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Abstract. We give a characterization a la Obata for certain families of Kéhler manifolds.
These results are in the same line as other extensions of the well-known Obata rigidity
theorem from [16], like for instance the generalizations in [17, 18]. Moreover, we give a com-
plete description of the so-called Kéahler doubly-warped product structures whose underlying
metric is Einstein.

1. INTRODUCTION

This paper is the first of two papers devoted to the classification of complete
Kahler manifolds carrying a real-valued function u whose Hessian is blue in
particular black J-invariant and has pointwise at most two eigenvalues and one
of them has as eigenvector the gradient of w. In this first paper, we consider
the case where u has no critical point, and in [9], we treat the critical case, for
which further constructions are needed. Before stating our main result, let us
review some previous results that motivate our study.

In [16, Thm., p.614], it is shown that the only complete Riemannian mani-
fold (M™, g) carrying a real-valued function v whose Hessian satisfies VZu =
—uId is the round sphere. This result, known as the Obata theorem, has been
generalized on Kéhler manifolds in several papers such as [13, 17, 18]. Namely,
in [17, Thm. 3], the authors proved that a complete Kihler manifold (M?2", g, J)
is biholomorphically isometric to CP™ with holomorphic sectional curvature 1
if and only if there exists a function u whose Hessian has at most two eigen-
values, namely —“TH and —u and where Vu is an associated eigenvector (see
also [13, Thm., p.614] for a weaker version). In [18, Thm. 1], G. Santhanam
proved that, given a function u on a complete Kihler manifold (M?2", g, J)
whose Hessian has the eigenvalues u and %! and where Vu and JVu are
both eigenvectors associated to u, then the manifold M is either isometric to
the complex hyperbolic space CH" of constant sectional curvature —1, or it is
diffeomorphic to the normal bundle of some 2-codimensional totally geodesic
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submanifold M, of M such that the fiber over each point in M is isometric to
the hyperbolic plane H? of constant curvature —1.
The main result of this paper is the following.

Theorem 1.1. Let (M2”,§, j) be a connected complete Kdihler manifold of
real dimension 2n > 4 carrying a function v € C*° (M ,R) without critical points
which satisfies the following three conditions:

o its Hessian Vgu is J-invariant;

e its gradient Vu is a pointwise eigenvector of V2u with some eigenvalue A;

o the subbunble {Vu JVu}L — M is a pointwise eigenspace of V2u with
some eigenvalue fi.

Then the following claims hold true.

(i) If u vanishes at one point ofM then p vanishes identically on M and the
triple (M2”,§, J) is locally biholomorphically isometric to (Ry x Ry x X,
dt? @ p*(t) ds®> @ gs) for some Kdihler manifold (3?72, gs) and p(t) :=
[Vul(t, s, z), where (Ry x Ry x ¥, dt% @ p(t)2 ds? & gs) is endowed with
the complex structure that is naturally induced by the complex structure of
(2271 QagZ)

(ii) If u does not vanish at any point of M then we distinguish the following
two cases.

(a) If n > 2, then up to changing u into au+ b with a,b € R, a # 0, the
function u may be assumed to be positive and the Kdhler manifold
(M?",g,J) is biholomorphically isometric to a doubly-warped product

(R x M1, de* & p()* (0 (£)°G¢ @ ge+)),

where M is a level hypersurface of u, the triple (M*"~1,§,€) is Sasaki
and p(t) = v/u(t,z) for any (t,x) € R x M.

(b)If n =2, then up to changzng U mto au + ¢ with a,b € R, a # 0, the
function u must be positive and the Kdahler manifold (M2” g, J) is
biholomorphically isometric to a doubly-warped product (R x M?"~1
dt® & p(t)%(p'(t)%g¢ @® g¢+)), where M is a level hypersurface of u, the
triple (M?"~1, g, é) is a minimal Riemannian flow that is basic confor-
mally Sasaki and p(t) = \/u(t,z) for any (t,z) € R x M.

Moreover, in this case (,u #0), we have that

0?(uoF)

V|2
Ao F(t,z) = T(t,x) and u:ﬂ.

2u

Note that there is one assumption missing in [9, Thm. 2], namely that the
orthogonal complement of {%, J 6u} is a pointwise eigenspace of V2.

The assumptions of Theorem 1.1 are related to various other well studied
situations. First, it is easy to check that the condition of a J-invariant Hessian
V2u is equivalent to the condition that K := —Jﬁu is a Hamiltonian Killing
vector field with moment map wu, i.e. we have LxJ =0= Lk g and K Jw = du,
where w denotes the Kéhler form of (M,g, J).

Miinster Journal of Mathematics VoL. 14 (2021), 295-321



AN OBATA-TYPE CHARACTERIZATION 297

Next, the condition that the gradient Vu is a pointwise eigenvector of the
Hessian of u, say for some eigenvalue J, is equivalent to the equation dx =2\ du,
where z is the length function z = |K|?. In particular, dx A du = 0, and x has
to be a function of u. Then the local S!-action generated by K is rigid in the
sense of V. Apostolov et al. (cp. [1]).

Our main result is also related to the work of A. Derdzinski and G. Maschler
in [8], where they studied the question whether a given Kéhler metric is confor-
mal to an Einstein metric. As a necessary condition for the conformal factor v,
they obtained that JVwu has to be a Killing vector field and an eigenvector of
the Hessian of u and of the Ricci tensor. They called such functions special
Kahler—Ricci potentials.

Another equivalent way of formulating the assumptions of Theorem 1.1 is
in terms of the distribution Dy spanned by K and JK. It turns out that
equivalently this distribution has to be totally geodesic, holomorphic and con-
formal. The last condition follows from the assumption that the Hessian of u
has at most two eigenvalues. Then our metric g is locally of Calabi type, and
there is a local classification due to S. Chiossi and P.-A. Nagy in [7]. From this
point of view, it becomes clear that our manifolds are also ambi-Kdhler, i.e.
switching the sign of the complex structure J along the distribution D, de-
fines a new integrable complex structure I such that (u=2g,I) is again Kihler.
We recall that there is a classification of compact ambi-Ké&hler manifolds in
the work of F. Madani, A. Moroianu and M. Pilca in [12]. Moreover, uw is
a Hamiltonian 2-form of rank 1, where w is the restriction of the Kahler form
to Dy. Manifolds admitting Hamiltonian 2-forms are studied in a series of
papers of V. Apostolov et al. including a global classification in the compact
case (cp. [1, 2]). Independently, the assumptions of Theorem 1.1 can be refor-
mulated in terms of so-called c-projectively equivalent Kéhler metrics which
have been locally described in [5, Thm. 1.6].

In contrast to the results mentioned so far, our main theorem gives a global
description of the manifold without the additional compactness assumption. In
fact, as a result, the underlying manifold in Theorem 1.1 cannot be compact.
__The idea of the proof of Theorem 1.1 consists in identifying the manifold
M with I x M, where M denotes a level hypersurface of u, via the flow of the
normalized gradient

vi= & € F(T]Tj ),
[Vl
which is geodesic. We show that the vector field & := —Jv defines a minimal

Riemannian flow on (M, g|7+mer+n), whose O’Neill tensor coincides with the

complex structure J, up to some factor depending on the eigenvalue pu.
Conversely, given any Ké&hler doubly-warped product (see Lemma 2.4 for the

existence of such a structure) of the form (I x M1 dt? & p*((p')%g¢ & g¢+)),

where I C R, p,p’ : I — R are positive functions and (M, § = §¢ ® §é+, &)
is Sasaki, a direct computation shows that the function u := p? satisfies the

Minster Journal of Mathematics VoL. 14 (2021), 295-321



298  NicoLAS GINOUX, GEORGES HABIB, MIHAELA PILCA, AND UWE SEMMELMANN

second-order PDE

T2y — o2 b b |§U|QId
U= ’U/(V,I/)-(I/ ®V+§ ®§)+ 2u {&vts
where
S i <o i Vu =
Vu = grady (u), V7u:=Hessj (u), v:= %—| and &£:=—Jv.
U

Hence, the Hessian of u has two eigenvalues that coincide with A and p in The-
orem 1.1. Note that the function p itself has no J-invariant Hessian, whereas
p? does, that is why we consider p2.

