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Connected algebraic groups
acting on Fano fibrations over P!

Jérémy Blanc and Enrica Floris
(Communicated by Peter Schneider)

Abstract. Let X/P! be a Mori fiber space with general fiber of Picard rank at least two.
We prove that there is a proper closed subset S C X, invariant by the connected component
of the identity Aut®(X) of the automorphism group of X, which is moreover the orbit of
a section s and whose intersection with a fiber is an orbit of the subgroup of Aut®(X) acting
trivially on P!,

Such result is a tool to describe equivariant birational maps from X/]P>1 to other Mori
fiber spaces and therefore finds its applications in the study of connected algebraic subgroups
of Bir(X). This represents a first reduction step towards a possible classification of maximal
connected algebraic subgroups of the Cremona group of rank 4.

1. INTRODUCTION

In this text, we work over the field of complex numbers. By a classical
result, every maximal connected algebraic subgroup of Bir(P?) is conjugate to
either the connected group Aut(P?), or Aut®(P! x P!), or Aut(F,) for some
n > 2. This result, essentially due to Enriques [12], can now be seen easily
using modern tools, by finding a smooth projective rational surface where the
subgroup acts, then running a minimal model program, which in the case of
surfaces is a sequence of contractions of (—1)-curves, and which for rational
varieties gives as an outcome a Mori fibration X — B. A Mori fibration is
a fibration with p(X/B) =1 and whose fibers are Fano varieties. Therefore,
if X is a rational surface, the only possibilities are that either X = P? and B
is a point, or X is a Hirzebruch surface and B = P!. The fact that Aut(P?),
Aut® (P! x P') and Aut(F,,), n > 2, are maximal connected algebraic subgroups
of Bir(P?) (via a birational map to P?) is then a direct consequence of the
fact that those groups act on the respective surfaces without fixed points. The
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2 JEREMY BLANC AND ENRICA FLORIS

study of (maximal) connected algebraic subgroups of Bir(X) for a non-rational
surface X can be done with the same strategy; see [13].

In dimension 3, the classification of the maximal connected algebraic sub-
groups of the Cremona group was started by Enriques and Fano in [11] and
achieved by Umemura in a series of four papers [31, 32, 33, 34]. It was recov-
ered in [2, 3] using the minimal model program and studying the possible Mori
fibrations and their automorphism groups. In dimension 3, in many cases, the
automorphism group of a Mori fiber space is very small. Hence, the maxi-
mal connected algebraic subgroups of Bir(P?) correspond to Aut®(X) for some
Mori fibrations X — B. These are some very natural ones which are in some
sense “symmetric enough” as they have a group Aut®°(X) large enough. It is
interesting to determine which are the Mori fibrations realizing the maximal
subgroups as automorphism groups. In particular, if B is a curve and X is
a rational threefold with terminal singularities such that the group Aut®(X) is
a maximal connected subgroup of Bir(X) (or equivalently of Bir(P?) via a bi-
rational map X --» P3), then either X — B is a P2-bundle or a Mori fibration
with general fibers isomorphic to P! x P! but a generic fiber which is a smooth
quadric of Picard rank 1 (see [3, Thms. D and E]). Moreover, in this latter case,
there are plenty of examples of maximal algebraic groups (essentially parame-
terized by classes of hyperelliptic curves), and each is conjugate to the group of
automorphisms of infinitely many Mori fibrations X — P! whose generic fiber
is a smooth quadric of Picard rank 1, but is not conjugate to a subgroup of
automorphisms of any Mori fibration Y — B with dim B # 1.

For the moment, the study of maximal connected algebraic subgroups of
Bir(P™) for n > 4 (or more generally of Bir(X) for some rationally connected
varieties X of dimension at least 4) seems out of reach in its full generality,
due to the incredibly large number of possible cases.

In this text, we focus on the case of Mori fiber spaces X — P!, with X
a terminal Q-factorial variety and where the general fibers are smooth Fano
varieties of Picard rank at least 2. If X has dimension 3, this corresponds to the
quadric fibrations described above, whose general fibers are then isomorphic
to P! x P'. If X has dimension 4, the general fiber is a Fano variety of dimen-
sion 3. There are 88 deformation families of smooth Fano threefolds of Picard
rank at least 2 [24, 25], and among these, exactly 9 occur as general fibers of
klt Mori fiber spaces X — P! [8, Thm. 1.4]. If X has dimension at least 5,
the possible classes for the general fibers are not fully classified (see [8, 9] for
partial results).

In the study of connected algebraic groups acting on projective varieties,
it is natural to look for invariant subsets, as these can be used to construct
equivariant birational maps from one Mori fiber space to another. In particular,
if 7: X — B is a Mori fiber space and Aut®(X) acts transitively on X, every
Aut®(X)-equivariant birational map from X to any other Mori fiber space is
an isomorphism. This explains the importance played by the next result in
the study of connected algebraic groups acting on Mori fibers space over P!,
which is our main result.
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Theorem A. Let m: X — P! be a Q-factorial terminal Mori fiber space such
that a general fiber F satisfies p(F') > 2. Then the action of
Aut®(X)pr = {g € Awt®(X) | mg = 7}
on a general fiber is not transitive. Moreover, there is a section s C X of w
such that the following holds.
(1) The set
S=Aut’(X) -s=Awt°(X)p: - s = (Aut®(X)p1)° - s

is a proper closed subset of X.

(2) For each b € P, the fiber = 2(b) NS of w|s: S — P! is equal to
7)) NS = (Aut®(X)p)° - p,
where p € s is the point such that 7(p) = b.

The proof of Theorem A is done in Section 3, by studying sets of sec-
tions of the Mori fiber space X — P!, applying an equivariant version of Bend
and Break (Proposition 3.5), and looking at actions of the different subgroups
Aut®(X)pr and (Aut®(X)p:)° of Aut®°(X) on the set of minimal sections.

One motivation for studying the group Aut®(X)p: comes from the following
two observations, proven in Section 4.

Proposition A. Let m: X — P! be a Mori fiber space such that a general
fiber F' satisfies p(F) > 2. Assume that
Aut®(X)pr = {g € Awt®°(X) | mg =7}
is either finite or a torus. Then Aut®(X) is a torus of dimension
r € {dim(Aut®(X)p1), dim(Aut®(X)p1) + 1}.

Moreover, if r > 1, there are a smooth projective variety C, a trivial P"-bundle
Y — C and a birational map 1: X --+Y such that 1 Aut®(X)y~! C Aut®(Y).

Proposition B. Let 7: X — B be a Mori fiber space such that

Aut®(X)p ={g € Awt®°(X) | mog =7}
is a linear group of positive dimension and that no orbit of Aut®(X)p is dense
in a fiber of m. Then k = max{dim((Aut®(X)p)°-z) |z € X} >0, and there is

a Mori fiber space Y — C with dim C' > dim X — k > dim B, and an Aut®(X)-
equivariant birational map X --»Y.

As an application, we obtain the following result on Mori fiber spaces of
dimension 4.

Theorem B. Let m: X — P! be a Q-factorial terminal Mori fiber space such

that a general fiber F is a smooth threefold of Picard rank at least 2 and such

that Aut®(X) is not trivial. Then one of the following holds.

(1) There is a Mori fiber space tg: Y — B with general fibers isomorphic to
either P1, or P2, or a smooth quadric Q C P* and an Aut®(X)-equivariant
birational map ¢: X --+ Y.
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4 JEREMY BLANC AND ENRICA FLORIS

(2) A general fiber F' of w is isomorphic to one of the following two smooth
Fano threefolds of Picard rank at least 2 with Aut®(F) ~ PGLy(C):
(i) the blow-up of the quadric Q C P* given by xoxy — w173 + 323 = 0
along the image of the Veronese embedding of degree 4 of P*,
(ii)  the threefold

{<x,y,z> e (B

2 2 2
inyi = Z%‘Zi = Zyizi = 0}-
i=0 i=0 i=0

Theorem B is proved as follows. In Section 5 (see Table 1), we recall [8,
Tab. 1], which lists all the smooth threefolds F' with Picard rank at least 2
that are fibers of kit Mori fiber spaces. These varieties are “symmetric”, in the
sense that there is a finite group G' C Aut(F) such that Pic(F)“ has rank 1 [28,
Thm. 1.2]. We then show (Proposition 5.4) that, among the nine families listed,
only the following four have infinite automorphism group: (P')3, a smooth
divisor of bidegree (1,1) in P? x P? (isomorphic to P(Tpz), see Lemma 5.7),
the blow-ups of a smooth quadric along a Veronese curve of degree 4 and the
blow-up of P(Tp2) C P? x P? along a curve of bidegree (2,2) whose projection
on both factors is an embedding. We moreover determine in which cases the
automorphism group is not a torus.

In Section 6, we describe some symmetric birational maps from (P!)3 or
P(Tp2) € P2 x P? (which blow-up curves balanced with respect to the gradings)
and use then these maps in Section 7, together with Theorem A, to get some
Aut®(X)-equivariant birational maps from Mori fiber spaces X — P! having
general fibers being isomorphic to (P!)? or P(Tp2).

The proof of Theorem B is then given at the end of Section 7.

2. PRELIMINARIES

2.1. Mori fiber spaces and algebraic groups acting on them. We work
over the complex numbers. We refer to [23] for the basic notions in birational
geometry and minimal model program. We recall that a fibration is a surjective
morphism with connected fibers.

Definition 2.2. Let f: X — Y be a dominant projective morphism of normal

varieties. Then f is called a Mori fiber space if the following conditions are

satisfied:

e f has connected fibers, with dim Y < dim X;

e X is Q-factorial with at most terminal singularities;

e the relative Picard number of f is one and —Kx is f-ample (i.e. there
is an element [C] € NS(X) with —Kx - C > 0 and such that each curve
contracted by f is numerically equivalent to an element of R~q - [C]).

We recall first the statement of Blanchard’s lemma, which will be of funda-
mental importance for us. This result is due to Blanchard [4] in the setting of
complex geometry, and the proof has been adapted to the setting of algebraic
geometry.
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Lemma 2.3 ([7, Prop. 4.2.1]). Let f: X =Y be a proper morphism between
varieties such that f+(Ox) = Oy. If a connected algebraic group G acts regu-
larly on X, then there exists a unique reqular action of G on'Y such that f is
G-equivariant.

We also recall the following classical fact, which follows from [6, Prop. 2,
p. 8] or from [26, Lem. 3.7].

Lemma 2.4. Let G be an algebraic group acting regularly on a projective
variety X. Let n = max{dim(G - x) | x € X} be the mazimal dimension of an
orbit of G. Then the set {x € X | dim(G - x) < n} is a closed subset of X.
In particular, the union of orbits of dimension n is a dense open G-invariant
subset of X .

The following theorem is a relative version of the so-called relative base
point free theorem [20, Thm. 3-1-1] and follows from [14, Thm. 2.1]. As we
will use it many times in this note, we recall the statement.

Theorem 2.5. Let X be a variety with terminal singularities, let m: X — S be
a proper surjective morphism of normal varieties, and D a w-nef Cartier divisor
on X. Assume that rD — Kx is nef and big over S for some positive integer .
Then D is relatively semiample. More precisely, there exists a positive integer
mo such that, for every m > my, the natural homomorphism 7*m,Ox(mD) —
Ox(mD) is surjective.

Proof. We apply [14, Thm. 2.1] to the pair (X,0). As the pair is terminal, the
second hypothesis of [14, Thm. 2.1] is verified. O

2.6. Rational maps between Mori fibrations. The following lemma is
known to experts (see [17]); we recall the proof here for the reader’s conve-
nience.

Lemma 2.7. Let 7;;: Yy — U be a smooth projective fibration over a quasi-
projective variety U such that p(Yy /U) =1, Ky, is mj;-antiample and there is
a connected group G acting on Yy . Let B D U be a G-equivariant compactifica-
tion. Then there is a G-equivariant compactification Y 2 Yy and a morphism
'Y — B such that 7’|y, = [, and Y — B is a Mort fiber space.

Proof. Let Y be a G-equivariant compactification of Yy such that there is
a morphism Y — B, and let n: Y — Y be a G-equivariant resolution of singu-
larities which is a composition of blow-ups whose centers are contained in the
singular locus of Y. In particular, 7 is an isomorphism over Y;;. We run a Ky-
MMP over B with scaling of a relatively ample divisor. This MMP terminates
by [15, Thm. 2.3] (applied with A = 0) with a Mori fiber space over B that we
denote by 7’: Y — T'. Since p(Yy/U) = 1, the MMP induces an isomorphism
on Yy and B=T. O
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6 JEREMY BLANC AND ENRICA FLORIS

Lemma 2.8. Let X be a terminal variety, let m: X — B be a fibration, and
let e: X' — X be a Aut®(X)-equivariant birational morphism.

Assume that there are a nonempty open subset U C B, an integer a and
a divisor L on X' such that, for every b € U,
(1) the divisor ((a —1)Kx/ + L)|x; is nef and big,
(2) the divisor (aKxs + L)|x; is nef, not numerically zero and not big,
where X; C X' is the fiber over b. Then there is a commutative diagram

Ny

with Aut® (X)-equivariant arrows, such that ¥ is birational and dim S > dim B.
Moreover, for each m > 0 big enough, the map X; — Sy (where Sy C S denotes
the fiber over b) is given by |m(aKx: + L)| for each b € U.

Proof. As the group Aut®°(X) acts on the fibers satisfying conditions (1)—(2),
we can assume that U is Aut®(X)-invariant. Let Xy = 771U and X[, =
(moe)~'U. The divisor ((a —1)Kx + L)|x;, is relatively nef and big by (1),
and (aKx: + L)|x; is nef by (2). Therefore, by Theorem 2.5, the divisor
(aKx: + L)|x, is relatively semiample. Therefore, there is a diagram

where h is the morphism induced by |m(aKx/ + L)|x; | for some m big enough.
As the divisor is not relatively big nor numerically zero by (2), dim U <
dim Sy < dim X,

Then we consider an Aut®(X)-equivariant compactification S of Sy such
that there are a morphism S — U and an Aut®(X)-equivariant compactification
W of X{; such that there are morphisms W — X and W — S, and we have
proved our claim. O

The following lemma is an immediate consequence of [15, Thm. 2.3], but we
add the proof for the sake of completeness.
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Lemma 2.9. Let W, S be quasi-projective varieties such that W is terminal.
Let f: W — S be a fibration whose general fiber is uniruled. Then there is
a factorization

W - A »Y

lﬂ/

f T
S/

where ¢ is a birational map and 'Y — T is a Mori fiber space. Moreover,
all the maps appearing in the diagram are Aut®(W)-equivariant.

Proof. We run a Ky -MMP over S with scaling of a relatively ample divisor.
This MMP terminates by [15, Thm. 2.3] (applied with A = 0) with a Mori
fiber space over S that we denote by n': Y — T. O

Lemma 2.10. Let m: X — P! be a Mori fiber space such that a general fiber
satisfies p(F') > 2. Then 7 has at least two singular fibers. In particular, the
action of Aut®(X) on P! given by Blanchard’s lemma fizes at least two points.

