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Abstract. We discuss Poincaré duality complexes X and the question whether or not their
Spivak normal fibration admits a reduction to a vector bundle in the case where the dimension
of X is at most 4. We show that in dimensions less than 4 such a reduction always exists,
and in dimension 4 such a reduction exists provided X is orientable. In the non-orientable
case, there are counterexamples to reducibility by Hambleton—-Milgram.

The purpose of this paper is to collect what is known about the question
whether or not a Poincaré duality space is reducible, i.e. whether its Spivak
normal fibration admits a reduction to a vector bundle, focusing on low di-
mensions. The main result of this paper is the following.

Theorem. Let X be a Poincaré duality space of dimension at most 3 or an
oriented Poincaré duality space of dimension 4. Then X is reducible, i.e. its
Spivak normal fibration admits a vector bundle reduction.

The conclusion of the 4-dimensional part of the theorem is claimed in [32,
p. 95, Ex. (1)] without reference or any indication of a proof. The main purpose
of this paper, when first written, was to fill this gap. Unfortunately, the first
version of this paper contained a gap which I will explain in Section 3. When
Diarmuid Crowley made me aware of this gap, I had worked out another proof
using bordism and L-theoretic arguments which was suggested to me by Larry
Taylor. I wish to thank Larry Taylor for encouraging me to write up the
argument in this note and apologize for the delay in preparing this manuscript.

In dimension 2, the above result is a consequence of work of Wall. In
dimension 3, to the best of my knowledge, it was first shown in [10], and
I have since then seen that the result is also stated in [18] without reference.
After the incorrect argument of mine appeared, Hambleton gave a proof of
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48 MARKUS LAND

the 4-dimensional case of the above theorem in [14], based on earlier work
of Hambleton-Milgram [15]. In summary, the main results of this paper are
already in the literature; the main purpose of this note is to give an overview
of different methods that are available, and to give an alternative proof to
Hambleton’s in the 4-dimensional case.

Motivation—Wall’s conjecture. Let I' be an n-dimensional Poincaré dual-
ity group, or PD(n) group for short, i.e. the fundamental group of an aspherical
PD space X of dimension n. Then Wall conjectured that X is homotopy equiv-
alent to a (necessarily aspherical) manifold. In particular, it is conjectured that
X is reducible. In contrast to reducibility of general PD spaces, the reducibility
of aspherical PD spaces of dimension at least 5 is implied by the Farrell-Jones
conjectures in K- and L-theory (for the given group). If they hold, then there is
an ANR homology manifold homotopy equivalent to the aspherical PD space
in question, as follows from the 4-periodic version of the total surgery ob-
struction of Ranicki; see [31, Chap. 25]. Indeed, the Farrell-Jones conjectures
imply that the obstruction group for the existence of such an ANR homology
manifold vanishes. Furthermore, [11, Thm. 16.6] states that ANR homology
manifolds have reducible Spivak fibration. In fact, this was used by Bartels—
Liick—Weinberger to prove amongst other things that Wall’s conjecture is true
for hyperbolic groups whose boundary is a sphere (such groups are Poincaré
duality groups by [2]), provided the group in question has dimension at least 6;
see [1].

There exist several papers which aim to prove theorems about 3-dimen-
sional PD spaces which are known to hold for 3-manifolds. We first learned of
such results and Wall’s conjecture in a nice talk of Boileau at the conference
“Manifolds and Groups” in Regensburg in 2017, and then asked whether it was
at least known that every 3-dimensional PD space is reducible. To our surprise,
this was not documented in the literature. Soon after, Wolfgang Liick found
a proof of this statement using the geometric approach we outline in Section 3;
in fact, the approach presented there is based on Liick’s proof of the 3-dimen-
sional case which was used and written up in work of Cappell-Liick—Weinberger
on a stable version of Cannon’s conjecture [10]. In discussions with Liick, we
started talking about the 4-dimensional case, which is how this paper came
to life.

Organization of the paper. In Section 1, we recall Poincaré duality spaces and
all ingredients necessary to understand the statement of the main theorem.
The obstruction theory for vector bundle reductions of spherical fibrations
is set-up and direct consequences are established. Section 2 is devoted to
the proof of the main theorem. In Section 3, we rephrase the reducibility
question in a more geometric fashion and explain a different approach to the
main theorem (which allows to prove the main result in the case of spin PD
spaces). Finally, in Section 4, we note that the orientability condition in the
main theorem cannot be dropped using an example of Hambleton-Milgram
and briefly discuss the failure of reducibility in dimension 5 in terms of the
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geometric method of Section 3. In the appendix, we explain how Poincaré
duality spaces can be characterized from a parameterized homotopy theoretic
point of view. While surely well-known to homotopy theorists, we thought it
might be helpful to add this material here.