The paper is organized as follows. In Section 2, we review some basic facts
on doubly-warped products and characterize those which are Kahler. We recall
that these structures were first introduced by Baier in his master thesis [3],
in order to compute the Dirac spectrum of the complex hyperbolic space. In
Section 3, we provide the proof of the main theorem. In the last section of the
paper, we investigate when the metric of a Kéhler doubly-warped product is
Einstein and discuss the solutions of the differential equation that the warping
function p has to satisfy. In the sequel, we will see that, when u has no
critical points, this equation suffices to reconstruct the doubly warped product
structure on M.

2. KAHLER DOUBLY-WARPED PRODUCTS

In this section, we recall some basic facts on doubly-warped products. We
characterize among these manifolds those which are Kéahler and provide the
necessary integrability conditions. We refer to [10] for more details.

Let M be a manifold and consider the product [10, Lem. 3.1]

(M::I X M,’g::ﬁdt2®gt),

where I C R is an open interval, g; is a smooth 1-parameter family of Rie-
mannian metrics on M and g € C*(I x M,R%). We can easily see that the
Koszul formula implies the following identities for all X,Y € I'(75TM ), where
mo : M — M denotes the projection on the second factor:

V.01 = — wradd, (5(6.)) + 55 50
Vxd; = 59#%()(") + %a_i(X)a“
VxY = Vilty — %%(x, Y)oy,

where 2X = [9;, X| and VM* is the Levi-Civita covariant derivative of (M, gy).
From now on, we assume £ to be a unit Killing vector field; in other words,
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(M, g, é) is a so-called minimal Riemannian flow. For more details on Rie-
mannian flows, we refer to [6]. In this case, we have an orthogonal splitting
TM =R- éEB EL, and the normal bundle @ := fl of the flow admits a so-
called transversal Levi-Civita connection, denoted by V, which is defined for
all X e T(TM) and Z € T'(Q) as follows, cp. [19]:

. _JEZ® X =¢
VXZ'_{(W?Z)Q if X €T(Q),

where ()@ denotes the g-orthogonal projection TM — @ and VM denotes
the Levi-Civita covariant derivative of (M, §). The connection V is compat-
ible with the induced metric g¢é+ on the bundle @, and its curvature van-
ishes along é Recall also that a minimal Riemannian flow is characterized
by the fact that the tensor h := VM, known as the O'Neill tensor [15], sat-
isfies ﬁ(é) =0 and is a skew-symmetric endomorphism field on @ equal to
§(h(Y), Z) = ~14(Y, Z),€) for any Y, Z € T(Q).
We consider in the following the general Ansatz

(2) ge 1= p(t)*(o(t)*ge © k(t, 2)°ge+ ),

where p,0: I — (0,00) and k : I x M — (0,00) are a priori arbitrary smooth
positive functions, and we define on the manifold M = I x M the Riemannian
metric g := dt? @ g;. In the next lemma, we make the Levi-Civita connection
V of (M g) explicit and express it in terms of the transversal Levi—Civita
connection V.

Lemma 2.1. Let (M, g):= (I x M,dt* ® p(t)*(o(t)?g¢ ® k(t,z)?g¢+)), where

(M,f],é) is a minimal Riemannian flow. Then, for oll Z,Z' € T(73Q), the
following identities hold:

Vo, 00 =0, V=0, VgZ= aa—f + pik : 3%’“)27
Ved, = %g, VeE = — (';’)‘;)/at, VeZ =VeZ + %Z + %ﬁz,
V0, = pik : ag’tk)z V€= 5(:)Z+ ?hZ
V27 =V Z + Z(n(k)Z + Z' (k) Z — §(Z, Z') grad" (In(k))
- ()52, 2)€ - 300z, 2" - 552,21,

where h = VM € ['(End(Q)) denotes the O’Neill tensor as above, & := 1 5,
and gradv f= (VMf)Q for every function f.

Proof. Since f is chosen to be equal to 1, the first identity in (1) becomes
Vo,0r = 0, and the other three identities imply that, for all X, Y € I'(m3T M),
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the following relations hold:

_(9X 1 18gt
Vo X = 5+ 50 5 (X0
— 1 713%
S v _ oM _1%
VxY = vy 5ot (X,Y)dy,

with 2 = 2(po) (t)(po) (t)ge + 2285 (¢, 2) (p(t)k

i 2 x =20 yix gé e

(t,x))gé+ and hence
2 9(pk) 1
k ——X

ot po ot
_ o lpo) 2 0(pk) 1

where & = p%é and X = §(X,€)§ + X+, with X1+ € I'(73Q). Note that the
vector field £ has unit length with respect to the metric g. Thus, we obtain
the following identities:

V.0 =0,
0X (,00)’ L 0(pk) 1
Vo X_E—’— g( f)ﬁ@ﬁ o
Vxo = L2 g0x 00 o P08 x,
Sy gty _ (o) 0ok
Vx¥ = VY - (PRg00 05006 + - SERa Y ) a

Now, we need to compute VAX4tY in a more precise way according to the com-
ponents X and Y in the orthogonal splitting TM =R - £ @ Q. Recall the
Koszul formula, valid for any X,Y,Z € T'(T M),
1
(3)  @(VY'Y.2)= S 1 X(9:(Y, 2)) + Y (9:(2, X)) = Z(90(X,Y))
+gt([Xa Y],Z) - gt([K Z]aX) +gt([Z7 X],Y)}
First, we consider the case when Y = £. For X = &, we have gt(Vé‘/Itﬁ, &) =0
and, for every Z € I'(Q),
9:(Vi"E, 2) = —gi([€, 2],) = —3([§, Z),€) = §(2,V¥E) =0
——

0

so that ng‘f = 0. For X = Z € I'(Q), we have g;(V}"*¢,€) = 0 and, for every
7' e T(Q),

(V16 2') = {206, 7)) + £l 2, 2)) ~ Z'((2,6))
+ g:([Z, €], Z/) — gi([&s Z/], Z)+ gt([Z/v 2,6}
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(pk)?
po

= 2 (etom2acz, 2) - L4, 21, 2

- (’ZZ) (6,21, 2) + (pa)g([z/,Z],g))
- %(5@(1 7) - (& 21, 2") - §(€. 2'), 2))
+ 50 02,2 + poi(v i 2)

k .
_ 5(k )gt(Z, 7' + %gt(hZ, z')

so that VMtﬁ S/ kQ hZ. In the last equality, we used the fact that
5 is a Killing Vector ﬁeld with respect to the metric §. Let us now choose
Y = Z' e I'(Q) and compute as follows:

vz = Ve -7

Wy Tz Lz

k pk po
8RB g 0 Ve gy L aié 2 6
_EK) b i
= Z—f—kahZ + V2.