Proof. Let U C P! be the set {b € P! | #71b is terminal}. By [8, Thms. 2.2
and 2.5] and [22], for every b € U, the restriction r: N'(X)g — Nl(F)@l(U)
is a surjective map. We notice that, since p(X) = 2, we have N*(X)g = Q2.
Moreover, the class of F'is in the kernel of r; therefore, there is a surjective map
N1(X)g/Q[F] =2 Q — Nl(F)ZQ?(U). If p(F) > 2, then the fundamental group
of U must be nontrivial. Therefore, the locus of non-terminal fibers contains
at least two points. The last sentence follows from the fact that Aut®°(X) is
a connected group preserving the non-terminal locus. O

2.11. Finite morphisms and Fano manifolds.

Lemma 2.12. Let f: W — Z be a quasi-finite surjective morphism such that
all its fibers have the same cardinality, Z is normal projective and W is quasi-
projective. Then W is projective and f is finite.

Proof. By the existence of compactifications and resolution of indeterminacies,
we can factor f as f o, where t: W — W is an open immersion, W is projective
and f: W — Z is projective and generically finite. We consider then the
Stein factorization f = 1o g of f, where n: W — Z’ has connected fibers and
g: Z' — Z is finite. As f is quasi-finite, 7 is birational. Then the morphism
nov: W — Z' is birational and all its fibers are finite; it is thus an open
embedding by the Zariski main theorem [30, Lem. 37.38.1]. Therefore, we can
take Z/ = W and then view T as an open subset of Z’, and f as the restriction
of the finite morphism ¢: 2/ — Z.

Since all the fibers of f have the same cardinality, by semicontinuity of the
cardinality of the fibers, all the fibers of g have the same cardinality. Since f

is surjective, we get W = W, which finishes the proof. O
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We recall the following lemma for the readers’ convenience.

Lemma 2.13. Let Z be a Fano manifold. Then any finite étale map f: W — Z
is an isomorphism.

Proof. Since f is étale, the variety W is a Fano manifold. Then, by the
Kawamata—Viehweg vanishing theorem, x (W) =1= x(Z). On the other hand,
if f is finite étale, then x (W) = deg fx(Z). Therefore, deg f = 1, and f is an
isomorphism. O

3. EXISTENCE OF AN INVARIANT HORIZONTAL CLOSED SUBSPACE
3.1. Defining some sets of sections and a Bend and Break result.

Lemma 3.2. Let X be a Q-factorial variety, and let m: X — B be a Mori
fibration over a smooth irreducible curve B. Then the set

K={-Kx-s]|sis asection of }

18 a nonempty discrete subset of Q which is bounded from below. In particular,
it admits a minimum.

Proof. The fact that K is nonempty follows from [16, Thm. 1.1]. Let H be
an ample divisor on X, and let F' be a fiber. Since p(X/B) = 2, the divisor
— K x is numerically equivalent to aH + SF for some «, 5 € R. As 7 is a Mori
fibration, the restriction of —Kx to a general fiber is ample, so a > 0. For
each section s, we have H - s >0, s0 —Kx -s=aH -s+ > . This shows
that I is bounded from below. Since X is Q-factorial, there exists r € N such
that rK x is Cartier. Therefore, IC C %Z is discrete. O

Definition 3.3. Let X be a Q-factorial varieties, and let 7: X — B be a Mori
fibration over a smooth irreducible curve B. We say that a section s C X
is a minimal section if —Kx -s < —Kx - s’ for each section s’ ¢ X. We say
that a section s C X is an aut-minimal section if —Kx -s < —Kx - s’ for each
section ' C Aut®°(X)-s. Lemma 3.2 shows that minimal and aut-minimal
sections always exist.

Remark 3.4. If 7: X — B is a P'-bundle over a smooth irreducible curve B,
for each section s C X, the adjunction formula gives s = —s- Kx — 2 + 2g(B),
so Lemma 3.2 generalizes the classical fact that s? is bounded from below, and
minimal sections correspond here to the sections of minimal self-intersection.

We present now a Bend and Break result. The proof follows [10, Prop. 3.2].

Proposition 3.5. Let X be a projective variety together with a fibration
7: X = P!, let s C X be a section of ™ and x € 5. Suppose that there is an
irreducible curve I' C Aut®(X) such that g(x) =z and g(s) # s for a general
g € I'. Then the 1-cycle s is numerically equivalent to a non-integral effective
rational 1-cycle passing through x and contained in Aut®°(X) - s. In particular,
s is not an aut-minimal section.
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Proof. Let v: C' — T be the normalization of I'. By Blanchard’s lemma (Lem-
ma 2.3), there is a morphism v/: C' — Aut(P') = PGL2(C) such that T ov(g) =
V'(g) o for each g € C.

Let ¢: P! — s be the morphism such that 7 o ¢ = idp1. We now prove that
the morphism

F:P'xC— XxC,
(p.9) = (v(9)(e(P)). 9)

is finite. This is implied by the fact that, for each g € I', the morphism
g PL = X, t — v(g)(¢(p)) is injective. This last claim follows from the
fact that m o, = 1/(g) € Aut(P!), as

moy(p) = (mov(g))(¢(p) = (V'(g9) o m)(w(p)) = V' (9)(p) for each p € P'.

As F is finite, F(P! x C) has dimension 2. We then follow the proof of [10,
Prop. 3.2]. Let C be a smooth compactification of C. Let S be the normal-
ization in C(P! x C) of the closure in X x C of the image of F, with finite
canonical morphism F: S — X x C. Since P! x C is normal, by uniqueness of
the normalization, we have F~1(X x C) =P! x C. We obtain the commutative

diagram
S c X

wl X xC

2

C—C

Pl x C

No component of a fiber of x is contracted by e because it would otherwise
be contracted by F and F: S — F(S) is finite as it is a normalization. The
morphism x: S — C is flat as C is a smooth curve [18, III, Prop. 9.7]. Therefore,
each fiber is one-dimensional, with no embedded component, of genus 0 [18,
III, Cor. 9.10]. An integral fiber is a rational curve, and a singular one is a tree
of rational curves.

Denoting by po = 7(z) € P! the image of z, we have ¢(pg) = z. As every
element of T fixes x, the image by F of {pp} x C'is {a} x C. In particular, the
closure Cy of {po} x C is contracted to x by e.

We now prove that there is a non-integral fiber of x. This part is different
from [10, Prop. 3.2]. Since Cj is contracted by e and e(.5) is a surface, we have
C? < 0. We then consider the morphism 7: S — C x P! that is given by the
two morphisms x: S — C and moe: S — P!. Observe that 7 is birational: for
an element ¢ € C, the preimage in S of the curve P! x {c} C P! x C is sent
to a section of m by F. As 7 is a birational morphism and as CZ < 0, the
morphism 7 contracts some irreducible components contained in the fibers of
C'\ C, which are therefore not all integral.
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Let zg € C be a point such that x*z is a non-integral fiber. The curve s is
equal to e.k*z1, where some z; € C' is sent to the identity in T' C Aut®(X)p1.
Then e.m*zg is an effective 1-cycle numerically equivalent to s and passes
through x as Cj is a section of k that is contracted to x. Moreover, e, 7z
is not integral as m*z( is not integral and e does not contract any irreducible
component of a fiber.

It remains to see that s is not a minimal section. We write e.m*z0 =>_;_; l;,
where the f1,..., ¢, are irreducible and reduced curves on X. As e,m*zg is
numerically equivalent to a section, exactly one of the ¢;, say ¢1, is a section,
and fo, ..., ¢, are contained in fibers. As —Kx is ample on the fibers, we have
—Kx -£; >0 for i > 2. This gives

—KX'SZ—KX'él‘FZ—KX'€i>—KX'€1
=1

and implies that s is not a minimal section. O
3.6. Transitivity on the fibers.

Lemma 3.7. Let m: X — P! be a Mori fiber space such that the action of
Aut®(X)pr = {g € Awt°(X) | mg =7}

on a general fiber is transitive.

Then there is a dense open subset U C P, a smooth Fano wvariety F of
Picard rank 1 and an isomorphism 0: U x F = 7= Y(U) such that 7o 6 is the
first projection U x F — U.

Proof. Let s C X be a minimal section (which exists by Lemma 3.2), and let
¢: P — s be the morphism such that 7o ¢ = idp1. Let G = Aut®(X)p1, and
let G° be the connected component of the identity. As the finite group G/G°
acts on the set of orbits of G°, the action of G° on a general fiber is transitive.

Let H={g € G°|g(s)=s} CG°. The quotient V = G°/H is homogeneous
for the action of G° and is thus smooth. Let € X be such that {z} =sNF.
We obtain a surjective G°-equivariant morphism

®: V> F,
l9] = g(z),

where [g] € V = G°/H denotes the class of g € G°.

We prove that dim V' = dim F'. Indeed, otherwise, dim V' > dim F' and there
is an irreducible curve I' C G° such that g(z) = = and g o ¢ # ¢ for a general
g € T. The fact that g € G° and g o ¢ # ¢ implies that g(s) # s, impossible
by Lemma 3.5. B

We now consider the Stein factorization of @ is given by V' 2, F % F. Since
dim V = dim F', the morphism ® is birational; it is moreover G°-equivariant
by Blanchard’s lemma (Lemma 2.3). Hence, v is also G°-equivariant.

As v is finite and G°-equivariant and as G° acts transitively on F', it is étale
(by the generic smoothness). Lemma 2.13 implies that v is an isomorphism.
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We just proved that, for a general fiber F, for any y € F, there is a unique
g € G° such that y € g(s) (or equivalently such that y = g(p(7(y)))). Therefore,
there is an open set U C P! such that the morphism

0:V xU—n 1 U),
(lg],t) = g(e(t))

is bijective. Restricting U, we may assume that 7=!(U) is smooth, and thus,
by the main theorem of Zariski, the above morphism is an isomorphism.

This proves that 7 is a trivial V-bundle over U, so in particular V is iso-
morphic to a general fiber F. It remains to see that the Picard rank of V is
equal to 1. Suppose for a contradiction that there exist two prime divisors D
and Dy on F having classes in NS(F') which are Q-independent (which exist
as soon as p(F) > 2) and D; is the Zariski closure of 6(D; x U) in X. Then
the classes D; and D5 are not numerically equivalent over the base, even after
some multiple, so p(X/P!) > 2, contradicting that 7 is a Mori fiber space. [

3.8. Existence of invariant subsets and the proof of Theorem A.
Lemma 3.9. Let m: X — P! be a Mori fiber space, and let
G =Aut®(X)p = {g € Awt®°(X) | mg = 7},

and let G° be the connected component of the identity. Then the following

holds.

(1) For each aut-minimal section s C X and for any two points p,q € s, we
have

dimG-p=dimG°-p=dimG° g =dimG -q.

(2) For each p € s, for each point g € G° - p\ G° - p, there is an aut-minimal
section 8’ C X that contains q.

(3) For each aut-minimal section s C X such that G - p is closed for some
p € s, the stabilizers (G°)q and (G°)s are equal for all ¢ € s, and the
quotient G°/(G®)s is a Fano variety. Moreover, denoting by ¢: P! — s
the morphism such that mo ¢ = idp1, the morphism

ke G°J(G®)s x Pt — X,
(lg; ) = g((b))

is a closed embedding.

Proof. Lemma 3.2 implies that there exists a minimal section of X, which is
therefore also aut-minimal.

(1): As the finite group G/G° acts on the set of orbits of G°, we have
dim G - p =dim G° - p for each p € s. It then suffices to show that dimG° - p =
dim G° - g for any two points p,q € s. Up to exchanging p and ¢, we may
assume that dim G° - p < dim G° - ¢, in order to derive a contradiction. Then
the stabilizers satisfy dim(G°), > dim(G°),. As the stabilizer (G°)s C G° of s
is contained in both (G°), and (G°),, we obtain dim(G°),/(G°)s > 1. There
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is thus an irreducible curve I' € G° C G = Aut®(X)p: such that g(p) = p and
g(s) # s for a general g € T'. This contradicts the minimality of s by Lemma 3.5.

(2): Assume that G° - p is not closed, and let ¢ € G°-p\ G° - p. Set a =
7(q) = 7(p) € P, and consider the morphism

7 G° x P! - X,
(9,0) = g(p(b)),

where ¢: P! — s is the morphism such that 7 o ¢ = idpi. There exists an
irreducible curve C' C G° x P! such that q belongs to the closure of %(C) and
such that (id,a) € C. The closure I' C G° of the projection of C' in G° is an
irreducible curve such that id € I' and such that ¢ belongs to the closure of
(T x PL).

Let T be a compactification of a normalization of I'. The morphism

Rlrxpr: T x Pt — X

yields a rational map §: T x P! --» X. Let S be the Zariski closure of the
image of  (or equivalently of ®(I' x P!)). Then S has dimension 2 and ¢q € S.
We take a resolution of the indeterminacies of 6,

and find z € T\ T such that ¢ € p.v*(z x P!). Asid € T, we obtain
pv* (id x P1) = s.

Hence, p.v*(z x P) is a cycle numerically equivalent to s, that we can write
as

pev* (2 x Py =8 +1,

where s’ is a section and [ is an effective 1-cycle contained in fibers of .
As —Kx -1 >0 and s’ C Aut®°(X) - s, the minimality of s implies that [ = 0
and that s’ = s. The section s’ is aut-minimal as Aut®°(X) - s’ C Aut°(X) - s.
Moreover, ¢ belongs to p.v*(z x P!) = ', so ¢ € s’. This achieves the proof
of (2).

(3): By (1), for every p € s, we have dim(G°), = dim(G°),. Hence, the
morphism 7: G°/(G®)s — G°/(G®), is a quasi-finite morphism. The morphism
T being G°-equivariant, all of its fibers have the same cardinality. As the
orbit G° - p is closed in X, it is projective; hence the variety G°/(G°), is
projective, and thus Fano as it is homogeneous for the action of the linear
connected group G° by [19, Cor. 2.1.7]. By Lemma 2.12, the variety G°/(G®),
is projective. Therefore, T is étale, and by Lemma 2.13, it is an isomorphism.
This gives (G°), = (G°), for every p € s.
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The morphism
ke G°J(G°)s x Pt — X,
(lg],0) = g(0(D))

is closed since G°/(G°)s is projective. It is moreover an isomorphism onto
its image as it induces the isomorphism G°/(G°),r) — G° - ¢(b) for a fixed
bePh O

Lemma 3.10. Let m: X — P! be a Mori fiber space such that a general
fiber F' has Picard p(F) > 2, and let s C X be an aut-minimal section such
that Aut®(X )p: - p is closed for some p € s.
If Aut®(X)p1 - s # Aut®(X) - s, then there is an aut-minimal section s’ C X
such that
dim Aut®(X) - s’ < dim Aut®(X) - s.

Proof. Let us write G = Aut®(X)p: and denote by G° the connected component
of the identity. By assumption, G - p is closed for some p € s, so we can apply
Lemma 3.9 (3). This implies that the stabilizers (G°), and (G°)s are equal for
each g € s and that
k: G°/(G°)s x P! = X,
(lg ) = g(0(b))

is a closed embedding, where ¢: P! — s is the morphism such that 7 o ¢ = idp:1.
In particular, G° - ¢ = G°/(G®)s - q is closed in X for each ¢ € s.

Since G - s # Aut®°(X) - s, we have G C Aut®(X). As the action of Aut®(X)
on P! fixes at least two points (Lemma 2.10), we may change coordinates such
that the action of Aut®(X) on P! is exactly the group, isomorphic to C*, fixing
[1:0] and [0: 1]. We denote by a: Aut®(X) — C* the corresponding surjective
group homomorphism.