1. POINCARE DUALITY SPACES

1.1. Poincaré duality spaces. Roughly speaking, a space is called a Poincaré

duality space if its (co)homology satisfies Poincaré duality. More precisely,

a Poincaré duality space of dimension n is a space X of the homotopy type of

a finite CW complex such that there exists a pair (£, [X]), where

e [ is a local system on X which is pointwise infinite cyclic, called the
orientation local system, and

e [X]is an element in H, (X;£), called the fundamental class,

satisfying the property that the map

—N[X]
—

H*(X; M) H, x(X;M® L)

is an isomorphism for any local system M on X and all k € Z. In particular,
the (co)homology of X vanishes in degrees larger than the dimension of X.
A Poincaré duality space equipped with such a pair (£, [X]) will be called
L-oriented. From now on, we shall restrict to connected Poincaré duality
spaces. Choosing a base point zy of X, the orientation local system £ induces
a homomorphism

wl(X): 7T1(X,x0) — Aut(LwO) = Z/2

called the induced orientation character, and the Poincaré duality space X
is called orientable if w;(X) = 0. This is equivalent to the condition that
there exists an isomorphism ¢: £ — Z from the orientation local system to
the constant local system. For an L-oriented Poincaré duality space X, the
choice of such an isomorphism provides a Z-orientation, and then X is simply
called oriented. In this case, Poincaré duality holds with constant coefficients.
Reducing coefficients modulo 2, one sees that £ becomes a constant local
system with values Z/2 so that X is canonically Z/2-oriented. Thus there
is always untwisted Poincaré duality with Z/2 coefficients. From here on,
we will refer to Poincaré duality spaces as PD spaces or PD complexes and
sometimes leave an L-orientation implicit.

It is a theorem of Spivak, see [32], that any PD space X carries a canonical
stable spherical fibration, the Spivak normal fibration, whose classifying map
we will denote by SF(X): X — BG; see Appendix A for a discussion of the
Spivak normal fibration from a parameterized homotopy theoretic point of
view. Here BG denotes a classifying space for stable spherical fibrations (of
formal dimension 0). Let us denote by M(§) the Thom spectrum of a stable
spherical fibration £&. Then the Spivak normal fibration comes with a stable
collapse map S™ — M(SF(X)), where n is the dimension of X and S™ is the
n-fold suspension of the sphere spectrum S, such that the following holds: the
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canonical map
70 (M(SF(X))) = H, (M(SF(X)); Z) 5 H, (X £)

sends the collapse map to a fundamental class of X. In particular, the orien-
tation local system associated to the Spivak normal fibration is identified with
L in order to obtain the last (twisted) Thom isomorphism map.

In fact, Spivak in addition showed that the Spivak normal fibration is
uniquely determined in the following sense: if £ is a spherical fibration over X,
also equipped with a map ¢: S — M(¢), such that the composite

T (M(€)) = Ha(M(€)) = Ha(X;£)

sends the map c to the fundamental class of X, then & is equivalent to SF(X),
and the equivalence can be chosen to send the collapse map of £ to that
of SF(X). Even more is true, namely Wall showed that, in the above de-
scribed situation, there exists a unique such equivalence. See [34, Cor. 3.4 and
Thm. 3.5] and [7, Secs. 3.4 and 10.3] for more details and the appendix for
a different perspective on this matter. This universal property of the Spivak
normal fibration can be used to show that closed manifolds are PD spaces and
that their Spivak normal fibration is the spherical fibration underlying the sta-
ble normal bundle. The universal property of the Spivak normal fibration will
also be revisited in Appendix A.

Example 1.2. If M is a closed manifold, then M is an L-oriented PD space:
here £ refers to the local system induced by the orientation double cover M
via the bundle of free abelian groups of rank one given by M X /2 Z. The fact
that the orientation double cover of any closed manifold is canonically oriented
implies that M is L-oriented. The Spivak normal fibration of M is given by
the stable spherical fibration underlying the stable normal bundle v (M) of M.
This follows both from Spivak’s construction and also the uniqueness of the
Spivak normal fibration: by choosing an embedding i: M C S™** there is an
induced (unstable) collapse map S™** — Th(v(i)) to the Thom space of the
normal bundle of this embedding. This unstable collapse map induces a stable
collapse map from S™ to the Thom spectrum of the stable normal bundle.

