of the elements of Zj, (we say that R splits Z), the idempotents of
R[Zy]

(15) ex =127t Y XM
teZy

for all R-characters x of Zi, are orthogonal of sum 1. When X is a Wy-orbit
of characters of Zj, the idempotent ex = erx ey is central in Hr(gs, cs).

Lemma 3.2. When R splits Zy, the R-algebra Hr(qs,cs) is the direct sum of
the subalgebras exHr(qs, cs) when X runs over the Wy-orbits of characters of
Zy. As a R-module,

exMr(qs,cs) = Dyxex exHr(qs:¢s), exHr(qs,cs) =~ X gz, Hr(s, Cs)-
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3.3. When ¢, = 1 for s € S,
Ey,(\)Eo(w) = Eo(Aw) for A € A(1) and w € W(1).

The linear map A — E,(\) from R[T/T,(1)] C R[A(1)] to A,(T/T,(1)) C
A, (1) are algebra isomorphisms and

r(l,¢s) = ZA

weWy (1)

3.4. Set J,(1) = ZSESat‘t‘/N ¢sAo(1). In the generic algebra Hpgi(q,)(ds,Cs),
for any orientation o, we have the product formula (3)

Eo(N)E,(N) = ax x Eo(AN),

and gy = 1 if and only if \,X € A(1)p for some Weyl chamber ©. By
specialization of the indeterminates qs to ¢s, we obtain in Hg(gs, ¢s),

E,ANE,(\) = E,(AX\) if A\, N € A(1)p for some D,
Ey(NE,(XN') € J,(1) otherwise.

We denote by Wy(p) the Wy-orbit of p in X, (T) and by X, »(T') the monoid
of p € X, (T) such that v(u(pr)) belongs to the closure of ®. We denote by
C(u) the conjugacy class in W (1) of the image A of p(pr) in A(1), and we set
E,(u) = E,(A\). We have

E(C(n)= Y. Eou)

' €Wo ()

Proposition 3.5. Let p1, p2 € Xoo(T). In Hr(gs, cs) we have

E(C(u))E(C(p2)) € E(C(u1 + p2)) + To(1).

Proof. We fix the Weyl chamber ©. For another Weyl chamber ®’ we denote
by we the unique element of Wy such that wg/ (D) = D’. For p € X, o(T),
por = wop(p) belongs to X, o/(T). We have p1 o + pi2,0 = (111 + p2)os and

)= E,(us)

Ko

(the sum is not over the Weyl chambers ©’, but over the distinct elements
por)-

E(C(11))E(C(u2)) is equal modulo J,(1) to the sum of E,(u} + pb) over
the pairs (uf, ) € Wo(p1) x Wo(u2) which belong to X, o/(T") for the same
Weyl chamber ©’.

O
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3.6. We recall the involutive R automorphism of Hg(gs, cs) defined by

U(Ty) = (=1)T* for w € W(1),
where Ty = (Ts, — ¢s,) .- (Ts,. — ¢5. )Ty if w=$1...8:u is a reduced decom-
position of w, s; € S (1), u € Q(1), £(w) = r (cp. [7, Prop. 4.23]). Let o
be a spherical orientation attached to a Weyl chamber ®, and o the spherical

orientation attached to the opposite Weyl chamber —®. We recall (cp. [7,
Lemma 5.31])

U Ey(w)) = (=1)" ™) Ey(w) for w e W(1).
Proposition 3.7. If C is a finite conjugacy class of W(1), we have
UE(C)) = (=)D E(0).
Proof. The length is constant on C' hence
UE(C) =) uBo(n) = (1)) Es(p) = (-1)DE(C),
e Hec
as E(C) = E,(C) does not depend on the choice of the orientation o. O

Remark 3.8. When p € X, (T), ¢(C(u)) is an even number (cp. [6]), hence
E(C(p)) is fixed by ¢.

ADDED IN PROOF ON AUGUST 14, 2014

1) The Bernstein relations (4), therefore also Lemma 2.5, Proposition 2.6,
and Proposition 2.8, are valid only for s € (SN S,)(1) where S = Wy N S2f
and not for s € S,(1) [7, Thm. 5.45], hence the arguments for E,(C) being
independent of the orientation o in Proposition 2.7 are not valid.

Proof that E,(C) is independent of o. We reduce to g; = 1 for s € S,
Then, this results from the formula

(16) Ey(w) ' Ey( N Ey(w) = Epew(w™ A w)  (w € Wy(1), X € A(1)),

for the anti-dominant orientation o, because E,(C) is central and Wy(1) acts
transitively on the (spherical) orientations.

2) The proof of Lemma 2.16 must be replaced by:
Proof of Lemma 2.16. Let L = {f(w) : v = ly(w) : ZF = Z | w € W}
where for (A, wp) € A x Wy, £,(Awp) is equal to ([7, Cor. 5.9])
aov(A\)ify € wo(E1), yov(\) —1ifye€wy(Z7).

For w,w' € W, we write f(w) < f(w') if |£,(w)| = |65 (w")] + |65 (w) — £,(w')]
for all v € +. We say that £(w) is minimal if Aw = Aw’ and ((w') < €(w)

— —

implies £(w’) = f(w). As in [4, Lem. 4.2] one shows that the set L, of
minimal elements of L is finite. The finite subset X = Uy ew, X (wo) of A
where Lyin = Uyyew, X (Wo)wo satisfies Lemma 2.16 because

(17) Aw = Aw' and f(w') < l{w) = £(w) = L(w') + L(ww' ).

Miinster Journal of Mathematics VoL. 7 (2014), 363-379



THE PRO-p-IWAHORI-HECKE ALGEBRA OF A REDUCTIVE p-ADIC GROUP, II 379

In the left hand side of (17), ww'~! € A implies £, (ww'~!) = £, (w)—£,(w") for
all v € ©F; with £(w') < £{w) we have €, (w)] = [€(w')| + £, (w) — £ (w')| =

|6 (w")] + £ (ww'=1)|. Apply the length formula [7, Prop. 5.7]
Lw) = Y [y (w)]
yeX+
to obtain (17).
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