On the other hand, for every Z € I'(Q)), we have

(VY2 €)= —guvie, 2y = W) g 7 77) -

hz, 7'
k (h ) )7

ok

and for any Z” € T'(Q), we compute

G(VY 7, 2" = (207, Z") + 2ol 2", 7)) ~ 2" (9, 7))

+9(12.2'),2") - (2", 2"], Z) + 9((2", Z), Z')}

= SAZ(hP0(Z, 2") + 2 (ohV3( 2", 7))
—Z2"((pk)?§(2,2")) + (pk)*9([2, 2", Z")
— (0k)*9((2', 2", Z) + (pk)*3((2", 2, Z")}

= p*Z(k)kg(Z2', Z2") + p*Z' (k)kg(Z", Z)
— 22" (k)ki(Z,2") + (k) §(V Y 2, 2")

= @gt(z, Z") + @
A0

k
This finishes the proof of the lemma. O

gt(lea Z)

9(Z,.Z") + (N2 Z', Z").
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Let us now recall some standard definitions. On a Riemannian flow (M, g, é),
a function f is said to be basic if é(f) =0, i.e. the function f depends only on
the transversal variables. A transversal Kéhler structure J on a Riemannian
flow is defined as an almost-Hermitian structure J : I'(Q) — I'(Q)), which is
parallel with respect to the transversal Levi-Civita connection. The following
lemma will be useful when considering basic transversal conformal changes of
the metric on a Riemannian flow. Indeed, we will show that, for any confor-
mal change of the transverse metric by a basic function, the flow will be still
Riemannian.

Lemma 2.2. Let (M, g, é) be a connected minimal Riemannian flow, and let
f € C®(M,R) be a basic function. Then (M, g := g¢ ® e*/ - ger, & :=§) is
a minimal Riemannian flow, whose O’Neill tensor is given by h = e~ 2/h and
whose Levi-Civita connection satisfies, for all X € T(TM) and Z € T'(Q),
VxZ=VxZ+XUNZ+Z(HX?-§(X, 2)V],

where @f = gradV f is the pointwise projection of the §-gradient of f onto Q.
Moreover, if J is a transversal Kahler structure on (M,g,é), then J remains
a transversal Kdhler structure on (M, g,€) if and only if either tk(Q) = 2 or f
18 constant.

Proof. First, we make use of the Koszul formula (3) to show that, for any
Z € T(Q), we have

9(V'E, 2) = —g(€, 2),€) = —a(€, 2], €) = §(V¥'E, 2) = 0.
Moreover, thAe Lie derivative of the transverse conformal metric in the direction
vector field ¢ is equal to

Le(e® - ger) = e E(f)ger +e* Le(ger) =0
since f is assumed to be a basic function. In particular, this shows that £ is
a unit Killing vector field with respect to the metric g, and therefore (M, g, &)
is a minimal Riemannian flow. The relation between V and V is proven as
in the usual case by the uniqueness of a compatible transversal torsion-free

connection. To compare the corresponding O’Neill tensors, we just compute
for any Y, Z € T'(Q) as follows:

oY, 2) = ~3ge([Y. 70,6) = ~336(1Y, 70,6) = g, 2) = e g(Y, 2).

Let J be a transversal Kéhler structure on (M, g,é). Then J remains an
almost-Hermitian structure on @ and VJ =0 if and only if, for all Z, Z' € T'(Q),
the following equality holds:

Z(N)JZ' +IZ'()Z - 9(Z,TZ)\f = Z())IZ' + Z'()IZ - 9(2,Z") IV ],
which is equivalent to

Z'(f)JZ —JZ'(f)Z + g(Z,TJZ\V f —g(Z,Z2")JIVf = 0.
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In case rk(Q) = 2, this identity is trivially satisfied for all Z, Z’ € I'(Q), whereas
for tk(Q) > 2, it is satisfied if and only if Vf = 0, that is, f is constant. This
concludes the proof of Lemma 2.2. O

Remark 2.3. Note that if we rescale the vector field é by some positive num-
ber, that is, we consider the metric g := a?gi @ gt for some positive a, then
(M,g,&:= L&) is still a minimal Riemannian flow with O’Neill tensor h = ah.

Let (M, §,€) be a minimal Riemannian flow, and assume the existence of
a transversal Kéhler structure J on Q =¢ L. We consider the almost-Hermitian
structure J on M = I x M defined by setting

- 1~ o~/ 1 « -
(4) T00) =%, J(p—ag) =0, and J| =1,

where p, o, k are the coefficients of the metric in (2). Similarly to [10, Lem. 3.4],
we want to characterize in the next lemma those funCt/i\O/IlS p, o, k for which
(M?m",g,J) is Kihler, that is, for which V.J = 0 holds on M. Note in particular
that M has odd dimension equal to 2n — 1.

Lemma 2.4. Let
(M,§) == (I x M,dt* @ p(t)*(o(t)g¢ & k(t, x)?ge+))

be a doubly-warped product, where (M, g, é) is a minimal Riemannian flow and

pyo:l— R+, as well as k : I x M — R, are smooth positive functions. Let

&= pl § and h := VM§ Furthermore, we assume (M, g, 5) carries a transver-

sal Kdhler structure J, and we define the almost-Hermitian structure J on M

via (4). Then the following statements hold true.

(i) The structure (M2",§7 J) is Kdhler if and only if (k) =0, h = —k. ag’tk) J
and, if n > 2, gradV (k) = 0 (and thus the function k only depends on t
if M is connected) In this case, there exists a basic function C' on M,
which is constant if n > 2, such that a(pk)2 = 2pcC.

(i) Ifh vanishes at a point (forn>2) or vamshes identically (forn=2), then
(MQ",@ J) is Kdhler if and only if it is locally isometric to a Kdhler prod-
uct (Ry x Ry x X, dt? @ p?(t) ds®> @ gx) for some Kdihler manifold (X, gs.)
andiome positive function p on I (that plays the role of po).

(iii) If (M2",§,J) is Kéhler, h 0 on M and k only depends on t, then, up
to rescalmg é, turning t into —t or setting p := pk, as well as T := ‘,:, we
have p' = o on I and k =1, hence h = —J on M. In particular, (M, §,¢)
is Sasaki. .

(iv) If (M?",q,J) is Kdhler, h #0 on M and k is of the form k(t,x) =
k1(t)ka(z) (hence n=2), then, up to turning t into —t, rescaling £, setting
p = pk1, as well as T := ,?—1, we may assume that k1 = 1 and there ex-
ists a basic positive function C on M such that o' = o on I and ky =+/C,
hence h=—C-J on M. In particular, (M3,q := Gge® C- ggl,é) is Sasaki.
In this case, we call (M,f],f) basic conformally Sasaksi.
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Proof. (i) We first compute vJ using Lemma 2.1. We keep the same notation
as in the proof of Lemma 2.1. Let Z, Z’ € T'(73Q) be arbitrary sections. First,

Vo, (J8;) — J(Va,0:) = —Va,E+0=0

as well as Vg, (J€) — J(Va,£) = 0. Moreover,

S i e o OJZ 1 k), =0Z 1 d(pk)
Vo, (J2) = (V. Z) = ot +pk ot 7z J(3t+pk ot Z)
)
_[Q,J}Z—O,

showing that 63”7 = 0. Now, differentiating in the direction of &, we first
obtain

~ ~ ~ o~ ~ / ~
Ve(J0y) — J(Vedy) = — Vet — (%)Jg =0
as well as Vg(J{) (ng) = 0. Furthermore, using V.J = 0,

Ve(JZ) — J(VeZ) = Ve(JZ) + %f)JZ + %BJZ

J(v Z+ %Z + th)

g ~

Thus, 655: 0 if and only if [h, J] = 0 on M. It remains to look at differenti-
ation in transversal directions,

Va(J0) - T(V20) =~V - (- 0 2)

_ k), o, 1 00k
ok pk2hZ pk Ot JZ;

in particular, we have (VzJ)d; = 0 for all Z € T'(3Q) if and only if £(k) =
and h=—%. 8” k J; note that the latter condition implies [h, .J] = 0. Slrmlarly,

o

T 4(JE) — J(V56) = pik . @z - j(i]f)z n %ﬁz)
_ k) 1 9pk), o
SR A T 2 k?JhZ

s0 (VzJ)€ =0 for all Z € T(3Q) if and only if £(k) = 0 and 7 = —& . 2ek) j
which is precisely what we had before. Last but not least, assuming the latter
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conditions are fulfilled, we obtain

Vz(JZ') = J(NzZ') =V (JZ") + Z(n(k))JZ' + J Z'(n(k)) Z
—§(2,J7") grad¥ (In(k)) — £(In(k))g(Z, T Z')¢

Oln(pk)
ot

—J(VzZ") - Z(n(k)JZ' — Z'(In(k))J Z

+§(2.2')J (grad" (1n(k))) + €(n(k))§(Z, Z')0,

0 1n(pk)
ot )

=JZ'(In(k))Z — Z’(h}(k))JZ +9(JZ,7") gradY (In(k))

+9(2,2")J(gradY (In(k))).