For a PD space X, we will write w(X) = w(SF(X))~! for the total Stiefel-
Whitney class of the inverse of the Spivak normal fibration. For a closed
manifold M, we get that

w(M) = w(SF(M))™" = w(M))™" = w(r(M)),

where 7(M) denotes the tangent bundle of M. The definition of Stiefel-
Whitney classes for PD spaces is thus a generalization of the one for manifolds.

1.3. The Wu formula. Let us now recall the Wu classes of an n-dimensional
PD space X. By Poincaré duality with Z/2 coefficients, the canonical map

H*(X;Z/2) — Hom(H" *(X;7/2),7/2),
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given by sending z to the homomorphism sending y to (z Uy, [X]), is an
isomorphism. The right-hand side contains the homomorphism

y = (5a"(y), [X]).
Thus, for every k > 0, there is a unique class vy (M) representing this homo-
morphism. We denote by v(M) the total Wu class. It is characterized by the
equation
(Sa(z), [X]) = (v(M) Uz, [X])

for all x € H*(X;Z/2). Notice that vg (M) = 0 once 2k is larger than n.

In fact, one can (and should) define Wu classes for spherical fibrations as fol-
lows. For a spherical fibration £: E — B, let ® denote the Thom isomorphism
on mod 2 cohomology. Then one defines

vi(€) = @7 (x(Sa')(w)) € H'(B; Z/2),
where u is a mod 2 Thom class of £ and y is the antipode of the mod 2 Steenrod
algebra. With this definition, it is formal to see, using x(Sq) = Sq ™', that there
is the equation
Sq(v(€)) = w(&) .

In the universal case, i.e. in the cohomology of BG, the element w(&) is not
invertible, but it becomes invertible when we complete the cohomology at the
ideal of positively graded elements. Furthermore, the ordinary mod 2 cohomol-
ogy injects into the completed cohomology: it is the inclusion of the polynomial
ring in the power series ring. For finite CW complexes, the cohomology is com-
plete so that w(&) indeed becomes invertible when pulled back to any finite
CW complex.

The following proposition is known as a Wu formula; see [3, Prop. I11.3.6]
for a proof.

Proposition 1.4. Let X be a PD space. Then v(SF(X)) =v(X) and in par-
ticular one finds Sq(v(X)) = w(X).

1.5. Detecting the Spivak fibration and reducibility. We start with
a definition. Let X and Y be £ x- and Ly-oriented PD spaces of dimension n.

Definition 1.6. A degree 1 map from Y and X consists of a pair (f,«), where
e f:Y — X isamap, and
e a: Ly — f*(Lx) is an isomorphism,
satisfying the property that the map induced by the pair (f, a),

H,(Y;Ly) = H,(X; Lx),
sends the fundamental class of Y to that of X.
Remark 1.7. Let X and Y be oriented PD spaces of dimension n. In this case,
the isomorphisms £ x £ 7Z and Ly = Z, i.e. the orientations of X and Y, provide
a canonical choice for the isomorphism «, namely such that a corresponds to

the identity of Z. Choosing this isomorphism, a degree 1 map between oriented
PD spaces is exactly what one is used to. However, by definition, one may also
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choose the other isomorphism between £y and f*(Lx) that corresponds to
multiplication by —1, and then degree 1 maps in the sense of Definition 1.6
correspond to what one usually calls maps of degree —1.

We will make use of the following well-known lemma which gives a method
of detecting that some spherical fibration over a PD space is in fact the Spivak
normal fibration.

Lemma 1.8. Suppose given a pullback diagram

SF(Y) ——

I

y — . x

where X andY are n-dimensional £x - and Ly -oriented PD spaces and where
f is of degree 1. If w1(€) = w1(X), then the composition

" —— M(SF(Y)) 22 Me)
exhibits £ as a Spivak normal fibration of X.

Proof. One simply checks the universal property, i.e. that the class correspond-
ing to [X] in H,(M(€);Z) under the Thom isomorphism comes from a stable
map S"™ — M(€) under the Hurewicz homomorphism. Notice that one uses the
twisted Thom isomorphism

Hp,(M(§);Z) = Hy (X5 Lx),

and it is here that we use the assumption w;(§) = wi(X). As indicated in
the statement of the lemma, the map f induces a map on Thom spectra
M(SF(Y)) — M(£), and so one considers the composite

S™ — M(SF(Y)) — M(§).
It has the desired properties because f has degree 1 and the diagram

e (M(SF(Y)); 2) 295 1, (M(¢); Z)