We consider the Aut®(X)-equivariant morphism

®: Aut®(X)/(G°)s x P! — X,
(9], 0) = g((b)),
whose restriction to G°/(G°)s gives k. The image
Z = ®(Aut®(X)/(G°)s x P!) = Aut®(X) - s

strictly contains G - s, which is closed in X. Since Z is irreducible (because
Aut®(X)/(G°)s x P! is irreducible), we find

dim Z > dim G - s = dim(G°/(G°)s x P').
As Aut®°(X)/G ~ C* has dimension 1, we obtain
dim(Aut®(X)/(G°)s x P!) = dim Z = dim(G - 5) + 1.

In particular, ®: Aut®(X)/(G°)s x P! — Z is generically finite.
We now prove that every fiber of @ is finite. Suppose by contradiction that
some irreducible curve I' C Aut®(X)/(G°)s x P! is sent onto a point g € Z.
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For each g € Aut®°(X), the curve g - I is contracted onto g(go), so the closure
of {g-T| g€ Aut°(X)} is a subvariety F C Aut®(X)/(G°)s x P! that is sent
by ® onto a subvariety F' = ®(F) of Z of dimension dim F’ < dim F'. Since ®
is generically finite, dim F' < dim(Aut®(X)/(G°)s x P!). As F is invariant by
Aut®(X), it has to be equal to Aut®(X)/(G°)s x {bo} for some by € PL. This
implies that I' =T x {bo} for some curve IV C Aut®°(X)/(G°)s. Replacing T
with ¢ - T for some g € Aut®°(X), we may assume that go = ¢(by). We then
obtain IV - gg = qo. As s is an aut-minimal section, Proposition 3.5 implies
that IV - s = 5. As (G°)4, = (G°)s, the group G, /(G°)s is finite, so I is not
contained in G, which means that «(I') = C*. For each element g € Aut®(X),
there exists then h € I'" such that a(g) = a(h), and thus g = goh for some go € G.
This gives g(s) = goh(s) = go(s) C G - s. This being true for each g € Aut®(X),
it gives Z = Aut®°(X) - s = G - s, giving the desired contradiction.
We denote by d the degree of the quasi-finite morphism

: Aut®(X)/(G°)s x P! — Z,
by Z the closure of Z in X and by R C Z the subset
R={x € Z|® (z) contains less than d points}.

As Z is Aut®(X)-invariant and ® is Aut® (X )-equivariant, the set R is Aut®(X)-
invariant.

We prove that R is closed in Z. By the Hironaka resolution of singularities,
there is a projective variety W together with a morphism ®: W — Z and
an open immersion ¢: Aut®(X)/(G°)s x P! — W such that ® o1 = ®. Let
® = 0 o 1, where p has connected fibers, and is therefore birational, and o is
finite. By the Zariski main theorem [30, Lem. 37.38], o ¢ is an open immersion;
therefore, we can assume that @ is finite. The set R is closed as it is the union
of two closed sets:

R=7\ZU{z€Z|® '(z) contains less than d points}.

We now prove that w(R) = P!. Suppose for contradiction that 7(R) # P!,
which implies that m(R) C {[0: 1],[1: 0]}. Writing Z; = Z N~ '([1:1]), the
preimage W, = ®~1(Z;) is projective (Lemma 2.12). It then suffices to show
that the morphism W7 — C* obtained by composing « with the first projec-
tion Aut®(X)/(G°)s x Pt — Aut®(X)/(G°)s is surjective to obtain the desired
contradiction. For each u € C*, we take g € Aut®°(X) such that a(g) = p and
choose the point p € s such that g(p(p)) € 7= 1([1 : 1]).

If R contains a section s”, we have Aut®(X)-s” C R C Aut°(X)-s =2
and choose an aut-minimal section s’ contained in Aut®(X)-s”. Otherwise,
we choose a point z € RN 7w 1([1:0]) and a section s” C X through z and
choose s such that —Kx - s” is minimal, among all sections through z (this
is possible by Lemma 3.2). If dim Aut®(X) - s” < dim Aut®°(X) - s, we choose
an aut-minimal section s’ contained in Aut°(X)-s”. It remains to assume
that dim Aut®(X) - s” > dim Aut®(X) - s and to derive a contradiction. As
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Aut®(X) -2 C RN~ 1([1:0]), we have

dim Aut®(X) -z < dim R < dim Z = dim Aut®(X) - s.
This, together with dim Aut®(X) - s” > dim Z, implies the existence of an irre-
ducible curve C' C Aut®(X) such that C'-z =z and C - s” # s”, contradicting
Proposition 3.5. (]

The following proposition directly implies Theorem A.

Proposition 3.11. Let 7: X — P! be a Mori fiber space such that a general

fiber F satisfies p(F) > 2, and let s C X be an aut-minimal section such that

Aut®(X) - s is of minimal dimension (i.e. dim(Aut®(X)-s) <dim(Aut®(X)-s’)

for each aut-minimal section s’ ). Then the following holds.

(1) S=Aut’(X) -s=Aut°(X)p: - s = (Aut®(X)p1)° - s is a proper closed sub-
set of X.

(2) For each b€ P!, the fiber n=1(b) NS of S — P is equal to (Aut®(X)p1)° - p,
where p € s is such that w(p) = b.

Proof. We write G = Aut®(X)p1 and denote by G° the connected component
of the identity. If a point p € s were such that G° - p were not closed, then for
each point ¢ € G° - p\ G° - p, there would be an aut-minimal section s’ C X that
contains ¢ (Lemma 3.9 (2)), giving thus dim(G - s') < dim(G - s), impossible.
The choice of s implies thus that G° - p is closed for each p € s, and thus that
G - p is closed too. Lemma 3.9 (3) then implies that G° - s = (Aut®(X)p1)° - s
is a closed subset of X and that, for each point b € P!, the fiber 771 (b) NS
of S — P! is equal to G° - p = (Aut®(X)p1)° - p, where p € s is the point such
that 7(p) = b. The fact that G° - s is a proper subset of X then follows from
the fact that the general fiber F' satisfies p(F') > 2 and from Lemma 3.7.
Lemma 3.10 then implies that Aut®(X)p: - s = Aut®(X) - s. O

4. THE GROUP Aut®(X)p

4.1. The case of tori. We start this section by proving Propositions A and B,
stated in the introduction. We recall the statements for the sake of readability.

Proposition A. Let m: X — P! be a Mori fiber space such that a general
fiber F' satisfies p(F) > 2. Assume that

Aut®(X)pr = {g € Awt®(X) | mg = 7}
is either finite or a torus. Then Aut®(X) is a torus of dimension
r € {dim(Aut®(X)p1), dim(Aut®(X)p:) + 1}.

Moreover, if r > 1, there are a smooth projective variety C, a trivial P"-bundle
Y — C and a birational map 1: X --+Y such that 1 Aut®(X)y =t C Aut®(Y).

Proof. Let us write G = Aut®°(X) to simplify the notation. As the result is
empty if G is trivial, we may assume that dimG =r > 1. The group G acts
on P! by Blanchard’s lemma (Lemma 2.3). This gives rise to an exact sequence

1= Awt®(X)pr -G — H — 1,
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where H C Aut(P!). As p(F) > 2 for a general fiber F, the number of singular
fibers is at least 2, so H is a torus of dimension 0 or 1 (Lemma 2.10). Hence, we
find r € {dim(Aut®(X)p1), dim(Aut®(X)p:) + 1}. If Aut®(X)p: is finite, then
dim H = dim G = r, and [5, IV.11.14, Cor. 1] provides the existence of a torus
T C G of dimension r. Hence, G is a torus of dimension r. If Aut®(X)p:
is a torus of positive dimension, it is contained in a maximal torus T of G,
which contains a subtorus 77 C T such that 7" — H is an isogeny (again by
[5, IV.11.14, Cor. 1]). In particular, T/ Aut®°(X)p: is isomorphic to H, so
dimT = dim G and G = T is again a torus.

We have proved that G is isomorphic to (G,,)" = (C*)". There is a G-in-
variant open subset of X isomorphic to (G,,)" x U, where U is a smooth affine
variety, such that G acts trivially on U and acts on (G,,)"” by multiplication
(see [3, Prop. 2.5.1] or [27, Thm. 3]). Choosing a smooth projective variety C
birational to U, and embedding (G,,)" into P", we obtain a birational map
Y: X ——» P x C such that Gy~! C Aut®(P" x C). It remains to observe
that this last inclusion is strict, as Aut(P") embeds into Aut®(P" x C). O

4.2. Orbits of small dimension.
Proposition B. Let 7: X — B be a Mori fiber space such that
Aut®(X)p ={g € Awt°(X) | mog =7}

is a linear group of positive dimension and that no orbit of Aut®(X)p is dense
in a fiber of w. Then k = max{dim((Aut®(X)p)°-z) |z € X} >0, and there is
a Mori fiber space Y — C with dimC' > dim X — k > dim B, and an Aut®(X)-
equivariant birational map X --»Y.

Proof. Let us fix a polarization H on X. By [21, Thm. 3.21.3], for all positive
integers h,£ > 1, there is a projective variety Chowy, ¢(X) which parameterizes
the proper algebraic cycles of dimension h and degree £ with respect to H.
For more details on Chow varieties and the construction of these, we refer to
[21, 29]. For all h,¢ > 1, the group Aut®(X) acts biregularly on Chowy, ¢(X).

Let us write G = (Aut®(X)p)° so that k = max{dim(G - z) |z € X}. By
hypothesis, G is of positive dimension, so k > 0. The union of all orbits of
dimension k is a dense open G-invariant subset U C X (Lemma 2.4).

We denote by R the set of closures of k-dimensional orbits of the linear
connected algebraic group G = (Aut®(X)p)°. The set R is an uncountable
subset of | J,~, Chowy ¢(X) that is pointwise fixed by the action of the group G
and left invariant by Aut®(X), since G is a normal subgroup of Aut®(X). There
is thus an integer £ > 1 such that R N Chowy, ¢(X) is uncountable.

For each integer ¢ > 1, we decompose the closure of R N Chowy ¢(X) in
Chowy, ¢(X) into finitely many irreducible components R, ; and consider the
irreducible varieties Z ; = {(x, [t]) € X x R¢; | « € t}, which have dimension
equal to dim Ry ; + k. The morphism

Uz, »x
0,
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given by the first projection is surjective, since U = X. On the other hand,
there are countably many pairs (¢, 7); therefore, there exists a pair (¢, j) such
that the first projection 3: Z, ; — X is surjective, which implies that Ry ;
has dimension at least dim X — k. We now prove that the morphism § is
generically injective. We denote by p: Zy ; — Ry ; the second projection. There
is an open set V C Ry ; such that a point in V' corresponds to a unique cycle
in X. The morphism f is G-equivariant; therefore, it sends fibers of p inside
closures of orbits of the action of G in X. We prove that § is injective on
p~ 'V N B~1U. For this, we take two points y,y’ € p~'V N B~1U having the
same image = = B(y) = B(y’) € X. We write y = (z, [t]) and v’ = (z, [t]), where
t,t' € Ry ;. Then B(p~'t), B(p~'t') are contained in the closure of the same
orbit as they have the point x in common. As the orbit of x has dimension k,
we have B(p~tt) = B(p~t') implying t = t'.

Since the morphism S is generically injective, it is birational.

As Aut®(X) actson S’ = Ry j and on Z' = Z; ;, there is an action of Aut®(X)
on the normalizations S and Z of S’ and Z’. We obtain two Aut®(X)-equi-
variant morphisms Z — X and Z — S; the morphism Z — X is birational,
and a general fiber of Z — S is a unirational variety of dimension k, so
dimS =dimZ — k =dim X — k£ > dim B, since we assumed k < dim X — dim B.
Applying an Aut®(X)-equivariant resolution of singularities and an Aut®(X)-
equivariant resolution of indeterminacies, we can assume that S and Z are
smooth. We run a Kz-MMP over S with scaling of a relatively ample divi-
sor. Since k > 0 and because the fibers of Z — S are unirational, this MMP
terminates by Lemma 2.9 with a Mori fiber space over S that we denote by
'Y —- C = S. We have also dimC > dim S = dim X — k > dim B. O

5. SYMMETRIC SMOOTH FANO THREEFOLDS

5.1. The list of symmetric smooth Fano threefolds. In Table 1, we recall
the list [8, Tab. 1] of all the smooth threefolds F' with Picard rank at least 2 that
are fibers of klt Mori fiber spaces. These are varieties which are “symmetric”,
in the sense that there is a finite group G C Aut(F) such that Pic(F)¢ has
rank 1 [28, Thm. 1.2]. The numeration that we use is the one of [8, Tab. 1]. It is
almost the same numeration as in [28, Thm. 1.2]: Cases la and 1b correspond
to [28, (1.2.1)] (which is also subdivided into two cases), and Cases 2,3,...,8
correspond respectively to [28, (1.2.2), (1.2.3), ..., (1.2.8)].

5.2. Automorphisms of symmetric smooth Fano threefolds. Because
of Proposition A, the interesting threefolds F' in the list are those such that
Aut®(F) is not a torus. We will show that Aut®(F') is trivial in all cases except
3,4, 6 or 7 (Proposition 5.4 below). Cases 4 and 7 consist of one isomorphism
class, with automorphism group not being a torus; we moreover prove that, in
the families 3 and 6, there is only one isomorphism class where Aut®(F') is not
a torus (Section 5.5).

To prove Proposition 5.4, we will need the following result whose proof is
adapted from the proof of [1, Prop. 1.2].
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p(F) —K3 Description of F
la (6a) 2 12 A divisor of bidegree (2,2) in P2 x P2.

1b  (6b) 2 12 A 2:1 cover of a smooth divisor W of bidegree
(1,1) in P? x P2 branched along a member
of |—Kw|

2 (12 2 20 The blow-up of P? along a curve of degree 6
and genus 3 which is an intersection of cubics.

3 (28) 2 28 The blow-up of a smooth quadric Q C P* along
a smooth rational curve of degree 4 which
spans P*.

4 (32) 2 48 A divisor of bidegree (1,1) in P? x P2.

5 (1) 3 12 A double cover of P! x P! x P! branched along

a member of |—Kpiyp1ypt]-
6 (13) 3 30 The blow-up of a smooth divisor of bidegree
(1,1) in P? x P? along a curve C of bidegree
(2,2), such that C < W — P? x P? — P? is
an embedding for both projections P2 x P2 — P2,
7 (27) 3 48 P! x P x PL
8 (1) 4 24 A smooth divisor of multidegree (1,1, 1, 1)
in P! x P! x P! x PL.

TABLE 1. Smooth Fano varieties being general fibers of klt
Mori fiber spaces. The first column indicates the numeration
of [8], which is also the numeration of [28], and the second
column indicates the numeration of [24].

Lemma 5.3. Let S be a smooth threefold given either by
Zo
(i) ([zo : o1 : w2), (u,v)) € P2 x A? | [zg 21 2] M(u,v)- |21| =0
)
for some symmetric matric M € Matgx3(Clu,v]) or by
(ii) {([330 cx1), [yo : v1), (u,v)) € P x P x A% | [xg 21] - M (u,v) - [Z‘i] = O}

for some matriz M € Matay2(Clu,v]). Let A C A? be the zero locus of det M,

and let m: S — A? be the projection on the last factor. The following holds.

(1) A is a reduced curve of A%, smooth if S C P! x P! x A? is as in (ii) and
with only ordinary double points if S C P? x A? is as in (i).