— 002,126 - 32,920,

+—G(hZ,2")0; —

kzg 9(2,2")¢

We now want to know when the right-hand side of the last identity vanishes.
In case 2n — 2 =2, i.e. n = 2, it trivially vanishes pointwise for all Z, Z’ € Q.
In case n > 2, assuming grad" (In(k)) to be nonzero at a point, we may chose
for instance Z € Q such that Z, JZ, gradV (In(k)), J(grad¥ (In(k))) are linearly
independent, in which case, it can be deduced from the vanishing of all terms in
the right-hand side of the last identity that g(JZ,Z’) =0 for all Z’' € @, which
is a contradiction; thus grad" (In(k)) must vanish identically for n > 2. To sum
up, we have shown that VJ =0 on M if and only if £(k) = 0, h= —g %J
and, if n > 2, grad¥ (k) = 0—and hence k only depends on t if M is connected.

(i) If h = 0 at a point if n > 2 or identically if n = 2 and if (M §,.J) is Kéhler,
then, by (i), A must vanish identically and the following identity (gtk) =0
holds. Hence, pk is a function depending only on z, p(t)k(t,xz) = D(x). If
n > 2, as k depends only on ¢ as we have already shown, then D is constant,
and in this case, we have § = dt?> @ p?(t)o? (t)gé @ D%@EL. Rescaling g¢+ and
replacing po by p, we obtain the desired product form. If n = 2, then D may
be nonconstant, but £(D) = 0, and in this case, (X, gx) is a surface (hence any
Hermitian metric on ¥ is already Kéahler).

(i) If & only depends on t and (M, §,.J) is Kihler, then we may assume,
up to replacing p by pk and o by 7, that k = 1. Since neither A nor J depend
on t, there exists a constant C' such that & = C. If C =0, then h =0 and
we are back in case (ii). If C' # 0, then, up to rescaling 5, we may assume
that C = +1 and, up to turning ¢ into —¢, that C = 1. Then p’ = ¢ on I, and
h=—Jon M.

(iv) In case k is not necessarily constant in = (and thus n = 2), there exists
a function C' on M, which must be basic since both h and J are, such that

g apk = C, that is, (at) = 2po - C on M. This is equivalent to

(p(t)k(t,z))* — (p(0)k(0,2))* = 2C(z) -/0 p(s)o(s)ds forall (t,z) € I x M.
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This shows that k2 is the sum of two functions that are products of a function
of ¢ with a function of z; still £k must not be itself in product form. In case k
is of the form k(¢,x) = k1(t)k2(z), then we may assume as above that k1 = 1
(up to changing p and ¢ by multiplying p by k; and o by kl—l) The identity
% = 2po - C yields p'k3 = o - C. If p’ vanishes at one point, then C must
vanish identically, and then h = 0, which is again case (ii). Otherwise, up to
turning ¢ into —t, we may assume p’ > 0 on I, from which ko (z)? = Z(t)-C(x)
follows; in particular, %/ is constant. Up to rescaling é , we may assume that
p' =0 on I, from which ko(z)? = C(x) follows for all z € M (showing on the
way that C' must be positive) and therefore ko = V/C. The last claim follows

from Lemma 2.2. This concludes the proof of Lemma 2.4. O

Remark 2.5. The product form assumed for the function & in Lemma 2.4 (iv),
is fulfilled in the case where we apply this result; see Theorem 1.1.

We end this section by characterizing the completeness of doubly-warped
products. We will consider the case when grad¥ k=0 (or k= 1, up to rescaling
the metric) in the expression (2) of the metric since these cases naturally arise
in our classification results (see Theorems 4.1 and 1.1).

Lemma 2.6. Let (M, g) = (I x M, dt? ® p(t)?(c(t)?ge ® ge+)) be a doubly-
warped product. Then (M,gq) is complete if and only if (M, g) is complete
and I =R.

Proof. The proof follows that of the analog result for warped products [4,
Lem. 7.2]. Assume (M,g) to be complete. Then (M, §) must be complete
because it is a closed subset of M and the metrics g; := p(t)? (o (£)?g¢ D ge+)
and g are equivalent for any fixed t. Moreover, because the integral curves
of 9; are geodesics, according to (1), then I = R must hold. Conversely, as-
sume (M, g) to be complete and I =R. Let ((t,,,))n be any Cauchy sequence
in (M,g); then, because the distance between projected R-components is any-
way smaller than the distance associated to g, the sequence (t,), must be
a Cauchy sequence in R and therefore must converge to some 7' € R. But
since, furthermore, the sequence (t,,), must be bounded, so must be the coef-
ficients p(t,,), o(t,) of the metric g;, independently of n; therefore all (g, )n
are uniformly equivalent to §. As a consequence, the sequence (z,,), must be
a Cauchy sequence on (M, §) and therefore must converge to some z € M.
Because, again, (g¢,)n are uniformly equivalent to g, the sequence ((t,, Zn))n
must converge to (T, z) € M, which concludes the proof. O

3. PROOF OF THE MAIN RESULT
In this section, we give the proof of Theorem 1.1.
Proof. Let v := % € I‘(TM) and £ := —Jv. By assumption,

Viu=A " @vee @& +p Idg,,.

Miinster Journal of Mathematics VoL. 14 (2021), 295-321



AN OBATA-TYPE CHARACTERIZATION 307

on M for smooth real-valued functions A, 14 on M. Fix ¢ any value ug of u, and
let M :=u"'({uo}), which is a real hypersurface of M with induced metric
g = g|,,- Since by assumption Vu is_a pointwise eigenvector for VZ2u, the
vector field v is actually geodesic on (M J), and Proposition A.1 shows that
the map F': R x M — M, given by the flow of v, is a diffeomorphism pulling
g back onto dt? @ g;, where g; := (F})*g|y0 . 1S @ smooth one-parameter-
family of Riemannian metrics on M that we next determine more precisely. In
the proof of Proposition A.1, we show that f :=wuo F only depends on ¢. Let
to be such that f(to) = (u o F)(to) = uo. Moreover, we have f'(t) = |Vu|p )
and, since v is geodesic, f(t) = Ao F(t,z). Therefore, as [§,v] = ﬁf, which
can be shown by a straight-forward computation, we have

%((Fs)*é)%(zﬂs:f: (5. (|vA |5))Fm @)

2 P (Fo(@) - (F)ab)r o)

- 9
= o Ferl®) ()0
- LB (F)-9m 0
Integrating, we obtain
©) ()-8, = [ T 04 et )
:exp</t0t J}I:((_S/I))d ) ¢(Fyy (2)), where s = s — tq
)£y o)

(t)z. On the other hand, we have,

In particular, this leads to (F;g)(§,&) = ;:(0)

forall X, Y € TM,

(Lyi)(X,Y) = 25(Vx1,Y) = ——2u(X,Y)

[Vu
= (A= w)g(X,8)g(Y. &) + ng(X,Y)).
|Vl
Hence, as in Proposition A.1, we get for all X,Y € {£, v} that