~ |

Hu(Y; Ly) —2— Hy(X; Lx)
commutes. O

Recall that, for a manifold M, the Spivak normal fibration is given by the
spherical fibration underlying the stable normal bundle of M, i.e. the diagram

V(M) BO
!
M W BG

commutes up to homotopy. This motivates the following definition.
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Definition 1.9. Let X be a PD space. X is said to be reducible if the Spivak
normal fibration admits a reduction to a vector bundle, i.e. if a dashed arrow
in the diagram

.+ BO

S
X W BG

exists making the diagram commute up to homotopy.
Remark 1.10. By the chain of maps
BO — BPL — BTop — BG,

induced by the evident inclusions, there are three things that could poten-
tially be meant by reducibility, namely admitting a lift to either of the three
spaces BO, BPL or BTop. We will call these reducible, PL-reducible, and
Top-reducible, respectively. We will only focus on the reducibility question
(i.e. admitting a lift to BO) in this paper since, for PD complexes of dimension
at most 4, the potentially different meanings collapse to the same. In general,
this is not the case when X has nontrivial cohomology in degrees larger than 4,
and one should always be more specific in which sense reducibility is meant.
We will briefly come back to this in Section 4.

Example 1.11. Let X be a PD space which is homotopy equivalent to a closed
smooth manifold M. Then X is reducible. This follows from Lemma 1.8: Let
f: M — X be a homotopy equivalence, and let £ = (f~1)*(v(M)). Then one
has a diagram as in Lemma 1.8; hence the claim follows.

Thus reducibility is an obstruction to the question whether a given PD space
is homotopy equivalent to a closed manifold. In fact, it is the first obstruction
in the surgery program. In some cases, it is the only obstruction. We will
briefly come back to this in Section 4.2.

We now recall that, by work of Boardman—Vogt, the J-homomorphism
BO — BG, which classifies the underlying spherical fibration of the universal
stable vector bundle, is a map of (connected and hence group-like) E..-spaces,
i.e. of infinite loop spaces. Its fiber is denoted by G/O, and by a result of
Sullivan, its associated cohomology theory G/O*(—) when evaluated on mani-
folds is that of bordism classes of smooth degree 1 normal maps. Hence it plays
a prominent role in surgery theory. There is then a canonical fiber sequence

BO % BG — B(G/0),

and thus the obstruction to finding a vector bundle lift of a given spherical
fibration X — BG is given by the composite

[X — BG — B(G/0)] € G/O*(X).
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If X has trivial cohomology above degree n, as is the case for an n-dimen-
sional PD space, the canonical truncation map of B(G/O) induces an equiva-
lence on homotopy classes of maps

[X,B(G/0)] = [X,7<a(B(G/O))]

by obstruction theory. Recall that, for any space Y, the map ¥ — 7<,(Y") is
the initial map to a space whose homotopy groups vanish in degrees above n.
The low-dimensional homotopy groups of B(G/O) are well-known, we shall
record the calculation as the following lemma.

Lemma 1.12. There is a unique equivalence 7<4(B(G/0)) ~ K(Z/2,3) as
pointed, in fact as Eoo-spaces.

Proof. It suffices to show that the homotopy groups of both sides agree, as then
there exists such an equivalence. This equivalence is unique because the space
of pointed, in fact of E, self-equivalences of K(Z/2,3) is contractible. To see
the claim about homotopy groups, one considers the long exact sequence in
homotopy groups associated to the fibration

BO s BG — B(G/O).

The J-homomorphism induces an isomorphism on ; for i = 1,2 and a surjection
on 4. Furthermore, 73(BO) = 0 and 73(BG) = Z/2. O

Lemma 1.13. The homotopy class of the composite
BG — B(G/O) — 7<4(B(G/0)) ~ K(Z/2,3)
18 the unique nontrivial class in
ker(H*(BG;Z/2) — H*(BO; Z/2)).
Proof. This follows from the Serre spectral sequence associated to the fibration
BO — BG — B(G/0O)
and the fact that the map H*(BG;Z/2) — H*(BO;Z/2) is surjective. O

Remark 1.14. In [13] a cohomology class e; € H3(BG;Z/2) is constructed
by means of a secondary operation. It is called the first exotic class and it is
shown that
e e; is nontrivial, see [13, Thm. 5.1], and
e ¢ lies in the kernel of the map H3(BG;Z/2) — H?(BO;Z/2), see [13, before

Thm. 5.2].
Lemma 1.13 thus shows that the homotopy class of the composite

BG —» B(G/O) —» K(Z/2,3)

is given by e;.
Corollary 1.15. Let X be a PD space of dimension at most 4. Then the
obstruction to reducibility is given by

e1(SF(X)) € H3(X;Z/2).
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Corollary 1.16. Let X be a PD space of dimension at most 2. Then X is
reducible.