(2) For each p € A2, the fiber 7~ (p) is isomorphic to a conic in P? which is
not reduced (double line) if p is a singular point of A,
reduced and singular (two distinct lines) if p is a smooth point of A,

smooth (isomorphic to P!) if p does not belong to A.
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Proof. We take a point p € A? and consider the fiber 7~!(p) C X, and the
matrix M (p) associated to p. If p& A, then M (p) is invertible, so 7= 1(p) C X is
a smooth conic in P? (respectively a smooth curve of bidegree (1,1) in P* x P1).
This gives the third case of (2). We then assume that p € A, in which case
M (p) is not invertible, so 7~1(p) is not smooth. We prove that either p is
a smooth point of A, or an ordinary double point of A, and that these two
cases give the first two cases of (2). For this, one can change coordinates
on A% and assume that p = (0,0). We choose 7 = 5 (respectively r = 3) and
ag, ..., € Clu, v] so that either

(o7s) %041 b)
M = %al (6%) %Oz4 or (040 041)
%013 %044 (6751
and the equation of S is either
(i) aopr? + arzom1 + ax? + azwoze + ur172 + a5z = 0 or
(il) aoxoyo + c1zoy1 + aex1yo + asrry = 0.

We first assume that M (p) is the zero matrix (i.e. a;(p) =0 fori =0,...,r)
and derive a contradiction. Each symmetric matrix R € Mats«3(C) (respec-
tively each matrix R € Matayx2(C)) defines a closed subset Cr in P? (respec-
tively P! x P1) by

o
[0 1 2] -R- |z1| =0 <0r [0 z1]-R- {yo] :0).
Y1
€2
The corresponding subsets Caar () and Caar(,y for 9M (p) and 2 (p) have

nonempty intersection; we can then change coordinates in P? (respectively
P! x P!) and assume that [1:0: 0] (respectively ([1:0],[1:0])) belongs to
Coar () N Capr (). This implies that %(p) = %(p) = 0. Hence, the point
([1:0:0],p) (respectively ([1:0],[1:0],p)) is a singular point of S, contradicting
the smoothness assumption.

We now assume that Ker M (p) has dimension 1. Changing coordinates in P?
(respectively P! x P!), we may assume that M (p) is diagonal, with ag(p) = 0
and az(p) = as(p) = 1 (respectively as(p) = 1). Hence, 7—(p) is given by
22 + 23 =0 (respectively z1y; = 0), which is isomorphic to the union of two lines
in P2. The fact that S is smooth at ([1:0:0],p) (respectively ([1:0],[1:0],p))
implies that (%(p), %(p)) # (0,0). The form of the diagonal matrix M (p)
implies that det M — g has multiplicity 2 along p, which implies that det M
has multiplicity 1 at p, so p is a smooth point of A.

The remaining case is when Ker M (p) has dimension 2. Since M(p) # 0,
this case only occurs for P? x A%2. We may change coordinates and assume
that M(p) is diagonal with as(p) =1 and a;(p) =0 for i =1,...,4. Hence,
7~ 1(p) is defined by 23 = 0, which is a double line.

It remains to prove that p is an ordinary double point of A. For each
i € {0,1,2}, we denote by a; = u%‘i‘j (p) + Uaa‘fj (p) the linear part of a; so

Miinster Journal of Mathematics VoL. 15 (2022), 1-46



20 JEREMY BLANC AND ENRICA FLORIS

that «; — a; has multiplicity at least 2 at p. As S is smooth along 7~ (p),
the polynomial apx3 + a1xoz1 + a2z} has multiplicity 1 at any point of 7=1(p)
(note that azzors + ayz172 + asz3 has multiplicity 2 along any point of 771 (p)
as x2 and ag, oy vanish on it). The smoothness of the point ([1:0:0],p) is
equivalent to the condition ag # 0. After a linear change of coordinates of A2,
we may assume that ag = u. We then replace xg by ¢ + &x1 for some £ € C.
Under this change of coordinates a; becomes a1 + 2a¢€, and we may assume
that a; = ev for some € € C. We then write ay = Au + pv for some A,y € C.
For each 0 € C, the point ([0 : 1: 0], p) is smooth, so we get

0 # 0%ag + Oay + az = (02 + Nu + (fe + p)v.

Choosing # such that 2 = —\, we get fe + p # 0 and —fe + p # 0, so 0 #
(Oe + p)(—0e + p) = \e + .
The polynomial det(M) — agaz + 03 has multiplicity at least 3 at the

origin, so p is a singular point of A, and it remains to see that agas — ia%
is not a square. This is because agaz — jaf = u(Au + pv) — 3202, whose
discriminant is Ae? + p2. g

Proposition 5.4. Let F' be a smooth Fano threefold being in the list of Table 1
(or equivalently of [8, Tab. 1]). If Aut®(F') is not trivial, then F belongs to the
families 3, 4, 6 or 7 (respectively (28), (13), (32), (27)) in the notation of [8]
(respectively of [24]).

Proof. We study the list case-by-case and prove that Aut(F') is finite in cases
la, 1b, 2, 5 and 8. We use the notation of [8], i.e. the first column.

la: In this case, F' is a hypersurface of bidegree (2,2) in P? x P2, that we
can view as

Yo
F=_ ([wo:mr:ma),[yo:y1:v2)) €EPPxP? | [yo y1 yo] - M(z)- |ta| =03,
Y2

where M is a symmetric 3 X 3-matrix whose coefficients are homogeneous poly-
nomials of degree 2 in C[xg,z1,22]. We consider the first projection 7w: F — P2,
whose fibers are conics. As F is smooth, the curve A C P? given by the polyno-
mial det(M), which parameterizes the singular fibers, is reduced and has only
ordinary double points (it follows from Lemma 5.3 applied to affine charts
of P?).

By Blanchard’s lemma (Lemma 2.3), the group Aut®(F) acts on P? via
a connected subgroup H C Aut(P?) ~ PGL3(C). We will prove that H is trivial,
which implies that Aut®(F) is trivial, as we can make the same argument with
the other projection. The group H preserves the reduced curve A C P? of
degree 6. Suppose first that an irreducible component C' of A is not a line.
The action of H on C gives an injective group homomorphism H < Aut(C). If
C' is not rational, then H is trivial, as Aut(C) does not contain any connected
linear algebraic group of positive dimension, so we may assume that C is
rational. Every singular point of C is an ordinary node, so if there are at
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least two singular points, Aut®°(C) is trivial. Hence, we may assume that
deg(C) € {2,3}. Then C" = A\ C intersects C in deg(C) - deg(C") > 8 points,
all fixed by H, which implies again that H is trivial. The remaining case is
when A is a union of 6 lines, no 3 of which have a common point. One may
change coordinates so that four of the lines are given by zyz(z +y + 2z) = 0,
which implies that H is trivial, as it has to leave each of the four lines invariant.

1b: In this case, F'is a 2: 1 cover of a smooth divisor W of bidegree (1,1) in
P2 x P2 branched along a member D of |—Ky|. We consider the composition
pi: F — W — P? of the covering with the projection on the i-th factor, and
observe that fibers are conics. By Blanchard’s lemma (Lemma 2.3), Aut®(F)
acts on P2, making the morphism equivariant. Hence, the group Aut®(F) acts
on W, via a connected algebraic subgroup H C Aut®°(W) that preserves D. As
W is smooth, the divisor D is also smooth, and satisfies Kp = 0. The Kodaira
dimension of D being nonnegative, Aut®(D) does not contain any connected
linear algebraic group of positive dimension, so the action of H on D is trivial,
and thus H is trivial, as the set of the fixed points of a nontrivial automorphism
of P2 is a finite union of lines and isolated points.

2: In this case, the blow-up F' — P3 is Aut®(F)-equivariant (Lemma 2.3).
One may thus see Aut®(F) as the subgroup of Aut(P3) = PGL4(C) preserving
the blown-up curve I' C P? of degree 6 and genus 3. As this curve is not
contained in a plane, the action on I' gives an injective group homomorphism
Aut®(F) < Aut®(T"). This shows that Aut®(F') is trivial as Aut(I") is finite.

5: In this case, F' is a double cover of P! x P! x P! whose branch locus
is a divisor D of tridegree (2,2,2). We consider the morphism F — P! x
P! obtained by projecting onto the first two coordinates. As the fibers are
connected, by Blanchard’s lemma (Lemma 2.3), the group Aut®(F') acts on
P! x P!. Doing the same with the other projections on two factors, one obtains
a group homomorphism Aut®(F) — Aut®(P! x P! x P!) ~ PGLy(C)? whose
image is a connected group H that preserves the divisor D. As F' is smooth,
the divisor D is also smooth. Moreover, Kp ~ 0, so the Kodaira dimension of F’
is nonnegative, which implies that Aut®(F) does not contain any connected
linear algebraic group of positive dimension. The action of H on F' is then
trivial, which implies that H is trivial.

8: In this case, F is a smooth divisor of multidegree (1,1,1,1) in P! x P! x
P! x P! = (P!)%. We can view F as the set

{([xo san, [yo s, fuo s wal, fog s on]) € (BN | [z @] - M (u,v) - Bﬂ = 0},

where M is a symmetric 2 x 2-matrix whose coefficients are homogeneous
polynomials of bidegree (1,1) in Clug, u1][vo,v1]. We consider the projection
7: F — P! x P! onto the last two factors. By Lemma 5.3 applied to affine
charts of P! x P!, as F is smooth, the curve A C P? defined by the polynomial
det(M), parameterizing the singular fibers, is smooth. By Blanchard’s lemma
(Lemma 2.3), the group Aut®(F) acts on P! x P! via a connected subgroup
H C Aut®(P* x P!) ~ PGLy(C) x PGLy(C). We will prove that H is trivial,
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which implies that Aut®(F) is trivial, as we can make the same argument with
the projection onto the first two factors. The group H preserves the smooth
curve A C P! x P! which is of bidegree (2,2) and is thus of genus 1. As Aut(A)
does not contain any connected linear algebraic group of positive dimension,
the group H acts trivially on A, and is thus the trivial group, as the set of
fixed points of every nontrivial element of Aut®(P! x P!) consists of unions of
isolated points and fibers of the projections. O

5.5. Explicit descriptions of the groups of automorphisms of positive
dimension. According to Proposition 5.4, the only smooth Fano threefolds
F in the list of Table 1 for which Aut®(F) is not trivial belong to the families
3,4, 6 or 7. We now describe Aut®(F') in these cases and prove that, in each
family, there are finitely many isomorphism classes for which Aut®(F) is not
a torus.

In Case 7, F =P! x P! x P, so Aut®(F) = PGL2(C) x PGL2(C) x PGLy(C)
(this is classical and follows from Blanchard’s lemma (Lemma 2.3) applied to
the projections F' — P). We then consider Cases 3, 4 and 6 in Lemmas 5.6, 5.7
and 5.9 respectively.

Lemma 5.6. Let F be the blow-up of a smooth quadric Q C P* along a smooth

rational curve C of degree 4 which spans P* (Case 3 of Table 1).

(1) Aut®°(F) is either trivial, or isomorphic to Go, Gy, or PGL2(C), all cases
being possible.

(2) If Aut°(F) ~ PGLy(C), then up to a change of coordinates, @ is given by
Tor4 — 41123 + 323 = 0 and C is the image of the Veronese embedding of
degree 4 of PL.

(3) If Awt°(F) ~ G,, then up to a change of coordinates, @ is given by
ToTs — 42173 + 303 + 212 — 2 = 0 and C is the image of the Veronese
embedding of degree 4 of P'. Moreover, there is a unique point p € F fized
by Aut®(F).

Proof. By Lemma 2.3, the morphism n: F — @ is Aut®(F)-equivariant, so
Aut®(F) is conjugate via 7 to the connected component H® of the group

H={geAut(Q)|g(C)=C}={g e Aut(P*) | g(C) =C, 9(Q) = Q}

containing the identity. Changing coordinates on P4, we may assume that C
is the image of the Veronese embedding
Pt P [u:o] e [ut s wd s u®e? s ue® 0d).

In particular, H is contained in H = {g € Aut(P*) | g(C) = C}, which is iso-
morphic to Aut(C) ~ Aut(P') ~ PGLy(C). We then choose the following basis
of the vector space of polynomials of degree 2 vanishing on C:

2 2
fo=xoxy —4x123 + 323, f3 = 2123 — 73,
_ 2 _
f1—$0$2—$1, f4—$1$4—$2$3,

2
fo = xoxs — x122, f5 = xaxq — a5,
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One then verifies that fo is invariant by H ~ PGLy(C).

(i) Suppose first that some torus G,, is contained in H. Conjugating by an
element of H, the torus acts on the image of the Veronese embedding via 7
as [u:v] = [u: &), € € C*, and thus acts on P* as [xg : -+ : z4] = [w0 : E21
2wy 1 a3 *24). Replacing x; with &y in fo, ..., f5 yields £*fo, £2f1, €3 fa,
E4f3, € f4, €9fs. Hence, the equation of Q is either given by fo + kf3 =0
for some k € C, or is given by f; for some i € {1,...,6}. This latter case
is impossible as @) is smooth, so we are in the former case. If k = 0, then
H ~ PGLy(C), as fy is invariant by H. We may thus assume that x # 0 and
prove that H = G, x (o), where o is the involution o: [xg: 21 : - : z4] —
[4 -+ : @1 1 0], which preserves Q. As PGLy(C) acts 2-transitively on P,
the group G, x (o), which is the group of elements preserving {[1: 0], [0 : 1]},
is maximal in H. Hence, it remains to see that H # H when x # 0. We simply
consider the automorphism of P! given by [u : v] + [u : v + ], which induces
the automorphism

vilxg:-oiwg] = [mo 21 + o s X2+ 221 + o : 23 + 3w + 321 + 20
x4 + 43 + 622 + 421 + 20

on P*, and observe that v does not preserve Q.