0 2
GE F(t)

in particular, after integrating, we find

(F;5)(X,Y) = exp <2 /0 %(:)w)
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Therefore,

~ (f")%() "poF(s,x)
6 Frg=di?® 2 —~gc®exp|2 | ———"2ds ) ges,
) t (PO o P )%
where we recall that g is the induced metric g = g|,, and g = g¢ ® ger. We
check now that (M, g, &) is a minimal Riemannian flow. Firstly, since, for all
XeTM,

- 1 ~ ~ 1~
(7) Vxv = —=—(Viu— g(Viu,v)v) = = (Viu — \g(X,v)v),
[Vu [Vul
we have
Vet = Vi dv = F(Viw) = ——V2u= -2
§ Jv Jv |%u| v |%u|

and hence ngg = 0. Secondly, for all X € TM N &L, we have

(8) Ve =Vxé+g(Vxr, &) v =—J(Vxv) = ——LJX.
— Ve

Thus, VM¢ is skew symmetric and vanishes on ¢; therefore (M, g, €) is a min-
imal Riemannian flow, and its O’Neill tensor is given by h = ——<2—J. In the
following, we denote by V the transversal Levi—Civita connection of the flow.
Hence, both connections are related by VeZ = VM Z — V)¢ and V7 Z =
VY Z + g(VEE, Z)E for all sections Z, Z' of Q == {&, v}t — M. Asfor J = J
on @, we have, for every Z € I'(Q),

Ve(JZ)=Ve(JZ)+ g(NVev, JZ)v — VY,
————

0

= J(VeZ) -V},

= J(VeZ —VHe) since [VMeE J] =0
= j(VéV[Z — VH¢)  since g(ﬁgZ, v)=0
= J(VeZ)

and, for all Z' € Q,
V2 (JZ) =N (JZ) + g(N v, JZ)v + g(V e, T Z)¢
=J(V22)+ rig(zc JZ)w ~ ﬁ“—'guzc JZ)¢
u

Vul
7S M / H /
:JVIZ+~— Z,Zl/—~— JZ,Z
(Vo2 + 2ol 2y = =002, 2)¢)

=J(Vy2).

Therefore, VJ = 0, and hence J defines a transversal Kahler structure on
(M,g,¢).

Miinster Journal of Mathematics VoL. 14 (2021), 295-321



AN OBATA-TYPE CHARACTERIZATION 309

In the following, we show that the pullback of the almost complex structure
F*J on R x M maps £ onto 0, 0; onto —¢§ and coincides with J on Q. For all
(t,z) e Rx M and X € R® T, M, we have

(F*J)(t0)(X) = (dt.0) F) ™ © Tpt,0) © (dit.a) F)(X).
For X = 0, we have
(F*j)(t,w)(at) ( ta:)F)_l o jF(t,w) o (d(m)F)(at)
(d(t o F) 7 o Tr(a(0r)
—(dit,2)F) " (Erita)

—(F-tx8)
e f0),
T §x = —&(t,2)
as well as
(F* ) 1,2y €)= (de,eyF) ™1 0 T () © (die,ey F) (€t
"0 - _
= ?l((t)) (d(t7$)F) 'o JF(t,w)((d(t7$)F)(€z))
f'(0)

(dit.e)F) ™ 0 Tr(e2) (Fesl) 7y (o)

~ "(t
f/(t) (d(t,r)F)_l ° JF(t,z) (;T(O)) ' gF(t,r))

= (d(t,z)F)’l((?t) = 0.

To show that (Ffj)| o = J, we compute the Lie derivative of J in v-direction;
for every X € TM,

(L, NX = [v,JX] = I, X] = J(V,X) — 6;Xy —Jv,X] = JVxv —Vixv

m_1 B 7y L N5
Tl (JVXu Ag(X, V)JV) |Vu| (Vigu—Mg(JX,v)v)
A
" (9(X, )¢ + g(X, §)v);

therefore, £,J = ﬁ (VP @E+E ®@v). Now, for any (t,x) € R x M and
ZeT,MnEL,

S EINZ) o, = e (BET) L (22) = (L) (A B Z2) = 0

because F} preserves Q. We deduce that (FyJ)(Zy) = Jo(Zy) = J Zy; therefore
(F*J)|, = J, as claimed.

Summing up, we have shown that, on the product manifold I x M, the
metric F;§ is determined by (6) and the complex structure F*J has the form
as in (4). Moreover, the manifold (I x M, Fy'g, F*J) is Kéhler, and the triple
(M, g,§) is a minimal Riemannian flow equipped with a transversal Kéhler

Miinster Journal of Mathematics VoL. 14 (2021), 295-321



310 NicorLAs GINOUX, GEORGES HABIB, MIHAELA PILCA, AND UWE SEMMELMANN

structure J = J. Recall that g = g¢ D ger is the induced metric g,,. In the
following, we will apply Lemma 2.4 in order to obtain the classification result.

We begin with the case when n > 2. We write F}'g as a doubly-warped
product in the following way:

Fyg=dt* @ p*(t)(0® (t)ge & K*(t, 2)ges ),

where p, o, k are positive smooth functions that satisfy the system

2 2 ()2
P (t)a (t) - (f/)g(o)a
2 2 — ex "poF(s,x) s

for all (t,z) € R x M. Therefore, as the hypotheses of Lemma 2.4 are fulfilled
for the flow (M, g, 5) with § = g and € = &, we get the following cases.

To show (i), we assume that u vanishes at one point of M. Then, according
to (8), also h vanishes at that point. Lemma 2.4 (ii) then implies that h, and
thus also u, vanishes identically. In this case, up to replacing pk by 1 and po by
p, We obtaln from the above system that p = —L . Furthermore, up to replacing
u by 70y 0 u which does not change the statement of the theorem, we can assume
that f (0) = 1. Thus, we obtain p = f’, that is, p(t) = [Vu| o F(t, z) for all
(t,z) € R x M and the trlple (M 2", g,J ) is locally biholomorphically isometric
to (Ry x Ry x X, dt? @ p?(t) ds? & gx) for some Kihler manifold (¥2"72, g5)
and some positive function p. Note that the eigenvalues A and p may be equal
(to 0), which corresponds to the trivial case when Vu is a parallel vector field
on M. .

To show (ii) (a), we assume that p does not vanish at any point of M. In
this case, it follows from Lemma 2.4 (i) that the function k only depends on ¢
S0 that (t,x) — po F(t,x) only depends on ¢ as well. Setting p := pk as well as

7 := %, we can assume that k¥ = 1. Furthermore, Lemma 2.4 (iii) implies after
rescaling ¢ and turning ¢ into —t¢ (which amounts to changing u into —u) that
p' = o and thus h = —J on M. Hence, the first equation in the above system
allows to get

!

f'(0) f10)’

or equivalently p?(¢ ) p%(0) = ,2 ) f(®) (0)) for all t € R. Thus, up to
: 2

replacing u by 5 ) —ug) +p E 0), Wthh doeb not affect the assumptions

on u, we may assume that f’(O 2 and f(0) = p(0)? = 1; in particular, we
obtain p? = f and thus p = v/f = Vuo F. We also deduce that

=

2
(pp')? =( ) , thatis pp’ =

No F(t,z) = VZu(v,v) o F(t,2) = f"(1),

o B0 = LOIO PO TP,

o) 2f®) | 2u
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Now, we consider the case when n = 2. When p vanishes identically, then,

as before the triple (M 2”, g, J) is locally biholomorphically isometric to
(R; x Ry x X, dt* @ p(t) ds® @ gx)

for some surface (X2, gs) and some positive function p. In the following, we
consider the case when p does not vanish identically on M. Let zo € M be
a point where u(xg) # 0. Up to changing the regular value ug of u, we may
assume that o € M = u™!({uo}). This time, we write je. = m - gesr for
some positive basic function § that will be later determined. From Lemma 2.2,
the triple (M, § := g @ B(i)Q ger, & = &) is still a minimal Riemannian flow
and, as n = 2, is also endowed with the same transversal complex structure
J = J. Now we apply Lemma 2.4 to the flow (M, §,€) and put F;*§ under the
form dt* & p(t)? (o (t)?ge @ k(t,2)*ger ), where p, 0, k satisfy

N2 t)

sz — U

P00 () = sy
(9) t ILLOF(S 33)

PR (a) = 20) o2 [ 2D ).
0 f'(s)

Lemma 2.4 (i) implies the existence of a basic function C' on M such that
A(pk)> _ 2950 i ticul
=& = 2poC; in particular,

P2k (t, z) — p*(0)k*(0,x) = 2C(z) - /0 p(s)o(s)ds forall (t,z) € R x M.