Remark 1.17. It turns out that even more is true, namely that every 2-dimen-
sional PD space is in fact homotopy equivalent to a 2-dimensional manifold:
wall showed that a 2-dimensional PD space with finite fundamental group is
homotopy equivalent to S or RP?; see [34, Thm. 4.2 (iv) and Thm. 4.3]. If,
on the other hand, X has infinite fundamental group, then Wall showed that
X is aspherical; see [34, Thm. 4.2 (vi)]. To see that every 2-dimensional PD
space is homotopy equivalent to a 2-dimensional manifold it hence suffices to
know that every group satisfying 2-dimensional Poincaré duality is isomorphic
to a surface group. This is the main result of [9], building on earlier work of [8].

For completeness, we add here that also every connected 1-dimensional PD
space is homotopy equivalent to S [34, Thm. 4.2 (ii)].

Corollary 1.18. Let X be a 4-dimensional PD space such that H1(X;Z/2) =0,
e.g. let X be simply connected. Then X is reducible.

Proof. By Poincaré duality, we have H3(X;Z/2) = H;(X;Z/2) = 0; thus the
obstruction group vanishes. O

Remark 1.19. Corollary 1.18 implies that the Spivak normal fibration of
a simply connected topological 4-manifold admits a vector bundle reduction.
This might sound surprising at first glance in light of the nontriviality of the
Kirby—Siebenmann invariant: recall that a topological manifold M has a topo-
logical tangent bundle, whose classifying map is a map

7(M): M — BTop.

A first obstruction for M to admit a PL-structure or a smooth structure is
that this classifying map must lift to BPL. The obstruction to such a lift is
given by the composite

M — BTop — B(Top/PL).

Results of Kirby—Siebenmann say that B(Top/PL) ~ K(Z/2,4), see [23], and
so the obstruction of finding a PL-structure on the topological tangent bundle
is given by an element

ks(M) € H*(M;Z/2)
called the Kirby—Siebenmann invariant. In dimensions less than or equal to 6,
finding a lift of 7(M) to BPL or BO is equivalent, as the space PL/O is 6-con-
nected by [28, 5, 22].

A prominent example of a simply connected topological 4-manifold with
nontrivial Kirby—Siebenmann invariant is given by Freedman’s Eg-manifold.
It follows that v(Fs), the inverse of 7(Eg), also does not admit a vector bundle
reduction. But by Corollary 1.18, the underlying spherical fibration of v(FEs),
which is SF(Eg), does admit a reduction to a vector bundle, say V(Es). It
follows that V(Esg) is not isomorphic to v(Es) as topological bundles because
their Kirby—Siebenmann invariants are different.
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2. THE MAIN THEOREM

For the proof, we will make use of algebraic L-theory as defined and devel-
oped by Ranicki in e.g. [31].

Notation. We will denote quadratic L-theory of a ring R by L4(R), symmetric
L-theory by L°(R) and normal L-theory by L™(R). Here we always mean
the respective spectra; recall that L™(R) is by definition the cofiber of the
symmetrization map L4(R) — L*(R). The L-groups will be denoted by

L7 (R) = m(LY(R))

and likewise for the symmetric and normal case. Notice that this notation
is different from the one used by Ranicki: he writes L*(R) for what we de-
note L; (R), Lx(R) for what we denote L} (R) and L*(R) for what we denote
L?(R). In particular, there is the unfortunate problem that L"(R) in our
notation denotes the normal L-spectrum, whereas in Ranicki’s notation this
would be the n-th symmetric L-group of R. Furthermore, my notation L*(R)
(where the s stands for symmetric, of course) should not be confused with the
superscript s denoting the simple decoration. We apologize for this notational
inconvenience. The upshot to take away is that, when we write superscripts,
they indicate which of the L-theories (quadratic, symmetric, normal) is meant,
whereas subscripts refer to the homotopy groups of the corresponding spec-
trum. There will be no source of confusion in terms of decorations, as we will
always use the free (or in our case equivalently the projective) decoration.