(ii) Suppose now that no torus G,, is contained in H. This implies that
either H is finite (in which case Aut®(F') is trivial) or H® ~ G,. Conjugating
by an element of H, we may assume that H corresponds to [u: v] — [u: v + €],
¢ € C, and thus contains the element v given above. We then compute that
foov,..., feov are equal to fo, f1, 2f1+ fo, fi+ fo+ fa, fo+2f1+3f2+
6fs + fa, fo+ f1+2f2 +6f3+2fs + f5 respectively. This implies that the
equation of @ is a linear combination of fy and f;. As {f; = 0} is singular
and no torus is contained in H, the equation is of the form fy + Af; for some
A € C*. Conjugating by [u: v] — [u: v] for some £ € C*, we obtain the
equation fo + fi. We now prove that H® is indeed isomorphic to G, for this
equation. Indeed, otherwise, H° would be bigger and thus would contain
the torus [u: v] — [u: &v], & € C*, which is impossible because fo + f1 is
not invariant under this torus. It remains to show that there is only one
fixed point for Aut®(F). As ¢ =1[0:---:0:1] is the only point of P* fixed
by v, all fixed points of Aut®(F) are contained in the preimage of ¢ in F,
which is a curve e isomorphic to P!. It remains then to see that the action
of Aut®(F) on e is not trivial. Note that the tangent hyperplane of @ at ¢ is
given by x¢g = 0. The tangent line of C at ¢ is given by xg = 21 = x5 = 0. The
quadrics fo, f4, f5 then generate the conormal bundle of C' at ¢, and f1, fa, f3
are singular at g. Since faov = fy, faov = fo+2f1 +3f2 + 6f3 + f4 and
fsov=fo+ fi+2fa+6f3+ 2fs + f5, the action of Aut®(F) on e is not
trivial. ([

A smooth hypersurface of bidegree (1,1) in P? x P2 is isomorphic to P(Tp2),
via any of the two projections. In the next lemma, we recall the proof of this
classical fact for the reader’s convenience.
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Lemma 5.7. Let F C P2 x P? be a smooth hypersurface of bidegree (1,1)
(Case 4 of Table 1). Then the following holds.
(1) Changing coordinates on P? x P2, the threefold F is given by

2

= {([$01 x1 @), [yo : Y1 ¢ yo]) € P? x P?
1=0

(2) The group PGL3(C) acts faithfully on F via
PGL3(C) x F — F,

Zo Yo Zo Yo
A (2|, |0 = A 2 ]PATE
X2 Y2 €2 Y2

Moreover, this actions provides an isomorphism PGL3(C) ~ Aut®(F).
Proof. (1): The variety F is given by
Yo
([xo : 1 : w2, [yo : y1 : y2]) €P2 X P? | [wg @1 @] -M - |y =0
Y2
for some matrix M € Matsy3(C). After a change of coordinates on P2 x P? of
the form (A, B) with A, B € GL3(C), we can assume that M is diagonal with
all entries equal to either 0 or 1. Indeed, in the new coordinates, F is given by

the matrix tA='MB~'. As F is smooth, this implies that M is the identity
matrix, so

2
inyi = 0}

F= {([xo cxy o), Yoy s ye)) € P2 x P2

=0
(2): The group PGL3(C) acts faithfully on F' via
PGL;(C) x F — F,
Lo Yo Lo Yo
A =], (0 = Ao ] PAT
T2 Y2 T2 Y2

In particular, the group Aut®(F') contains PGL3(C). It remains to see that
each element of Aut®(F") is of this form. To see this, we first use Blanchard’s
lemma (Lemma 2.3) for the two projections F' — P2, which are P!-bundles, and
obtain that each element of Aut®(F) is of the form (z,y) — (Az, By) for some
A, B € PGL3(C). Applying the element (x,y) — (‘Bx, B~ly), we may assume
that B is the identity. It remains to see that A is the identity too. Denoting by
7: F — P? the second projection, the automorphism (x,y) — (Ax,y) leaves in-
variant every fiber of 7. In particular, it preserves 71 ([1:0:0]), 7= ([0:1:0])
and m7=1([0:0:1]), so A is diagonal. It moreover preserves 7~ 1([1:1:1]), whose
image under the first projection is the line xg + 1 + x2 = 0, and thus A is the
identity. O
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Case 6 of Table 1 is presented in [28] as an intersection of three hypersurfaces
of tridegree (0,1,1), (1,0,1) and (1,1,0) in P? x P2 x P2. In [28, Case 1.2.6,
p. 422], it is explained that varieties of that form are isomorphic to smooth
varieties as in Case 6. Lemma 5.8 below gives an explicit way to see the
converse. Lemma 5.9 then describes the group of automorphisms.

Lemma 5.8. Let T C P2 x P? be a smooth hypersurface of bidegree (1,1). Let

C C T be a smooth curve of bidegree (2,2) such that the projection to any of

the two P? gives an embedding C' — P?. Denoting by n: F — T the blow-up

of C and by E C F the exceptional divisor, the following holds.

(1) The threefold F' is a smooth Fano threefold of Picard rank 3.

(2) The divisor D = —3Kp — LE is ample.

(3) The linear system |D + K| gives a morphism r: F — P2. Moreover, the
morphism k x 1 gives a closed embedding F — P? x P2 x P? that sends F
onto a the intersection of three hypersurfaces of tridegree (0,1,1), (1,0,1)
and (1,1,0).

Proof. After changing coordinates in P? x P2, we may assume that C' is the
image of the morphism 7: P* = C, [u: v] = ([u? : wv : v?], [u? : wv : v?]).

We have K7 = —2H, where H C T is the intersection of T" with a hyper-
surface of P? x P? of bidegree (1,1). Since Kr = n*(Kr) + E, we obtain
D+ Kp=—-3Kp—3E=—3n"(Kr)— E=n*(H) — E. Therefore, the linear
system |D 4 K| is the linear system of strict transforms of hypersurfaces of
bidegree (1,1) through C. The vector space of polynomials of bidegree (1, 1)
vanishing along C' is of dimension 4, generated by

T1Y2 — T2Y1, T2Yo — ToY2, ToYi1 — T1Yo, T1Y1 — T2Yo-

The equation of T' is a linear combination of the four above polynomials.
We observe that it is linearly independent of the first three. Indeed, for any
(ag,a1,az) € C3\ {0}, the hypersurface of P? x P? given by ag(z1y2 — z2y1) +
a1 (z2y0 — Toy2) + az(xoy1 — x1Yo) is singular at ([ag : a1 : az],[ap : a1 : az)) €
P? x P?, as the derivative with respect to z; or y; is zero for all i. This im-
plies that the intersection of T" with the diagonal of P2 x P? is equal to C,
that the linear system of hypersurfaces of T of degree (1,1) through C is of
dimension 3 and that the rational map x: F --» P2 induced by |D + K| is
equal to k = 0 on, where §: P? x P? ——» P? is given by

O(([zo : @1 2 2], [yo : Y1 : y2])) = [T1y2 — Tay1 : Tayo — ToY2 : ToY1 — T1Yo].
We consider the variety
W ={(z,y,2) € P? x P? x P2 | xoza + 2121 + 2220 =0, y122 + Y121 + Y220 = 0}

and observe that e: W — P2 x P2, (2,y,2) — (z,y) is the blow-up of the
diagonal A C P2 x P2, This can for instance be seen on the local charts U C
P2 x P? given by x;y; # 0 with i, € {0,1,2}. The inverse of the blow-up is
(,y) — (z,y,0(x,y)). Hence, e: ¢ *(T) — T is the blow-up of TN A = C, with
inverse (z,y) — (z,y,k(z,y)). It follows that the map x x n: F --»P? x P2 x P?
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is an isomorphism onto its image F' = ¢ ~1(T'). This proves (3), which in turn
implies that D + Kp = n*(H) — E is semiample but not big.

To see that —Kp = 2n*(H) — E is ample, one observes that, for each curve
I’ C F not contracted by n, one has T - (—Kg) >T - n*(H) > 0since n*(H) — E
is nef and that I' - (—Kr) > T'- (n*(H) — E) > 0 for curves I' contracted by 7.
Moreover, (—Kr)? =30 > 0, so we conclude by the Nakai-Moishezon criterion.

We can also see that F' is in [24, n® 13 of Tab. 3]. This gives (1) and then
implies that D is ample since D + K is semiample. U

Lemma 5.9. Let F be the blow-up of a smooth divisor T C P? x P? of bidegree

(1,1) along a curve C of bidegree (2,2) such that C — T — P? x P2 — P? is

an embedding for both projections P2 x P2 — P2, and assume that F is smooth

(Case 6 of Table 1). Then the following holds.

(1) Aut®(F) is either isomorphic to Gy, or to G, or to PGLy(C), all cases
being possible.

(2) If Aut°(F) ~ PGL2(C), then F' is isomorphic to

Fy = {([mg cx1 2], (Yo yr y2], (20t 21t 22]) € (P?)3
2 2 2
inyi = 0, 21‘12’1 = 0, Zyﬁii = 0}
i=0 i=0 i=0

The projection Fy — P2 x P? on two different factors yields a birational
morphism Fy — T, where

2
in% = 0},

T= {([xo rxy @), [Yo 1yt ye)) €P? x P?
i=0

which is the blow-up of

ix?zO}.

=0

For each matric M € PGL3(C) such that 'M - M = id, we have an
automorphism of Fy given by

I'= {([{EO Xy {EQ], [{EO Xy {EQ]) S ]P2 X ]P2

FQ — FQ,
Zo Yo 20 Zo Yo 20
zi|, |y, |zl | = M- (x|, M- |y|, M- |21] |,
T2 Y2 22 €2 Y2 22

and every automorphism of Fy is of this form. This gives an isomorphism
Aut®(Fp) ~ PO3(C) ~ PGLy(C).

(3) If Aut®(F) ~ G, there is only one isomorphism class for F. This latter
is isomorphic to the intersection of three hypersurfaces of P? x P2 x P? of
tridegree (0,1,1), (1,0,1) and (1,1,0) such that the group Aut®(F) acts
on each of the three copies of P2 by fizing exactly one point.
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Proof. By definition, we have a birational morphism 7n: F' — T, where T C
P2 x P? is a smooth divisor of bidegree (1,1). This morphism is the blow-up of
a curve C of bidegree (2,2). By Blanchard’s lemma (Lemma 2.3), the morphism
n: F — T is Aut®(F)-equivariant, so Aut®(F') is conjugate via 1 to the group
H={ge€Aut°(T) | g(C) = C}. Changing coordinates, by Lemma 5.7 (1),
we may assume that 7' = {(z,y) € P? x P? | Z?:o z;y; = 0}. Moreover, the
embeddings of C into P? given by each of the two projections 7y, mo: P2 x P2 —
P? induce isomorphisms of C' with two conics C; C P? and Cy C P?. We may
apply an automorphism of T of the form (*A~!, A) (cp. Lemma 5.7 (2)) and
assume that Cy is defined by Z?:o z? =0.

By Lemma 5.7, PGL3(C) ~ Aut®(T) acts on T by (z,y) — (Az, tA™1y).
The subgroup of PGL3(C) that preserves the conic C; C P2 is the projective
orthogonal group PO3(C) = {M € PGL3(C) | M =M} ~ PGLy(C). Hence,
the group H is contained in the subgroup HcC Aut®(T") given by

H = {(z,y) — (Mz, My) | M € PO3(C)} ~ PO3(C) ~ PGLy(C).

The closed curve I' = {([zo : 21 : 2], [0 : 21 : 22]) € P? x P? | Z?:o 2?2=0}CT
given by the diagonal embedding of C; into T is invariant by H , S0 one obtains
H = H if C =T. In any case, C is contained in the surface (1)~ *(Cy) C T,
which is isomorphic to P! x P!, via

7: Pt x P 3 (m) " H(Ch),
([a:0),[c:d]) — ([a® —b* :i(a® + b?) : 2ab], [ac — bd : i(ac + bd) : ad + be]).

Moreover, the isomorphism 7 sends the diagonal of P' x P! onto I'. As
H ~ PGL,(C) acts on (m1)~1(Cy) ~ P! x P! via a faithful action on the first
coordinate (corresponding to the action of PO3(C) on C;) and preserves the
diagonal, the action on P* x P! is the diagonal action (for a suitable isomor-
phism H ~ PGLy(C)). In particular, T is the unique curve of (71)~1(Cy) that
is invariant by H.

The curve C' is the image by 7 of a curve C’ C P! x P! of bidegree (1, 1).
If C is not equal to I, it intersects I' in two or one point. In the first case,
we may apply an element of H and assume that the two points are the image
by 7 of ([0:1],[0:1]) and ([1:0],[1 :0]), which implies that C’ is given by
ad + &be for some £ € C\ {—1}. Hence, H is isomorphic to C*, acting as
([a:b],[c:d]) — ([Aa:b],[Ac: d]). In the second case, we may assume that the
point is ([0 : 1],[0 : 1]). Hence, C’ is given by ad — bc + £ac for some £ € C*.
Applying an element of the form ([a : b], [c: d]) — ([Aa : b], [Ac : d]), we may
assume that € = 1. The group is then isomorphic to G, via ([a : b],[c: d]) —
([a: b+ pal,[c: d+ uc]). This achieves the proof of (1).

(2): If Aut®(F) ~ PGL2(C), then in the above description, C is given by T'.
We write as above

= {<m,y,z> e (B

2 2 2
inyi = Z%Zl = Zylzl = 0}
i=0 i=0 i=0
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and consider the rational map 7: T --+ Fy given by (z,y) — (z,y, [x1y2 — Z2y1 :
TalYo — ToYz : Toy1 — T1Yo)), which is PO3(C)-equivariant, with an action on
Fy given by (z,y,2) — (Mx, My, M z) (this follows from the fact that 7 cor-
responds to the cross product). Lemma 5.8 implies that 7 on: F --» Fj is an
isomorphism and thus that the projection Fy — T is the blow-up of C.

(3): If Aut®(F') ~ G, then the curve C is the image by 7 of the curve of
P! x P! given by ad — bc + ac = 0. Hence,

C={r(la:b,[a:b—a])|[a:b] €P'}
= {([a* — b* : i(a® + b?) : 2ab],
[a® +ab—b* :i(a® + b* — ab) : 2ab — a?]) | [a : b] € P'}.

The action of Aut®(F) ~ G, on any of the two P? preserves the conic and fixes
a unique point of the conic, so has a unique point fixed on P?. This point
is equal to 7([0: 1],[0 : 1]). Using the embedding of F into P? x P? x P? of
Lemma 5.8, one gets an action of G, on the third factor too, with a unique fixed
point, indeed, the projection on the last two coordinates gives again a birational
morphism which is the blow-up of a curve of bidegree (2,2) (see [28, Case 1.2.6,
p. 422]), and we can use the same argument as above. ]

Corollary 5.10. There are exactly two smooth Fano threefolds F which satisfy

p(F) >2, Aut®(F) ~ PGL2(C) and which can occur as general fibers of a Mori

fiber space. These two threefolds are the following:

(A) The blow-up of the quadric Q C P* given by xox4 — 4x123 + 323 = 0 along
the image of the Veronese embedding of degree 4 of P'.

(B) The threefold

{<x,y,z> e (B2

2 2 2
inyi = Z%‘Zi = Zyizi = 0}-
i=0 i=0 i=0

Proof. Let F be a Fano threefold with p(F) > 2 and Aut®(F) ~ PGLy(C),
which occur as a general fiber of a Mori fiber space. By [8, Thm. 1.4], the
threefold needs to be in the list of Table 1 (or equivalently of [8, Tab. 1]).
Since Aut®(F) is not trivial, Proposition 5.4 implies that F belongs to the
families 3, 4, 6 or 7.
e In Case 3, Lemma 5.6 proves that F' is isomorphic to the threefold (A)
above.
In Case 4, it is impossible to have Aut®(F') ~ PGL2(C) (Lemma 5.7).
In Case 6, Lemma 5.9 proves that F' is isomorphic to the threefold (B)
above.
e In Case 7, we have F ~ (P!)3, contradicting Aut®(F) ~ PGLz(C). O

6. SYMMETRIC BIRATIONAL MAPS FROM (P1)3 orR P(Tp2)

6.1. Symmetric birational maps from P! x P! x P!. In order to construct
birational maps from a Mori fiber space X — B with general fiber a smooth
Fano threefold F', we need to understand rational maps from F' to other vari-
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eties, which are symmetric enough. Those will be typically induced by sublin-
ear systems of —mKp for some positive m € Q. In this section, we study the
case of F = P! x P! x P!,

Lemma 6.2. Let C be a curve of tridegree (1,1,1) in F =P x P x P!, let

n: F — F be the blow-up of F along C, with exceptional divisor E.

(1) The threefold F is a smooth Fano threefold of Picard rank 4.

(2) The divisor D = —3Kp — 3 E is ample.