But fot p(s)o(s)ds = (t} (({ 9 by the first identity of (9) so that

(10) PP (R (t,x) — p*(0)k*(0, 2)
f(t) — f(0)
=2C(z) - —————= forall (t,x) € R x M.
@ " (t,2)
Another consequence of (9) is that pu and C have the same sign everywhere;

we have the identity fo “OF(i)z) ds = In(p(t)k(t,z)) — In(B(x)), from which we
deduce that

2
poF(ta) = /1) 5o G (t.0)
P00 o PO
“ e Y I O 7

as we recall that f'(t) = |Vu|F(t7$). Therefore, we deduce that C(zg) # 0 be-
cause of u(xo) # 0. Note in particular that f (or, equivalently, «) is necessarily
bounded below or above by identity (10); indeed, as (p(t)k(t,70))? > 0, we get

(p(0)k(0,70))*f'(0)
20(1‘0)

f(t) = £(0) -
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if C(zo) > 0 and, if C(zg) < 0, we have

70y < 7(0) - LR Ei;’jf 1'(0)

Hence, up to changing u into —u =+ ¢ for some ¢ € R, we may assume that

wo = F(0) = (p(O)k;(g(xxoo))) f'(0)

As in this case C(xg) > 0, hence C' > 0 on some nonempty open neighborhood
U of xg in M. Therefore, we may set

2C(x) f(0)
f"(0)
Since (p(0)k(0,z))? = B(x)? from the second identity in (9) evaluated at t = 0,
then (10) implies that (p(t)k(t,z))? = 2C(z) f((o)), in particular, & is in product
form. Again, Lemma 2.4 (iii) together with a possible further rescaling of £ and
a change of u info + (0) u yields the splitting result in (ii) (b) on U. Furthermore,
as above, we have p = | 2:1‘ on R x U. Now we show that the closed and
nonempty subset of M where |[Vu|? = 2uu is also open. Indeed, if [Vu|? = 2uu
is satisfied at some point (¢,z) € R x M, then, since we know that u >0 on M,
we also know that u(z) > 0 and thus C(z) > 0 because sgn(C) = sgn(u), and
therefore C' > 0 on some open connected neighborhood V of z in M. Repeating
on V the argument performed on U, we obtain that |Vu|? = 2pu on R x V.
This implies that |[Vu|? = 2uu holds on M by connectedness. This concludes
the proof of Theorem 1.1. O

for all t € R.

and f>0.

forall z € U.

pBlx) =

Remark 3.1. Notice that, under the assumptions of Theorem 1.1 and in case
w # 0, the Hessian of u satisfies

IV 2

Viu= Vv, v) (P @v+8 @€+ Tde

In particular, the two eigenvalues A and p cannot be equal in that case. Namely,
assuming by contradiction that A = u, then we know from Theorem 1.1 that
without loss of generality w can be assumed to be p051t1ve on M. Then it follows
from the above established identities that f”(¢) = £ f(( ) for all ¢t € R, where
f(t) :==uo F(t,x) for all (¢,2) € R x M as in Theorem 1.1. Thus, 2’} J},
which further yields 21n f’ = In f + const. We obtain (f)? = c¢f for some
positive constant ¢ and therefore f(t) = (at + b)? for some real constants a, b.
But, because of u > 0 everywhere, the coefficient ¢ must vanish, and therefore
f and hence v must be constant, contradicting the fact that p # 0. Note that
the above computations show that A = 1 # 0 is still possible locally on M.

Corollary 3.2. LeL(MQ", g,J) be a complete Kdhler manifold admitting
a function u € C*°(M,RZ) with

o |Vul=2u,

o V2u=2u( @&+ ®@v+Idr).
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Then (Mgn,g, J) is biholomorphically isometric to a manifold of the form
(R x M2~ dt? & e*(e? g¢ & ger)), where (M?"71,§,€) is Sasaki.

Proof. Note that, by assumption, u has no critical point (because of the first
condition and u > 0 everywhere), V2y has pointwise two eigenvalues, 4u and
2u with ker(V2u — 4u Id) — Span(Vu, JVu). By Theorem 1.1—that applies
since by assumption J—L = 2u—it suffices to notice that f(t) := u(F(t,x))
satisfies f(t) = f(0)e?! But this obviously follows from the identities f'(¢) =
\Vu|(F(t,z)) = 2u(F(t,x)) = 2f(t). Choosing M :=u~1({f(0)}), we see that

O

we may choose f(t) = e?* and conclude with Theorem 1.1.

Example 3.3. The generalized Taub-NUT metrics of Iwai-Katayama on C? as
described in [14, Ex. 2.2] are Ricci-flat doubly-warped product K&hler metrics
and therefore are a particular case of our description in Section 4.

4. KAHLER-EINSTEIN DOUBLY-WARPED PRODUCTS

The purpose of this section is to give a characterization of the Kahler doubly-
warped products of the form (M = I x M2~ G :=dt? & p*((p ")2Ge ® ger), J),
whose underlying metric g is Einstein. Recall first that (M, g, 5) is a minimal
Riemannian flow endowed with a complex structure J and that the complex
structure J on M is always the one given by (4). According to Lemma 2.4 (i),
and since here k =1 and o = p’, the complex structure J is Kahler on M, and
we have h = —J; hence (M, §,&) is a Sasakian manifold. We will show in the
sequel that the Einstein condition on (M g) is equivalent to (M, g, 5) being
n-Einstein and p satisfying an ODE of order 3. Depending on the sign of the
Einstein constant, we will provide solutions of this ODE that in some cases
might not be complete.

In the following, we will compute the Ricci curvature of (M g) in terms
of the transversal Ricci curvature which is associated to the transversal Levi-
Civita connection V, by using the formulas in Lemma 2.1. For this, we denote

by (ej)1<j<2n—1 & local orthonormal basis of T'M with respect to the metric g;
1

with eg, 1 =€ = 5 f Then, with our convention, RX y = [VX Vy] V[Xy]
for all X,Y, we compute

g(éat,fga 875) = _g(éat,fatv 5)

= —3(Vo,Vedi, &) + 3(Ve Vo0, €) + §(Vio, 0 €)
N——"
0

= 3(%a (LLe).¢) - L5700
- e e (5 e
()’

pp
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and for every j € {1,...,2n — 2}, we similarly compute

/!