The starting point for the approach we want to take here is what we refer
to as the Poincaré obstruction sequence, also called the Levitt—Jones—Quinn
Poincaré bordism sequence in [24]: for any space X, there is an exact sequence
(provided n is at least 5)

o LE(Z[m (X)) = Q5 (X) = QN (X) S L (Z[m(X)]) = -,

where QF(X) denotes oriented Poincaré bordism of X, QN(X) = 7, (X, ®
MSG) is oriented normal bordism, and L%(Z[r1(X)]) denotes the n-th qua-
dratic L-group of Z[m(X)] (with free decoration, to be precise). See [31,
Prop. 19.6] for this long exact sequence, which was first proven in [29, 26, 20]
and further discussed in [16]. We emphasize at this point that we do not make
use of the exactness of this sequence. The map

Li(Z[m (X)]) = 2, (X)

produces out of a quadratic form (or formation) an oriented, and in fact re-
ducible, PD space by using Wall’s realization theorem; see [31, Chap. 19]. This
uses that n is at least 5, and we will not need this map in what follows.

We recall here that an oriented geometric normal space, ¢.e. a representative
of ON(X) consists of a space Y, equipped with a map Y — X, an oriented stable
spherical fibration £ over Y and a map S™ — M(£). By the Thom isomorphism,
this map gives rise to a fundamental class [X] € H,(X;Z), cap product with
which is not required to be an isomorphism. The map from Poincaré bordism
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to normal bordism is induced by viewing a PD space as a normal space, i.e. by
forgetting that the (co)homology of X satisfies Poincaré duality.

We will need the following well-known properties of the Poincaré obstruction
sequence, which justify calling the map ¢ the Poincaré obstruction map.

Lemma 2.1. The part
(X)) = QY (X) 2 Li_, (Z[m (X))

of the above sequence is well-defined for all n > 0 and the composite is trivial
for allm > 0.

Proof. The map
QN (X) > L (Z[m (X))
is constructed as follows; see [31, Chap. 16]. It is given by the composite
Q5 (X) — L (Z[m (X)) — Ly (Z[m (X)),

where the first map is induced by taking the normal symmetric signature of
a normal space, and the second map is the boundary map in the long exact
sequence relating quadratic, symmetric and normal L-groups. We will use that
the normal symmetric signature can be constructed as follows. Recall first that
the normal bordism groups satisfy

ON(X) 2 7, (X4 ® MSG)

by normal transversality; see [29]. Using the normal Sullivan—Ranicki orien-
tation MSG — L"™(Z), one can then consider the composite

X, ®MSG — X, @ L*(Z) 2 L"(Z[m (X)),

where A denotes the assembly map for normal L-theory. Then the above
normal symmetric signature coincides with the map induced on m, of this
composite.

Since assembly maps are natural, it follows that the diagram relating the
assembly map for normal and quadratic L-theory

X4 @ LMZ) —2— LY(Z[m (X))

| |

(X4 @ LU(Z)) =45 SLYZ[m (X))

commutes. The Poincaré obstruction map ¢ is thus given by the induced map
on homotopy groups of the composite

X, ®MSG — X4 ® L"(Z) — S(X, ® LY(Z)) =2 SLY(Zm (X))
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as indicated in the diagram in [31, Prop. 19.6]. It follows that one has a com-
mutative diagram, compare to [30, p. 283],

0 (X) —— Ly (Zm(X))

| J

QN (X) —— Li(Zm (X))

Sep
1 Ly 1(Zm (X))

where the top horizontal map is induced by taking the symmetric signature
of a Poincaré complex. This shows that the Poincaré obstruction map always
vanishes on Poincaré bordism since the right vertical composition is zero. [

The following lemma is crucial for the following arguments. We include
a proof here for completeness; the m3-case is essentially [31, Ex. 2.16 (iv)].

Lemma 2.2. The normal Sullivan—Ranicki orientation MSG — L™(Z) induces
an isomorphism on w3 and my.

Proof. First, we record here the low-dimensional homotopy groups of MSG
and L"(Z). They are given by

/ for n =0,
0 ¢ L9 Z/8 for n =0(4),
orn =
7 (MSG) 22 "TES and ml(LM(Z)=<{Z/2 forn=1,3(4),
Z]2 forn =3,
7/8 forn =4 0 for n = 2(4).

For the homotopy of normal L-theory, see [31, p. 13]. To see that the homotopy
groups of MSG are as claimed, consider the cofiber C' of the canonical map
MSO — MSG. Using the Thom isomorphism, one sees that the homology of C
is trivial in degrees below 3 and isomorphic to Z/2 in degree 3. Therefore, C' is
3-connective and 73(C') = Z/2. The calculation of for n < 3 then follows from
the fact that m,(MSO) =0 for n = 1,2,3. For n =4, one can give a direct
calculation based on the fact that MSG is an Eilenberg-Mac Lane spectrum:
abbreviating A = m4(MSG), using the lower homotopy calculation of m,, (MSG)
and the fact that Hy(HZ/2;Z) = 0, we find an isomorphism

H,(BSG;Z) = Hy(MSG; Z) = Hy(HZ; Z) @ A.