(3) The linear system |D + KF| gives a birational morphism F — P3, which
is the contraction of the strict transforms of divisors of F of tridegree
(0,1,1), (1,0,1), (1,1,0) through C, or equivalently the blow-up of three
skew lines of P3.

Proof. We have Kp=—2H, where H C Fisa hypersurface of trldegree (1,1 1)
Since K =n*(Kp)+ E, weobtain D+ Kp=—3Kp — sE=—in*"(Kp) — E=

n*(H) — E. Changing coordinates, we may assume that C' = {([u: v], [u : v],
[ v]) | [u:v] € P}. The divisors Hy, Ha, H3 C F of tridegree (0,1,1), (1,0,1),
(1,1,0) through C are then given by

Hy = {xoy1 — x1y0 = 0},
Hy = {yoz1 — y120 = 0},
H3 = {xozl — T120 = 0}

The rational map 7: F --» P? induced by |-1 Kz — 3 E| is then given by
hypersurfaces of tridegree (1,1,1) through C' and thus given by

([zo : z1], [yo : w1l [20 = 21])

= [Yo(zo21 — 120) : Y1(T021 — T120) : 20(Toy1 — T1Yo) : 21(Toy1 — T1Y0)]-
Its inverse 771: P3 -—» P! x P! x P! is given by

[w:z:y:zl—= (w—y:z—2],[w:z],[y: 2]).

We observe that 77! contracts the smooth quadric surface S = {wz — 2y =0} C
P3 onto the curve C and that 7 contracts respectively Hy, Ha, H3 onto the three
skew lines £1,02,03 C S CP3 givenby {1 ={y=2=0},lo={w—y=2—2=0}
and /3 = {w =z = 0}. Denote by k: X — P3 the blow-up of £, f5 and /3.
For i € {1,2,3}, we denote by m;: P! x P! x PL — P! the i-th projection and
observe that m; o 771: P3 ——» P! is the linear projection away from the line /;.
Hence, m; 07 ' ok: X — P! is a morphism. This being true for the three
projections, the birational map 7' o k: X — P! x P! x P! is a morphism.
This birational morphism between two smooth threefolds contracts the strict
transform of S, isomorphic to P! x P!, onto the curve C' ~ P! and is thus the
blow-up of C. This achieves the proof of (3).

To prove (1), one can compute the cone of effective curves and prove that it
is polyhedral, like in Lemma 6.4, and check that — K is ample. Equivalently,
one can see that £ appears in the classification of Fano threefolds (see [24, n° 6
of Tab. 4]). As for (2), we first observe that (3) implies that D + K is big
and nef, and (1) implies that — Kz is ample, so D ample. O
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Remark 6.3. In Lemma 6.2, note that 7: P! x P! x P! --» P? is PGLy(C)-
invariant, where (2 %) € PGL2(C) acts on P! x P! x P! and P? as ([zo : x1],
[yo : y1], [20 : z1]) — ([azo + bxy @ cxo + dza], [ayo + byr = cyo + dya], [azo + bz -
czo+dzi)) and [w:z:y: z] = [ow+ b : cw+dz : ay + bz : cy + dz].

Lemma 6.4. Let p be a point of F = P! x P! x P!, and let ¢1,02,03 C F be

the three curves of tridegree (1,0,0), (0,1,0), (0,0,1) passing through p. Let

m: Fy — F be the blow-up of F' at p, and let no: Fy — Fy be the blow-up at

the strict transforms 21,672,23 of £1,02,03. Denoting by E; C F; the exceptional

divisor of m; and writing again Ey1 C Fy for the strict transform of Eq C Fi,
the following holds.

(1) The divisor D = —%KF2 —F - %EQ is big and nef.

(2) The linear system |D + Kg,| gives a birational morphism 7o: Fy — P2,
which is the contraction of the exceptional divisors of ma and the strict
transforms of the divisors of F of tridegree (1,0,0), (0,1,0), (0,0,1)
through p. It is also the blow-up of three non-collinear points of P3 fol-
lowed by the blow-up of the strict transforms of the three lines through two
of them.

(3) The birational map 11 = 19 © n;lz Fy ——» P3 is obtained by the flop of the
curves Uy, Uy, U followed by the contraction of the strict transforms of the
divisors of F of tridegree (1,0,0), (0,1,0), (0,0,1) through p.

(4) The divisor Ay = —(m)*Kp — E1 is an ample divisor of Fy and the union
of the curves of F1 having intersection 1 with Ay is Fy U 571 U 572 U 573.

Proof. We denote by Hy, Ha, Hs C F the divisors of tridegree (1,0,0), (0,1,0),
(0,0,1) respectively through p. This gives, for all 4, j, k with {1,2,3} = {4, J,k},
that ¢, = H; N Hj, H; - {; =0 and H; - {; = 1. The cone of curves of F' is then
generated by ¢1, %o, /3, and one has —Kp =2H; +2Hy +2H3, 80 —Kp - £; =2
for each i € {1,2,3}.

We denote by e; C E; C F} a line in E; ~ P?, by Zl and H; the strict
transforms of ¢; and H; on Fy, giving (m)*(H;) = H; + En, for i = 1,2, 3. For
all 4,7 € {1,2,3} with ¢ # j, one finds the following intersection numbers:

E, H; H;
€1 -1 1 1
l; 1 0 -1

This implies that the cone of curves of F} is polyhedral, generated by A
and e;. Indeed, each irreducible curve C of F) is either contained in F; ~ P?
and thus equivalent to a positive multiple of eq, or is the strict transform of
a curve of F', so equal to Zai& + be; with b € Z and aq,a2,a3 > 0, a1 + as +
asz > 1. If C is not equal to 171, /5 or 173, then it is not contained in H; and H;
for two distinct ¢, 5 € {1,2,3}. Choosing k with {i,5,k} = {1,2,3}, we obtain
0<H;-C=b—a; —a,and 0< H;-C =b—a; — ax, which implies that b > 1.
We moreover obtain K, = (m)*(Kp) +2E; = —2 Zle H; — 4F;.
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f3

01 Hs 12 e H; >

F1GURE 1. The divisors and curves on F', F, F, respectively.

We now use this to prove (4). Firstly, the divisor Ay =—(m)*Krp— E; =
22:@ 1 Hi +5E; is ample as A; - lh=A; ly=A; - l3=A; e =1. As every
line in E; ~ P? is equivalent to ey, its intersection with A; is 1. The union of
curves having intersection 1 with A; thus contains E; U 01Ul U L. Conversely,
an irreducible curve C' C Fj not contained in E; is numerically equivalent to
Zailz' + bey; with aq,a2,a3,b >0 and ay + a2 + a3 > 1. Moreover, if it is
not equal to 01, 0y or 03, then b > 1, as we observed before, so C - A; =
ay + a2 + a3 + b > 2. This achieves the proof of (4).

The morphism 7 : F» — F; being the blow-up of [717 22, 23, we denote by &;
the irreducible component of Ey lying over ¢;, for i = 1,2,3. The divisor &
is isomorphic to P! x P! as it is isomorphic to the exceptional divisor of the
blow-up of F along ¢;. We write s; C &; for a section of & — ¢; of self-inter-
section 0 and f; C &; a fiber of 72; in particular, f; - & = —1. We then denote
again by Fy, Hy, Ho, H3 the strict transforms of the same surfaces on F» and
obtain 73 (E1) = Er and n3(H1) = Hi + & + &s.

Since S92 - ’I];(Hl) = (772)*(82) . H1 = €2 . Hl =—1 and So - Hl = SS9 (‘:3 = 0,
we find s5 - & = —1. Similarly, one obtains s; - & = —1 for each i € {1, 2, 3}.

For all distinct 7,5 € {1,2,3}, we also denote by e;; C Fj the strict transform
of the line of F; ~ P? that intersects £; and f; (see Figure 1). This gives
Ei-e;;j =n3(Ev) - €5 = E1 - (2)«(€55) = Eq1 - e1 = —1. We similarly obtain
Ey - fi=E - f;=0.

For all 4, j, k with {4, 5, k} = {1,2,3}, one finds the following intersection
numbers:

€ij 0 -1 -1 1
S; 0 0 1 -1
i 0 1 0 -1

o O O

The fact that e;; - Hy = —1 can be computed as follows: 1 =e; - H; = (12)«e23 -
Hl = €23 ﬁ;(Hl) = €23 ° (Hl +52 +53) = €23 ° Hl + 2.

We now prove that the cone of effective curves of Fy is polyhedral and
generated by si, Sa, 83, f1, f2, f3, €12, €13, €23, by proving that every irreducible
curve C' is a nonnegative linear combination of these. If C' is contained in one
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of the surfaces E,&;, H;, i € {1,2,3}, this is true as our curves include all
extremal rays of these del Pezzo surfaces. We may thus assume that C' is not
contained in F; or i~n any of the & or H;. The curve C is the strict transform
of ne(C) = Z?:l a;l; + bey for some ay,as,as,b > 0. This gives

3 3
C = Zaisi + beas + Zcifi for some cy, co, c3 € Z.
i=1 i=1
As 0< Hy-C =c; — b, we find that ¢; > 0. Similarly, 0 < H; - C = ¢; for
i = 2,3, proving the statement on the Mori cone of F5.
We have Ey = 3°_ & and D = —3Kp, — By — B, Writing 7 = 1 0,
we get
3

Kp, =n"(Kp)+2E, + Ey = =2 H; — 4E — 3Ej,
i=1

3
3
D=—sn"(Kp) — 4B —2E> = 3)  H; +5E| + 4E».
2 i=1
This implies that
D-eij:O, DSl:]. and Dfl:2

for all distinct 7,5 € {1,2,3}.

The divisor D is thus nef As ——K r is big (it is Very ample), the divisor
—in*(Kp) = ZZ 1 H; +3E1+2E218b1g Since D + 1 (KF)—221 1 Hi +
2F, + 2F; is effective, this implies that D is big. This achleves the proof of (1).

To prove (2), we change coordinates, assume that p = ([0 : 1],[0: 1],[0: 1])
and take coordinates ([xo : 1], [yo : ¥1], [20 : 21]) on F. This implies that Hy,
H,, Hj are respectively given by x¢p =0, yo = 0 and zy = 0. We consider the
linear system |D 4+ Kp,| on Fy. Since

3
D4 K=Y Hi+ B+ By = g (Kp) 25y — By,
i=1

it corresponds to the strict transform of hyperplane sections of F =P! x P! x P!
of tridegree (1,1,1) having multiplicity 2 at p and passing through the three
curves {1, s, ¢3. This last condition is in fact implied by the first. The linear
system corresponds then to the toric birational map 7: P! x P! x P! --» P3
given by

7 ([zo 21, [yo 1], [20 © 21]) = [Zoyo20  T1Yo20 : Toy1 20 * ToYo2),
whose inverse is given by
i wir iy 2] e ([we ], [w:y), [w: 2]),

and which restricts to an isomorphism F'\ (Hy U Ho U H3) = P3\ H,,, where
H,, C P is the hyperplane given by w = 0. Hence, the linear system |D + Kp, |
yields the toric birational map 7 = 7o n: Fy —-» P3.
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We prove now that 79 is a morphism, i.e. that it is defined at every point
g € F. As 7 is defined outside of ¢; U ¢ U f3, we may assume that n(q) €
01 Uy U ts. Using the action of Symg on x,y, z, we may assume that n(q) € ¢;.
If 7(q) # p, then n(q) belongs to the image of the open embedding A3 — F,
(rys,t) = ([1:7],[s:1],[t:1]). The morphism 5 corresponds on this chart
to the blow-up of s =t =0, that is {((r,s,t), [u:v]) € A3 x P! | sv = tu}.
Hence, 7 is locally given by ((r,s,t), [u:v]) — [st:rst:t:s] =[sv:rsv:
v:u] = [tu:rtu: v :u] and is then well-defined at every point. The remaining
case is where 7(q) = p, so 12(q) belongs to the surface F; C F; isomorphic
to P2. We study 71 =7 o n: Fp--» P3 in a neighborhood of E;. For this,
we take the open embedding A% — F, (r,s,t) — ([r:1],[s:1],[t: 1]) and
obtain that 7; is the blow-up of the origin of A% in this chart, corresponding to
{((rys,t),[u:v:w]) € A% x P? | su=rv, sw=tv, rw = tu}. The rational map n;
is locally given by ((r,s,t),[u:v:w])— [rst:st:rt:rs]=[row: vw: uw : uv).
The divisor E; corresponds to (0,0,0) x P2, so i is defined at every point of E;
except the three toric points. These are exactly the points where (12)~! is not
an isomorphism. Using the symmetry, we may assume that 72(q) = Ey N /1,
corresponding to ((0,0,0),[0:0:1]) € A3 x P2. We choose the open embedding
A3 — A% x P? (a,b,c) — ((ac,be,c),[a:b:1]) and see 12 as the blow-up of the
line a = b = 0. This latter is given by {((a,b,c), [a: B8]) € A3 x P! | aB = ba},
and 1o is given by ((a,b,¢), [ : 8]) — [abc:b:a:ab] =[afc: f:a:af] and is
thus defined at every point.

We have now proven that 7 = |D + %KF| : Fy — P3 is a birational morphism.
Since 7(Hy \ ((2U¥3)) =[0:1:0: 0], the morphism 7o contracts the surface
Hy C F5 onto [0:1:0:0]. Similarly, the surfaces Hy, H3 C F, are contracted
onto [0:0:1:0] and [0:0:0:1]. The above description of 72 implies also
that & is contracted to the curve w = x = 0, so & and &3 are contracted onto
w=y=0and w=2z=0. One can then either check in coordinates or use
the universal property of blowing-ups, to see that 7o is exactly the blow-up
of [0:1:0:0/,[0:0:1:0] and [0:0:0 : 1], followed by the blow-up of the
strict transform of the three lines through these points. This achieves the proof
of (2).

It remains to prove (3). We have already shown that 71 is obtained by
blowing-up the curves 51,572,673, then contracting their divisors &1, &, &3 ~
P! x P! “in the other direction” and then contracting the strict transforms
of the divisors of F' of tridegree (1,0,0), (0,1,0), (0,0,1) through p onto
[0:1:0:0),[0:0:1:0]and [0:0:0:1]. As /1,035,035 C F; are extremal and
have intersection 0 with the canonical, the blow-up of them followed by the
contracting of the divisors “in the other direction” simply consists of three
Atiyah flops. O

6.5. Symmetric birational maps from P(7Tpz). We now describe symmet-
ric birational maps from a smooth hypersurface of P? x P? of bidegree (1,1)
(Case 4 of Table 1), which is isomorphic to P(Tp2) (Lemma 5.7).

The following lemma is similar to Lemma 6.2.
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Lemma 6.6. Let C be a curve of bidegree (1,1) in P? x P? contained in
a smooth hypersurface F of bidegree (1,1). Let n: F — F be the blow-up of F
at C, with exceptional divisor E.

(1) The threefold F is a smooth Fano threefold of Picard rank 3.

(2) The divisor D = —3Kp — 1 E is ample.

(3) The linear system |D + K| gives a birational morphism F — Q, where Q
is a smooth quadric in P*, which is the contraction of the strict transforms
of divisors of F of bidegree (0,1), (1,0) through C, or equivalently the
blow-up of two skew lines of Q.