= o
g(Rat,ejej’at) = _?g(ejvej)'

Therefore,

" /! /11

i 2

(@1, 00) = —(2n — 2) L — 122) &

p pp

Note that, because (E . 7, j) is Kéhler, we also have by J-invariance of the
Ricci-curvature that ric(§, §) = ric(dy, 9;), as well as ric(§, 9;) = 0. For every
Z € {¢,0:}+, we now compute ric(Z, ;). Indeed,

§(§Z7ej ej,0) = —§(§Z7ej 0O, €5)

= —5(%Zﬁej O, e5) + 5(6ej V26, ej) + 5(%[2,81-]51&, e;)

/ - / ~
= LGV ses,e5) +2G(Ve, Z,e5) + T(Vize 1000 ;)

p—— 1L

0
- 25([Z7 ej]a 5) g(VEata ej)
————
P o

= ;g([eja Z)e5) + ;9([1 ejl,ej) =0,

and similarly, we obtain ﬁ(ﬁz,gf ,0r) = 0 so that r'Tc(Z, ;) = 0. Consequently,
by the J-invariance of Ricci-curvature, we also have ric(Z,§) = 0. The last
term to be computed is ric(Z, Z,,) for any Z. Similarly to above, we find
9(Rz,6,00,2) = §(Rz¢§,Z) = —£-9(Z, Z). In order to compute the remaining
curvature term, we take for simplification e; and Z to be parallel with respect
to the connectionA@ at some point x (in this case [Z, e;], = —24(hZ,e;)&x, s0
it is collinear to £,). Then, as h = —J, we have, at the point x,

§(§Z7€j €5, Z) = 5(6Z65j €5, Z) - g(eej 6Zejv Z) - g(e[Z@j]eja Z)
~ ~ I~
= E(VZ (Vejej - %g(ej, ej)at) : Z)
/ /

_ g(%ej (@Zej n %g(JZ, e;)€ — %5(2, ej)at) : Z)

_5([Z7 e]]aé-)g(%&ejaz)
= g(@zﬁeje‘j, Z) — (%)2§(Z, Z) — 5(@%@26]', Z)
/Iy 9 /9 /
~(8) 50z + (5) 82,00 25 Vi Ie;, 27
p/

=GB en2)+ (5) @2,y ~ 5(2.2) = 300 Zuey)
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For the last identity, recall that RZZ, =[Vz,Vz] - @[Z’Z/] forall Z,7' € Q =
{¢,0,}+. Finally, we deduce that

2n—2 R /<92
(7, Z) = E:j (3B 02+ (5) @20 = 3(2.2) = 3307 Z,¢3)"))

p”~
—-2—qg(Z,Z
5 (Z,2) 2

=1icV(Z,2) - 2(p””t+(p/))§(z, Z).

To sum up, the (1, 1)-Ricci-tensor of (M ,g) is given pointwise by

. 2 1 /! /11
Ric = —(% + ’;—,) (0o, e k)
1o.o  rpp’ +n()
©® (,02 Ric 2( p2 ) Id{f,at}L)'

In particular, the manifold (I x M?"~1 dt? & p*((p')%g¢ ® gé+)) is Kahler—
Einstein if and only if there exists a constant C' € R, which is equal to %,
such that

/!

p pI/I
)_ LA —

12 - )

—(2n+1

pp” +n(p)?

1 ~
—Ric” - 2(22 =]
p p

) Moy =C Hdigge,
that is, such that

{ pp"" = —(2n+1)p'p" — Cpp/,

(11) .
RicY = (2(pp" + n(p')?) + Cp?) - 1dic 9,3+ -

Note that, by the first equation, the factor 2(pp” + n(p’)?) + Cp? = 2c is con-
stant on I (its first derivative is twice the difference between left- and right-
hand sides of the first equation). This shows, in particular, that the mani-

fold (M, g,&) is transversally Einstein, and therefore it is n-Einstein, as it

is Sasakian. Notice also that c¢ is an integration constant, which is equal to

Scal®
4(n—-1)"

To solve this ODE, we consider the change of variables z := (p')? + €p?,
where £ denotes the sign of Scal = 2nC| i.e. it is defined as follows:

-1 if C <0,
€= 0 ifC=0,
1 ifC>0.
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After rescaling the metric in such a way that C = 2(n + 1)e, the derivative

2 =2p'p" + 2epp’ can be computed as follows:
C /\2
z':2p'(§ — Ep—n% +€p)
/\2 / /
= 2/)'(E —enp — nﬂ) =22 —onl ..
p P p P

Solving this linear first-order ODE in z, we obtain
y = E 4 Dp72n
n

for some constant D € R. In turn, this leads to the following nonlinear first-
order ODE in p since we recall that p’ > 0:

(12) o= \/—8p2 + Dp=2n + %

In the following, we assume p to be defined at ¢ = 0 with p(0) > 0. In order
to study the solution of this ODE, we distinguish three cases, according to the
sign of the constant D, as follows.

(1) If D =0, then equation (12) can either be solved explicitly or it admits
no solution, dependi/rig/ on the sign of €.

If € = —1, i.e. if Scal is negative, then the ODE (12) becomes p’ = {/p? + £
and it always admits an explicit maximal solution, which is given as follows,
according to the sign of ¢, i.e. the sign of transversal scalar curvature Scal®.
o If ¢ <0, then p(t) = /=% - cosh(t + arg cosh(p(0),/—Z)) solves the ODE

(12) on the maximal interval Iyax = |— argcosh(p(0)y/—=2), c0[. For es-
tablishing this maximal interval of definition, we use the fact that both
functions p and p’ must be positive.

If ¢ = 0, then p(t) = p(0) - ! solves the ODE (12) on R.

If ¢ > 0, then p(t) = \/Z sinh(t + argsinh(p(0),/Z)) solves the ODE (12)
on the interval I'nyax = |—argsinh(p(0),/2), ool.

If £ = 0, i.e. if Scal vanishes, then the ODE (12) becomes p = /=< Hence
it has no solution if ¢ < 0. However, for ¢ > 0, the functlon p(t) = t\/— +p(0
solves the ODE on R, but p is positive only on I« = \/_p

If ¢ = 1, i.e. if Scal is positive, then the ODE (12) becomes p’ = % — p2.
Hence it has no solution with positive derivative if ¢ <0. For ¢ > 0, the function

= \/Esin(t + arcsin(p(0),/Z)) solves the equation on the maximal interval
ImaX = ]—arcsin(p(0),/2), 5 — arcsin(p(0)/Z)[.
(2) If D < 0, then we consider the function

f:10,00[ = R, f(x):=—ex?+ Dz~ 2" + %,

whose derivative is given by f/(z) = —2z(e + nDz=?""2) for all z > 0. Ac-
cording again to the sign of €, we distinguish the following three subcases.

If e = —1, then f/(z) > 0, for all z > 0, so the function f is increasing on
10, o0[ with lim, ,o+ f(z) = —oco and lim,_,o f(2) = co. Hence, there exists
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a unique po € )0, 00[ with f(z) <0 for 0 < = < po, f(po) =0 and f(z) > 0 for
x > po. Necessarily, the solution p satisfies p > pg, and actually p > py unless
p is constant, which is excluded because p’ is positive everywhere. Integrating
from 0 to some positive ¢, we obtain

/p(t) dp _
o VPPFDTTES

Since

1 1
~po ’
V() f'(po) - (= po)
the solution p runs backward to po in finite time. On the other hand, because
of —4— ~o I, the solution p becomes infinite only in infinite time. Summing
up, we conclude that, in this case, the maximal solution p of the ODE (12)
is defined on some time interval of the form I.x = Jto, oo[, where tg < 0,
and fulfils lim;¢+ p(t) = po, limy_,o0 p(t) = 0o and limy p'(t) = 0 because
fpo) = 0.

If e =0, then f'(z) = —2nDx=2""1 > 0 for all x > 0, so the function f is
increasing with lim,_,o+ f(7) = —o0 and lim, o f(2) = £. Hence, if ¢ <0,
there is no solution of the ODE (12). If ¢ > 0, then there exists a unique po
with f(x) <0 for 0 < z < po, f(po) =0 and f(z) > 0 for z > pg. The same
argument as in the previous case shows the solution p necessarily satisfies
p > po. Integrating again from 0 to some positive ¢, we obtain

/P(t) L .,
o VBT

Since

1 1
~po )
V(@) f'(po) - (x — po)

the solution p runs backward to pg in finite time. Summing up, we conclude

that, in this case, the maximal solution p of the ODE (12) is defined on some

time interval of the form ]to, o[, where to < 0, and fulfils lim; ¢+ p(t) = po,

limy o0 p(t) = oo and limy ¢+ p'(t) = 0.