Since Hy(BSG;Z) =X Z/2 ® Z/24, see e.g. 27, p. 249], and H4(HZ;Z) 2 Z/2 @
Z/3, we find that m74(MSG) = A 2 Z/8 as claimed.
Invoking the commutative diagram

0f (x) — Li(2)

| I

QY (+) — Li(Z)
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and the fact that CP? has signature 1, we deduce that the lower horizontal
map is isomorphic to a surjection Z/8 — Z/8 and therefore an isomorphism.

To discuss the effect of the normal Sullivan-Ranicki orientation on 73, we
now recall from [30, p. 283] that the (normal) Sullivan-Ranicki orientations fit
into a commutative diagram of exact rows

QL () — QIE () — O (%)

l | !

Li1(Z) —— Li(Z) —— Ly (2)

whose middle vertical map has the following property: given a degree 1 nor-
mal map f: M — X from a closed n-dimensional manifold to a simply con-
nected n-dimensional PD complex X, its mapping cylinder (Cyl(f), M U —X)
is canonically an element of Q}:F (x). On such elements, the vertical map in
the above diagram simply takes the surgery obstruction o(f) of the degree 1
normal map f.

We now aim to show that the left vertical map in the above diagram is
surjective for n = 2. Using that QF (x) = 0, see Remark 2.3 below for a proof of
this fact, and the fact that the map L§(Z) — L%(Z) is an isomorphism, it then
suffices to show that the map Q5F(x) — L%(Z) is surjective. Using the above
description of this map, it suffices to recall that there is a degree 1 normal map
T? — S? of Arf invariant one. O

Remark 2.3. We now expand on Ranicki’s remark [31, Rem. 19.9] and will
show that the diagram of spectra

OF (x) —— 10L%(2)

| !

QN(*) —_— TZl/QLn (Z)

is a pullback. Here, 7>1/,L"(Z) denotes the pullback 7>¢L"(Z) xz/8 HZ, and
the horizontal maps are induced by the (normal) Sullivan-Ranicki orientations.
Equivalently, we will show that the canonical map

QF (x) — F = ib(QN () — ©7>,L9(Z))

induces an isomorphism on 7, for n > 0. The results of Jones, see [20, 29], say
that this map induces an isomorphism on 7, for n > 5. It therefore suffices to
discuss the induced map on m, for n < 4. We discuss the case n = 4 first and
consider the diagram of short exact sequences

LYZ) —— mi(F) —— 4 (MSG) —— 0

H | =

0 —— L{Z) — L5(Z) —— L}(Z) —— 0
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which, together with Lemma 2.2, shows that the map m4(F) — L§(Z) is an
isomorphism. Now, in addition, the composite

QY (%) = mu(F) — L(Z)

is given by taking the signature of an oriented PD complex, and is an isomor-
phism as one can show by a direct argument; see e.g. [19, p. 4]. Consequently,
the map QF (¥) — 74(F) is an isomorphism. Now, Lemma 2.2, together with
the fact that Lj(Z) = L§(Z) = 0, shows that 7, (F) =0 for 0 < n < 4; see [31,
p. 12, Introduction] and e.g. [4, Sec. 2.2] for the general calculation of quadratic
and symmetric L-groups of Dedekind rings. Therefore, it suffices to know that
the same is true for QF (x). For n = 3, this was recently shown by Hillman [19,
Thm. 1], and for n = 1,2, it is classical; we record a proof here for convenience.
We recall from Remark 1.17 that, for n = 1,2, every oriented n-dimensional PD
space is homotopy equivalent to a closed n-dimensional manifold. Since the
mapping cylinder of a homotopy equivalence between PD spaces is a Poincaré
cobordism, it suffices now to recall that every oriented n-dimensional closed
manifold is null bordant for n = 1, 2.
Finally, we note that both the composite

Qg () = mo(F) = QF (+)

and the latter map in the above composite are isomorphisms. This finishes the
proof of the lemma.