Proof. We have K = —2H , where H C F' is the intersection of F' with a hyper-
surface of P? x P? of bidegree (1,1). Since Kg = n*(Kr) + E, we obtain
D+ Kp=—-1Kp— 3E =—4n"(Kp) — E =n*(H) — E. Changing coordi-
nates, we may assume that

2

= {([330 tx1 @), [Yo 1yt ya]) € PP x PP
1=0

(Lemma 5.7). We may then apply an element of PGL3(C) as in Lemma 5.7 (2)
and assume that the projection of C' onto the first coordinate is given by xzg =0,
so C is given by

C={(0:u:v],[ou+Bv:—v:u])||u:v] P}

for some «, 8 € C. Applying an automorphism of the form ([zg : 21 : z2],
[yo : y1 : y2]) = ([0 : 1 — Bxo : T2 + axo), [Yo + By1 — aya : Y1 : Y2]), we may
assume that o = g = 0.

The divisors Hy, Hy C F of bidegree (0,1), (1,0) through C are then given
respectively by

Hy ={yo =0}, Hy={xo=0}.

The linear system |—$Kj — 2 E| is the linear system of strict transforms of
hypersurfaces of bidegree (1,1) through C' and thus the rational map 7: F --»
@ C P* induced by it is given by

([330 B 332]7 [Z/o ‘Yt Z/z]) = [3302/0 P ToY1 t T1Yo t ToY2 * xzyo]-

Its image is Q = {[20 : -+~ : 24] € P* | 22 + 2129 + 2324 = 0}. The inverse

771 Q --» F is given by

[ZO e 24] — ([ZO 2ot 24], [ZO A 23])

We observe that 7! contracts the smooth quadric surface S = {z0=0, z122 +
2324 = 0} C Q C P* onto the curve C and that 7 contracts respectively Hy, Ho
onto the two skew lines ¢1,05 C S given by 1 = {29 = 20 = 24 = 0} and {3 =
{20 = 21 = 23 = 0}. Denote by k: X — @ the blow-up of ¢1,¢>. For i €
{1,2}, we denote by m;: P? x P? x P? the i-th projection and observe that
mio7 t: P4 -—» P2 is the linear projection away from the line ¢;. Hence,
Lo k: X — P? is a morphism. This being true for the two projections,
lok: X — F is a morphism. This birational morphism

T; OT
the birational map 7~
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between two smooth threefolds contracts the strict transform of .S, isomorphic
to P! x P! onto the curve C' ~ P!, and is thus the blow-up of C. This achieves
the proof of (3).

To prove (1), one can compute the cone of effective curves, prove that it is
polyhedral like in Lemma 6.4 and check that — K is ample. Equivalently, F
is a smooth Fano threefold appearing in the Mori-Mukai classification (see [24,
n°20 of Tab. 3]). The proof of (2) can be done as follows: we first observe
that (3) implies that D 4+ Kz is big and nef, and (1) implies that —Kpz is
ample, so D is ample. O

The following result, and its proof, are very similar to Lemma 6.4. The main
difference is the morphism induced by |D + Kpg,|: it is birational with image
P? in the case of (P')3, and it is not birational in the case of F' C P? x P2, as
it is the restriction of P? x P2 --» P! x P!, where each factor is a projection
from a point.

Lemma 6.7. Let p = (p1,p2) be a point of P2 x P2, contained in a smooth
hypersurface F of bidegree (1,1). Let ¢1,¢2 C F be the two curves of bidegree
(1,0), (0,1) that pass through p. Let n1: Fy — F be the blow-up of F' at p, and
let no: Fy — F1 be the blow-up at the strict transforms €~1,€~2 of £1,45. Denoting
by E; C F; the exceptional divisor of n; and writing again E1 C Fy for the strict
transform of E1 C F1, the following holds.

(1) The divisor D = —gKF2 —F — %EQ is big and nef.

(2) The linear system |D + Kg,| gives a morphism o: Fy — P! x P! C P3,
with general fibers isomorphic to P!, corresponding to projections P? --» P!
away from p; on the two factors of P? x P2.

(3) The divisor Ay = —(m )*Kp — E7 is an ample divisor of Fy, and the union
of the curves of F1 having intersection 1 with Ay is E1 U 571 U 572 U 673.

Proof. Changing coordinates, we may assume that

2
> miyi = 0}

F= {([xo 21 @), [yo 1y yo]) € P2 x P2
=0

(Lemma 5.7). We may then apply an element of PGL3(C) as in Lemma 5.7 (2)
and assume that p1 = [1:0:0] and po = [0 : 1:0]. This gives

O ={([u:0:0],[0:1:0]),[u:v] € P},
lo={([1:0:0],[0:u:v]),[a:d] € P}.

We denote by Hy, Hy C F the divisors given by x1 = 0,y¢ = 0 respectively. We
observe that the involution o € Aut(F') given by ([zo : x1 : z2)], [yo : y1 : y2]) —
([y1 : yo : y2], [x1 : @o : 2]) exchanges ¢1 and fs, exchanges H; and Hy and
fixes p.

The divisors H; and Hy generate the cone of effective divisors of F' and
satisfy Hy N Hy = £1 U 5. For {i,j} = {1,2}, the surface H; is isomorphic
to [y, the projection on the i-th factor gives a P'-bundle on a line of P2, the
curve {; C Hy being a fiber and the projection on the j-th factor gives the
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£y

F1GURE 2. The divisors and curves on F' and Fj respectively.

contraction F; — P? of the (—1)-curve ¢; C H;. We also have H; -4; =0 and
H; - ¢; =1 when {3, j} = {1,2}. The cone of curves of F' is then generated by
l1,0, and one has —Kp = 2H; + 2Hs, so —Kp - £; = 2 for each i € {1,2}.

We denote by e; C By C Fy a line in Fy ~ P2, by ¢; and H; the strict
transforms in Fy of ¢; and H;, giving (m)*(H;) = H; + F4, for i = 1,2. For
{i,7} = {1,2}, one finds the following intersection numbers:

€1 fi fj

E, -1 1 1
H; 1 0 -1

This implies that the cone of curves on Fj is polyhedral, generated by
171, 22, e1. Indeed, each irreducible curve C of Fj is either contained in F; ~ P2
and thus equivalent to a positive multiple of ey, or is the strict transform
of a curve of F, so equal to ) ailZi + bey with b € Z and ay,as > 0. There
is moreover i € {1,2} such that a; > 1. If C' is not equal to #;, then it
is not contained in H;, for some right choice of H; in its pencil. We ob-
tain 0 < H; - C = b — a;, which implies that b > 1. Moreover, we obtain
KFl = (T]l)*(KF) + 2E1 = —2H1 — 2H2 — 2E1

We now use this to prove (3). Firstly, the divisor Ay = —(m)*Krp — E; =
2H1 + 2H2 + 3E1 is ample as A1 'Zl = A1 '22 = A1 e = 1. As every line in
E, ~ P? is equivalent to e, its intersection with A; is 1. The union of curves
having intersection 1 with A; thus contains E; U 01 U ly U ls. Conversely,
an irreducible curve C' C Fj not contained in Fj is numerically equivalent to
> aiéi + bey with a1,a92,b > 0 and a1 + as > 1. Moreover, if it is not equal to
4y or 172, then b > 1, as we observed before, so C - Ay = a1 + as + b > 2. This
achieves the proof of (3).

The morphism 79 : F» — F; being the blow-up of 21,672, we denote by &;
the irreducible component of FE» lying over l;, for i =1,2. We then denote
again by Fi, H1, Hs the strict transforms of the same surfaces on F,. The
morphism &; — tzv is a P-bundle, and H; N &;, Ha N E; are two sections. We
now prove that &; is isomorphic to P! x P! and that H; N &; has self-intersection
1 or 0, if j =14 or j # i respectively. To see this, we can look at the blow-up
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F1cURE 3. The divisors and curves on F, respectively.

of ¢; C F. Using the symmetry, we assume i = 1; this allows to work on the
open subset U C F where yo = 1, isomorphic to P* x A2, via ([u : v], (a,b))
([u:—au—>bv:v],[a:1:0]). The curve ¢, is given in this chart by a =b =0,
so the exceptional divisor is isomorphic to P! x P!. The surfaces H; and Hs
are given by au + bv = 0 and a = 0, and thus their strict transforms intersect
the exceptional divisor along sections of self-intersection 1 and 0 respectively.

For {i,5} = {1,2}, we write s; = & N H;, which is a section of & — £; of self-
intersection 0 and f; C &; a fiber; in particular, f; - & = —1 As 6, = H;,NE;
has bidegree (1,1) in & ~ P! x ]P’l, we find H, - f; = H; - s;, = 1. Moreover,
Hj;-0; = H; - f; = 1, which implies that H; - s; = 0, since 5 = fi + s;.

We now denote by ez C F5 the strict transform of the unique line of F; ~ P?
that intersects /1 and f5. It then satisfies e5 - &, = es - £ = 1 since (n2)«(e2) =¢1.

To compute s; - & and eq - H;, we use n3(H;) = H; + & + E. We have
si-n5(Hi) = (n2)«(s;) - Hy = ?; - H; = 0, which gives s; - & = —1since s; - ;=0
and s; - H; = 1. Similarly, es - n3(H;) = (2)«(e2) - H; = e1 - H; = 1, which gives
es - H; = —1. We also compute e - By = ea - (12)*(E1) = e1 - By = —1.

For {i,j7} = {1, 2}, one finds the following intersection numbers:

sios;  fi fj e
H; 1 0 1 1 -1
Ey 1 1 0O 0 -1
E -1 0 -1 0 1

We now prove that the cone of effective curves of F5 is polyhedral and generated
by s1, S2, f1, f2, €2, by proving that every irreducible curve C' is a nonnegative
linear combination of these. If C is contained in one of the surfaces F;, Hi,
Hy, & or &, this is true as our curves include all extremal rays of these smooth
toric surfaces. We may thus assume that C' is not contained in Ey, &, & or
Hy or Hy. The curve C is the strict transform of 7y (C) = a1ly + asls + bey
for some ay,as,b > 0. This gives C = a181 + a282 + beg + ¢1 f1 + ¢ fo for some
c1,¢2 € Z. For {i,j} = {1,2}, we have 0 < (& + H;) - C = ¢;.

We have Ey = €1 + & and D = —3Kp, — E1 — £E,. Writing n = o g,
we get n*(Kp) = —2H; — 2Hy — 4E; — 4F5 and obtain

Kp, =" (Kr) +2E, + By = —2H, — 2Hy — 2, — 3>,
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3
D= —gn*(KF) —4F, — 2Fy = 3H, + 3Hs + 2FE1 4+ 4Es,

1
D+KF2 :—gﬁ*(KF)—QEl—E2:H1+H2+E2.

This implies that D-e; =0, D-s; =1 and D - f; =2 for all ¢ € {1,2}.

The divisor D is thus nef. As —%KF is big (it is very ample), the divisor
—in*(Kp) = Hy + Hy +2E; +2E, is big. Since D+ 3n*(Kp) =2H, + 2H, +
2E; is effective, this implies that D is big. This achieves the proof of (1).

To prove (2), we consider the linear system |D + Kp,| on Fy. Its elements
are the strict transforms of hyperplane sections of F C P2 x P? of bidegree (1,1)
having multiplicity 2 at p and passing through the two curves ¢1, 5. This last
condition is in fact implied by the first. The linear system then induces the
rational map 7: P2 x P2 --» P3 given by

T ([ro s @1 22], [Yo s y1 : y2]) = [T1yo : T2yo : T1Y2 : T2Y2),
whose image is contained in the smooth quadric
Q={[xo: - :x3) €P3| mox3 = T112} ~ P! x P,
The rational map to P! x P! is then given by

7' ([zo s 1 = o], [yo s w1 ¢ w2]) = ([21 = 22], [yo : y2])

and thus corresponds to the projections P? --» P! away from p; on the two
factors i = 1,2 of P2 x P2.

It remains to see that o =7 on: Fy — P! x P! is a morphism, i.e. that
it is defined at every point ¢ € F. As 7 is defined outside of ¢; U f5, we
may assume that n(q) € £1 U 5. After composing with the automorphism o,
we may assume that 7(q) € ¢2. If n(q) # p, then n(q) belongs to the image
of the open embedding A3 — F, (r,s,t) + ([l : 7 :s],[-s —rt:t:1]). The
morphism 7 corresponds on this chart to the blow-up of r = s = 0, that is
{((r,s,t),[u:v]) € A> x P! | rv = su}. Hence, 72 is locally given by ((r, s, t),
[w:v]) = ([u:v],[t:1]) and is then well-defined at every point. The remaining
case is where 1(q) = p, so 12(q) belongs to the surface E; C F; isomorphic
to P2. We study 7, =7/ o m: - P3 in a neighborhood of E;. For this, we
take the open embedding A% < F, (r,s,t) — ([1:7:8],[-r — st :1:]) and
obtain that 1, is the blow-up of the origin of A? in this chart, corresponding to
{((rys,t),[u:v:w]) € A% x P?| su=rv, sw=tv, rw=tu}. The rational map n;
is locally given by ((r,s,t), [u: v :w]) — ([u: v],[—u — tv : w]). The divisor E
corresponds to (0,0,0) x P2, so n; is defined at every point of E except the two
points [0:0: 1] and [0: 1:0]. These are exactly the points where (7)1 is not
an isomorphism. Using the symmetry, we may assume that 72(q) = E1 N 05,
corresponding to ((0,0,0),[0:0:1]) € A% x P2. We choose the open embedding
A3 — A% x P2 (a,b,¢) — ((ac,be, ), [a:b: 1]), and see 12 as the blow-up of the
line a = b = 0. This latter is given by {((a,b,c), [a: B]) € A3 x P! | a8 = ba},
and 7o is given by ((a,b,c),[a: f]) = (Jo: B],[—a — be : 1]) and is thus defined
at every point. This achieves the proof of (2). a
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7. MORI FIBER SPACES WITH GENERAL FIBERS
ISOMORPHIC TO (P1)3 OR P(Tp2)

In this section, we prove Theorem B. Propositions 7.4 and 7.6 deal with
Mori fiber spaces with general fibers isomorphic to P* x P! x P! and P(7Tp2)
respectively. In Lemma 7.2, we prove that the horizontal subvarieties of such
Mori fiber spaces mark balanced subvarieties on the general fibers.

7.1. Balanced curves and divisors on a general fiber.

Lemma 7.2. We write F; =P! x P! x P! and denote by F» C P? x P? a smooth
divisor of bidegree (1,1). Let i € {1,2}, let m: X — B be a Mori fiber space
with the general fiber isomorphic to F;, and let Y C X be a proper irreducible
closed subset with w(Y') = B. Then the intersection of Y with a general fiber
of m corresponds in F; to one of the following:

(1) A divisor linearly equivalent to aKp, for some a € Q.

(2) A curve C C P! x Pt x P! of tridegree (a,a,a) (i =1) or a curve C C
P2 x P2 of bidegree (a,a) (i =2) for some integer a > 1. Moreover, the
degree of m;: C — m;(C) is the same for all i, where m; is the projection
onto each factor of Pt x P x P! (resp. of P? x P?).

(3) Finitely many points.

Proof. Assume that the intersection of Y with the general fiber of 7 has di-
mension at least 1. Even if case (1) directly follows from the definition of Mori
fiber space, we will address cases (1) and (2) at the same time, as the proof is
the same.