If e =1, then f defined above attains its maximum at py = (—nD)ﬁ,
where the function takes the value f(pg) = £ — 2t (—nD)n;H. This leads us to
consider the following subcases, according to the sign of f(pg), or equivalently,
according to the value of ¢, as follows.

o Ife<(n+ 1)(—nD)%+1, then f(z) < f(po) < 0; hence, in this case, the
ODE (12) has no solution with positive derivative.

o Ifc>(n+ 1)(—nD)n;+1, then there exist p1, p2 such that 0 < p1 < pg < p2
and f(p1) = f(p2) = 0, which implies that, in this case, the solution p of
the ODE (12) is bounded as follows: p; < p(t) < p2. Integrating again
from 0 to some positive ¢, we obtain

/P(t) dp _,
o V=E+DpP L
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Since

1 1
JI@ " T @)

the solution p runs backward to p; in finite time. Similarly, since

1 1
~p2 ’
V(@) f(p2) - (z = p2)
the solution p runs to ps in finite time. Summing up, we conclude that, in
this case, the maximal solution p of the ODE (12) is defined on some
time interval of the form Iax = |t1, 2], where ¢ < 0 < t3, and fulfils
limg 4+ p(t) = p1 and limy 5 p(t) = p2 .

(3) If D > 0, then one may proceed similarly to the analysis in case (2), also
by remarking that the function —f(z) = ex? — Dx=2" — < is the same as in
case (2), as —D < 0.

Summing up, we have shown the following result.

Theorem 4.1. Let (MQ",g) =(Ix M?" 1 dt* & p?((p')?g¢ ® gét)) be a Kihler

doubly-warped product, where I is an open interval containing 0, p,p’ : I - R

are positive functions and (M,g,é) is Sasaki. Then the following assertions

hold.

(i) The manifold (M n_g) is an Einstein manifold with Einstein constant
2(n+1)e, where e € {—1,0,1}, if and only if there exist constants ¢,D € R
such that

pI:\/—EpQ—FDp_Qn‘FE,
n
RicY = 2¢-1dg,

where Q = {&,v}+ and V denotes the transverse connection on Q.

(ii) In each of the two cases D =0, e =—1 and ¢ =0, or D >0, ¢ = —1,
c=—(n+ 1)(nD)n+r1 and p(0) > (nD)T1+2, there exists a solution p of
the ODE p' = \/p* + Dp=2n 4 £ which is defined on R. For any other
values of ¢, D and ¢, there exists a solution p of p' = \/p* — Dp=2n 4 £

defined on a mazimal interval Inmax € R around 0.

APPENDIX A

Let us recall here some general facts on warped product structures induced
by smooth functions. The local version of the following can be found in the
beautiful paper [11]; see in particular [11, Sec. D]. In the following proposition,
the Levi-Civita connection of (M", g) is denoted by V (and so differently from
the Kéhler setting, where V denotes the natural connection on the transverse
distribution on (M, g,&)).

Proposition A.1. Let (M™, g) be a connected complete Riemannian mani-
fold. Assume that some v € C°(M,R) has no critical point on M™ and satis-
fies V2u(Vu) = A\Vu for some A € C°(M,R). Then the manifold (M™, g) is
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isometric to (R x X, dt? @ g;), where X is a level hypersurface of u and (g4 )ier
is a one-parameter-family of Riemannian metrics on X.

Proof. Fix ug € u(M), and let ¥ :=u~1({ug}) C M. By assumption, ¥ is
a smooth hypersurface in M. Consider the map F': R x ¥ — M given by
the flow of v, i.e. f(t,z) := FY(x) for all (¢t,x) € R x . Note that the flow
(Fy)e = (FY)¢ is well-defined on R since v is a bounded vector field on the
complete Riemannian manifold (M™, g). We show that F provides the desired
isometry.
First, F' is a local diffeomorphism; for any (¢,2) € R x ¥ and (T, X) €
R x T,%, one has
OF
(o) F(T, X) = T (1) + diFY (X)

= TVF(t@) + sztV(X)

=Td, F}/ (vy) + d F/(X) since (FY).v=v

=d, F/(Tv, + X)

so that d(; ) F'(T, X) = 0 if and only if T'= 0 and X =0 (for F} : M — M is
a diffeomorphism). This shows the invertibility of d ,)F' and hence that F' is
a local diffeomorphism.

In particular, F(R x X) is open in M. But this also implies that F(R x X) is
closed in M, for one may define the equivalence relation ~ on M via z,y € M,
x ~ y if and only if there exists a & € u(M) such that z,y € F(R x u=!({a})),
where F' is defined by the flow of v (starting this time from the hypersur-
face u=1({@}) of M). By the preceding argument, each equivalence class is
open in M and hence also closed in M. Since M is connected, this yields
F(R x X)= M, i.e. Fissurjective. The injectivity of F' follows easily from the
fact that, for any « € ¥, the function f, := uo F(-,z) : R — R is monotonously
increasing, for it is smooth with f;(t) = |Vu|pq ) > 0 for all t € R; if F(t,z) =
F(t',a") for some (t,z), (¢',2') € R x ¥, then the points F(¢,z) and F(t',z')
lie on the same integral curve of v, but by the injectivity of f,, that curve in-
tersects ¥ only in z; hence x = 2/, and again by the injectivity of f,, it follows
t =t. On the whole, F is a diffeomorphism. In particular, X itself must be
connected.

We now look at the pullback metric F*g on R x 3. Obviously, we have
(F*g)(%7 %) =1 since v is a unit vector field. Moreover, as noticed in [18,
Prop. 2], because Vu is a pointwise eigenvector for VZu, the vector field v =

Vu

V] is geodesic. This has the important consequence for the splitting of the

metric that, for any (t,2) € R x ¥ and X € T,X, we have

) )
(F g)(tz)(&a X) = gF(t,z)(VF(t,z)a dwFt(X))
= gr (o) (de B (va), de Fy (X)) = (F))"g(ve, X),

where

%(F;g)(VraX)\m = (Lug)(Fy)wv, (F1)« X) p(t,2) = (Lug) (v, (F1)« X) p(t,2)-
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But, for all X € TM,
(Lug)(V,X) = g(VVV,X) +g(VXl/, V) =0
by the fact that v is geodesic of constant length. Therefore,

%(F;‘g)(vw,X)|s:t =0 forallteR,

and thus (Fyg)(vy, X) = (Ffg)(Ve, X) = g(vg, X) =0 for all (t,2) € R x X.
This proves the splitting F*g = dt* & g;, where g; := (F})*g|,y., v- We note an
important consequence of the splitting F*g = dt?> @ g;, namely that the flow
(FY): preserves the level hypersurfaces of u, or equivalently, that the function
fo =wo F(-,x) defined above actually does not depend on z. Given any further
y € X, consider any smooth curve ¢ : [0,1] — 3 with ¢(0) = z and ¢(1) = y. For
a fixed ¢ € R, look at the smooth function h(s) :=wuo F(t,c(s)), s € [0,1]. Its
first derivative is given by

B () = gr(t,c(s)) (Vu, degs) Fr(¢(s)))
= [Vulr(t,e(s) 9F (t,c(5)) (VP(t,e(s))» e(s) FL (E(8)))
= |Vl pt,e(s)) (FF ) (Ve(s), €(5)) = 0

so that h is constant, and hence h(0) = u(F(t,z)) = h(1) = u(F(¢,y)), i.e.
f=(t) = fy(t). This concludes the proof. O
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