As general fibers are isomorphic to the smooth Fano threefold Fj;, the generic
fiber of 7 is a smooth Fano threefold F defined over the field K = C(B). We
denote by L = K an algebraic closure of K, and by Fy, the geometric generic
fiber. We now prove that Fp, is isomorphic to (F;)r. By [35, Lem. 2.1], there
is a field isomorphism C = L which induces an isomorphism v: F; = Fr. In
particular, the Picard rank of Fy is 4 —i € {3,2} and K3 = K} = —48. If
i = 1, this implies that F, is either isomorphic to (P')? or P! x Fy [24, Tab. 3],
the second case being impossible because of the existence of the isomorphism .
If ¢ = 2, this implies that F, is isomorphic to a hypersurface of bidegree (1, 1)
in P2 x P2 [24, Tab. 2.

Let G = Gal(L/K) be the Galois group. Then we have an isomorphism
NS(F) ~ NS(F)¢ [21, Chap. II, Prop. 4.3]. Since 7 is a Mori fibration, the
Picard rank of F is equal to 1, so tk NS(F) = tk NS(F.)¢ = 1. As Fp is
isomorphic to (P})? or to a hypersurface of (P%)? of bidegree (1,1), the Galois
group has to permute the factors in a transitive way. This implies that the
cone of curves of F (or equivalently the G-invariant cone of curves of £) is of
rank 1 and that every curve on F corresponds in (P1)? or (P2)? to a curve of
multidegree (a,a,a) or (a,a) for some integer a > 1, and the same holds for
hypersurfaces.

We now consider the proper irreducible closed subset Y C X. If the inter-
section of Y with a general fiber F' is not finite, it is either a curve or a divisor.
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The generic fiber of Y — B is a curve or a divisor Y C F, corresponding in Fp,
to a balanced curve (of multidegree (a,a,a) or (a,a) for some integer a > 1,
with projections on each factor of the same degree, as stated in (2)) or a bal-
anced divisor (equivalent to a multiple of the canonical divisor). Restricting
to a general fiber, we obtain cases (1) and (2). O

7.3. Mori fiber spaces with general fibers isomorphic to (P!)3.

Proposition 7.4. Let m: X — P! be a Mori fiber space whose general fibers
are isomorphic to (P*)3. Then there is an Aut®(X)-equivariant commutative
diagram

X ot Y
]Pal

where ¢ is birational and wy : Y — P is a Mori fiber space whose general fibers
are isomorphic to P3.

Proof. By Theorem A, there is a section s C X of 7 such that the following
holds: the set

S=Aut’(X) s=Aut®(X)p - s = (Aut®(X)p1)° - s

is a proper closed subset of X such that, for each b € P!, the fiber S, =
7 1(b)NS of 7|s: S — P! is equal to

7)) NS = (Aut®(X)p)° - p,

where p € s is the point such that 7(p) = b.

We first observe that dim(S) = 3 leads to a contradiction. For a general
b € P, the fiber S, is then a surface in 7=1(b) ~ P x P! x P! which has
tridegree (a, a, a) for some integer a > 1 (Lemma 7.2). As S is the orbit
of a point by (Aut®(X)p:)°, which acts on P! x P! x P! via a subgroup of
PGL2(C) x PGL2(C) x PGLy(C), it is rational, and therefore, its canonical
divisor is not pseudoeffective, whence a = 1. Hence, the morphisms induced
by projections S; — P! x P! are birational, but not isomorphisms (this can
be shown for instance by computing K2 ). The action of (Aut®(X)p1)° on
P! x P! x P! yields an action on P* x P!, by Blanchard’s lemma (Lemma 2.3),
which cannot be transitive, contradicting the fact that S; is an orbit.

We now study the case where dim(S) = 2. For a general b € P!, the fiber
Sp is then a curve in 7=1(b) ~ P! x P! x P! which has tridegree (a,a,a) for
some integer a > 1 (Lemma 7.2). We then observe that a = 1. Indeed, if a > 2,
the projection onto each factor would be a finite ramified cover, so the action
given by Blanchard’s lemma cannot be transitive, contradicting the fact that
Sy is an orbit.

We now denote by X — X the blow-up of S, with exceptional divisor E.
Let U C P! be the open set over which X — P! is smooth. We consider the
divisor —%Kj( — F. By Lemma 6.2, we have —%Kj( — FE=Kx + D, where
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D is relatively big and nef over U. By Theorem 2.5, the divisor —%Kj( - F
induces a morphism over U which, again by Lemma 6.2, on each fiber con-
tracts the strict transforms of the three divisors of tridegree (1,1,0), (1,0, 1),
(0,1,1) through Sy. This gives an Aut®(X)-equivariant birational morphism
Xy — Yy, where Yy — U has fibers isomorphic to P3 (again by Lemma 6.2).
By Lemma 2.7, we get a Mori fiber space Y — P! that is Aut®(X)-birational
to X over P! and whose general fibers are isomorphic to P3.

It remains to study the case where dim(S) = 1, which implies that S = s is
a section, pointwise fixed by (Aut®(X)p:)° and invariant by Aut®(X).

We now denote by n1: X1 — X the blow-up of S with exceptional divisor Ej.
Let H be an ample divisor of the form —nfKx — E1 + ni7*a, where « is
sufficiently ample on P'. We consider the projective variety Chow; 1 (X;) which
parameterizes the proper algebraic cycles of dimension 1 and degree 1 with
respect to H. If F' is a general fiber of mon: X; — P!, by Lemma 6.4 (4),
the only 1-cycles of degree 1 with respect to H contained in F are the strict
transforms of the three curves through F' NS of tridegree (1,0,0), (0, 1,0),
(0,0,1) and the lines in E;. Moreover, if « is sufficiently ample, the only
1-cycles of degree 1 with respect to H are contained in fibers of m o n;. We set
U= {({E, [t]) e Xp x ChOWLl(Xl) | X € t}.

Therefore, the image of the first projection U — X is a subvariety of X; of
the form Z U Z' U E, where Z is horizontal and Z’ is vertical.

The subvariety Z is such that its intersection with the general fiber of 7 o 7y
is the union of the strict transforms of the three curves through F NS of
tridegree (1,0,0), (0,1,0), (0,0,1). We set 72: Xo — X; the blow-up of X;
along Z. We set E5 the exceptional divisor and write again F; for the strict
transform of the exceptional divisor E; of 1. Let U C P! be the open set
over which X; — P! is smooth. The divisor —%KX2 — F — %EQ is relatively
semiample over U by Theorem 2.5 as it is the sum of Kx, and of —%K X, —
E, — %EQ which by Lemma 6.4 is relatively big and nef over U. It induces
then a morphism (X32)y — Yy — U where the general fiber of Yy — U is P2,
By Lemma 2.7, we get a Mori fiber space Y — P! that is Aut®(X)-birational
to X over P! and whose general fiber is P? (using again Lemma 6.4). (]

7.5. Mori fiber spaces with general fibers isomorphic to P(Tpz).

Proposition 7.6. Let m: X — P! be a Mori fiber space whose general fibers
are isomorphic to a smooth hypersurface of P? x P? of bidegree (1,1). Then
there is an Aut®(X)-equivariant commutative diagram

X -2y
¢
m B
e
Pl

Miinster Journal of Mathematics VoL. 15 (2022), 1-46



42 JEREMY BLANC AND ENRICA FLORIS

where @ is birational and my : Y — B is a Mori fiber space whose general fibers
are either isomorphic to P! or a smooth quadric Q C P* (in this latter case,
B — P! is an isomorphism,).

Proof. Let F = {([xo:21: 22, [yo: y1:y2]) €P? x P2 |3 z;y; =0}. The general
fibers of m are isomorphic to F' (Lemma 5.7).

We apply Theorem A and obtain a section s C X of 7 such that the following
holds: the set

S=Aut’(X)-s=Aut’(X)p: - s = (Aut®(X)p1)° - s

is a proper closed subset of X and such that, for each b € P!, the fiber S, =
7 1(b)NS of 7|s: S — P! is equal to

7)) NS = (Aut®(X)p)° - p,

where p € s is the point such that 7(p) = b.

We first observe that dim(S) = 3 leads to a contradiction. For a general
b € P!, the fiber S, is then a surface in 7=1(b) ~ F which is the intersection
of F with a hypersurface of P? x P? of bidegree (a, a) for some integer a > 1
(Lemma 7.2). As Sp is the orbit of a point by (Aut®(X)p:)°, its canonical
divisor is not pseudoeffective, so a = 1. Hence, the morphism induced by any
projection S; — P? is birational, but not an isomorphism (this can be shown
for instance by computing K%, ). The action of (Aut®(X)p:)° on P? yields an
action on P2, by Blanchard’s lemma (Lemma 2.3), which cannot be transitive,
contradicting the fact that S; is an orbit.

We now study the case where dim(S) = 2. For a general b € P!, the fiber S,
is then a curve Cj, in 7=1(b) =~ F C P? x P? which has bidegree (a,a) for some
integer @ > 1 (Lemma 7.2). As Cj is an orbit, it is smooth, and it is rational
since (Aut®(X)p1)° acts on P2 x P? via a subgroup of PGL2(C) x PGL2(C), by
Blanchard’s lemma (Lemma 2.3). The degree of m;: Cp — m;(Ch) is the same
for i = 1,2, where m;: P2 x P? is the projection on each factor (Lemma 7.2).
So 7;(Cyp) is a curve for each i. Moreover, Cp — m;(Cp) is an isomorphism,
as otherwise the ramification points would be fixed (using again Blanchard’s
lemma, we have an action on each P?). There are thus two possibilities: either
a =1, or a =2 and the projections to each factor are embeddings.

We now denote by X — X the blow-up of S, with exceptional divisor E.
Let U C P! be the open set over which X — P! is smooth. We consider the
divisor —%Kj( — F. By Lemma 6.6 if a =1 or Lemma 5.8 if a = 2, we have
—%K % — E = Kx + D, where D is relatively big and nef (in fact, relatively
ample) over U. By Theorem 2.5, the divisor —%K % — F induces a morphism
over U.

If a = 1, the morphism is birational and contracts on each fiber the strict
transforms of the two divisors of bidegree (0,1), (1,0) through S (Lemma 6.6).
This gives an Aut®(X )-equivariant birational morphism Xu — Yy, where (by
Lemma 6.6 again) Yy — U is a morphism with fibers isomorphic to a smooth
quadric Q@ C P*. By Lemma 2.7, we get a Mori fiber space Y — P! that
is Aut®(X)-birational to X over P! and whose general fibers are isomorphic
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to @. This concludes the proof in this case, and the variety B in the statement
is isomorphic to P!.

If a = 2, the morphism induced by —%KX — F is not birational. On
each fiber, it gives a morphism to P? with general fibers isomorphic to P!
(Lemma 5.8). We then apply Lemmas 2.8 and 2.9 to get an Aut®(X)-equi-
variant birational map ¢: X --» Y, where Y — B is a Mori fiber space with
general fibers isomorphic to P'. We moreover obtain a morphism B — P!
which makes the diagram commutative, as in the statement.

It remains to study the case where dim(S) = 1, which implies that S = s
is a section, pointwise fixed by (Aut®(X)p:)° and invariant by Aut®(X). The
proof follows the same lines as the proof of Proposition 7.4.

We denote by 1;: X3 — X the blow-up of & with exceptional divisor Ej.
Let H be an ample divisor of the form —nfKx — Ei + njn*a, where « is
sufficiently ample on P'. We consider the projective variety Chow; 1 (X;) which
parameterizes the proper algebraic cycles of dimension 1 and degree 1 with
respect to H. If F'is a general fiber of mon: X; — P', by Lemma 6.7(3),
the only 1-cycles of degree 1 with respect to H contained in E are the strict
transforms of the two curves through F' NS of bidegree (1,0), (0,1) and the
lines in Fy. Moreover, if « is sufficiently ample, the only 1-cycles of degree 1
with respect to H are contained in fibers of m o n;. We set

U= {({E, [t]) € Xp x ChOWLl(Xl) | x € t}.

Therefore, the image of the first projection U — X is a subvariety of X of
the form Z U Z’ U E1, where Z is horizontal and Z’ is vertical.

The subvariety Z is such that its intersection with the general fiber of 7oy
is the union of the strict transforms of the two curves through F'N S of bidegree
(1,0), (0,1). We set n2: X2 — X1 the blow-up of X; along Z. We set Ey the
exceptional divisor and denote again by F; the strict transform of the excep-
tional divisor of ;. Let U C P! be the open set over which Xy — P! is smooth.
The divisor —%K x, —E1— %Eg is relatively semiample over U by Theorem 2.5
as it is the sum of Kx, and of —%KXZ —F - %Eg which by Lemma 6.7 is rel-
atively big and nef over U. Therefore, the divisor —3Kx, — 1 — 3 E» induces
a morphism which, on each fiber of (X3)y — U, is a morphism to P! x P! with
general fiber isomorphic to P! (again by Lemma 6.7). We then apply Lem-
mas 2.8 and 2.9 to get an Aut®(X)-equivariant birational map ¢: X --» Y,
where Y — B is a Mori fiber space with general fibers isomorphic to P'. We
moreover obtain a morphism B — P! which makes the diagram commutative,
as in the statement. O

We can now achieve this text by proving Theorem B.

Proof of Theorem B. Let m: X — P! be a Q-factorial terminal Mori fiber space
such that a general fiber F' is a smooth threefold of Picard rank at least 2, and
such that Aut®(X) is not trivial. The general fibers of 7 belong to one of the
families listed in Table 1 (this follows from [8, Thm. 1.4]).
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Suppose first that
Aut®(X)pr = {g € Awt°(X) | mg =7}

is finite. In this case, Proposition A implies that Aut®(X) is a torus of di-
mension 1 and provides an Aut® (X )-equivariant birational map X --» P! x Z,
where Z is a terminal threefold. We are then in case (1) of Theorem B, with
Y =P'xZand B=Z.

We may now assume that Aut®(X)p: is of positive dimension. Let us write
k = max{dim((Aut®(X)p:1)°-x) | z € X} > 0 for the maximal dimension of an
orbit of (Aut®(X)p1)° (equivalently of Aut®(X)p1) on X.

If k =1, then Proposition B gives an Aut®(X)-equivariant birational map
X --»Y, where Y — B is a Mori fiber space, with dim B = 3. In this case,
the general fibers are isomorphic to P!, so we are in case (1) of Theorem B.

We now assume that k& > 2. By Lemma 2.4, a general fiber F of 7: X — P!
then satisfies dim Aut®(F') > 2. By Proposition 5.4, the general fibers belong
to the families 3, 4, 6 or 7 of Table 1. We do a case-by-case analysis.

If the general fibers belong to the family 3, they are all such that Aut®(F") ~
PGL3(C) and are isomorphic to the blow-up of the quadric Q@ C P* of equation
ToT4 — 4w173 + 373 = 0 along the image of the Veronese embedding of degree 4
of P! (Lemma 5.6). We are then in case (2) (i) of Theorem B.

If the general fibers belong to the family 6, they are all such that Aut®(F) ~
PGL2(C) and are isomorphic to

2 2 2
inyi = inzi = Zyizi = 0}
i=0 i=0 i=0

(Lemma 5.9). We are then in case (2) (ii) of Theorem B.

If the general fibers belong to the families 4 and 7, Proposition 7.6 and
Proposition 7.4 provide an Aut®(X)-equivariant birational map X --» Y, where
Y — B is a Mori fiber space whose general fibers are either isomorphic to P?,
P? or a smooth quadric Q C P4 We are in case (1) of Theorem B. O

{<x,y,z> e (B
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