Continuing towards the proof of our main theorem, we will abbreviate a nor-
mal space (X,&,S™ — M(§)) with X and write e (X) for e1(&).
Lemma 2.4. The map
9: QY () — LY(Z) = 7/2
is given by the formula
X = (e (X), [X]).
Proof. First we claim that the map QY () — Z/2 given by
X o (en(X), [X))
is an isomorphism. To see this, one can again consider the cofiber sequence
MSO — MSG — C

and calculate the homology of C' to be trivial in degrees less than 3 and a Z/2
in degree 3 using the Thom isomorphism for the homology of MSO and MSG.
The claim then follows from the fact that e; is the unique nontrivial class in
H3(BSG;Z/2) which vanishes upon pulling back to BSO; compare Lemma 1.13.

Since L(Z) 2 Z/2, it will then suffice to show that the Poincaré obstruction
map as described above is nontrivial. By definition, it is given by the composite

73(MSG) — L%(Z) = Li(Z)
of which the first map is an isomorphism by Lemma 2.2 and the second map

is an isomorphism as well since L§(Z) = L§(Z) = 0. O
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As a consequence, we obtain the following corollary.
Corollary 2.5. FEvery oriented 3-dimensional PD space is reducible.

Proof. We have to show that if X is an oriented 3-dimensional PD space, then
(ex(X), [X]) = 0.

Lemma 2.4 shows that the left-hand side is given by viewing X as an element
of Poincaré bordism and then applying the composite

QF (%) = QY () — LY(Z) = Z/2.
But the composite is trivial. O

To deal with the 4-dimensional case, we will make use of the following
lemma. We denote by QN (X) the reduced normal bordism group of X, i.e. the
kernel of the map QN (X) — QN (x).

Lemma 2.6. The Poincaré obstruction map

QY (K(Z/2,1)) — LY(Z[Z/2) = Z/2
is given by the formula

(X 5 K(Z/2,1)) = (e1(X) Uz, [X]).
Proof. As in the proof of Lemma 2.4, we start by showing that the map

(x: X - K(Z/2,1)) = {e1(X) Uz, [X])
defines an isomorphism
ON(K(2)2,1)) = Z/2.

This follows from the Atiyah—Hirzebruch spectral sequence which shows that
it Y denotes the generator of m3(MSG), then the element

Y x ST 2 8t K(7/2,1)

is the nontrivial element of Hy (K (Z/2,1); m5(MSG)) = QY (K (Z/2,1)); we use
here that MSG splits as a sum of Eilenberg—Mac Lane spectra, for instance
since it is an E;-HZ-algebra and therefore a module over HZ; see for instance
[17, Cor. 3.7]. It hence suffices to see that the explicit formula of the lemma
does not vanish on this specific element, where it is true by construction. It
hence again suffices to show that the reduced Poincaré obstruction map is
nontrivial.
As explained earlier, it factors as the composite

QN(K(2/2,1)) — m3(K(Z/1,1) ® LY(Z)) TN Li(z[z/2)).

In [31, p. 109], it is stated that the assembly map for quadratic L-theory factors
through L{(Z) which is trivial. This is not true, though, and in fact, it turns
out that the assembly map

m3(K(2/2,1) ® L(Z)) — L3(Z[2/2))
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is nontrivial; see [35, Prop. 7.3]. More precisely, it is shown there that
Hy (K(Z/2,1); L3(Z)) — m5(K(Z/2,1) ® LY(Z)) — L5(Z[Z/2])
is nonzero. Since the composite
m3(MSG) — m3(L"(Z)) — 72 (LY(Z))
is an isomorphism, it follows that the reduced Poincaré obstruction map
ma(K(Z/2,1) @ MSG) — m3(K(Z/2,1) @ LY(Z)) 4, Li(z|z/2))
is nontrivial as needed. U

Theorem 2.7. Let X be a 4-dimensional oriented PD space. Then X is re-
ducible.

Proof. We need to show that e; (X) =0. By Poincaré duality, this is equivalent
to showing that (e;(X) U z,[X]) vanishes for all x € H'(X;Z/2). We view the
classifying map x: X — K(Z/2,1) as an element of QF (K (Z/2,1)) and consider
the sequence

OV (K(Z/2,1)) — QY (K(Z/2,1)) — LL(Z]Z/2]) = Z./2.

As explained earlier, on the one hand, the composite is trivial, but by Lem-
ma 2.6, it is also given by

(e1(X) U, [X]) € Z/2.
Thus the claim follows. O

As pointed out by Hambleton [14], one can deduce the reducibility of 3-
dimensional PD spaces (orientable or not) from Theorem 2.7.

Theorem 2.8. Let X be a 3-dimenstonal PD space. Then X is reducible.

Proof. Let X — X be the principal Cy-bundle associated to the orientation
local system of X. Consider the Co-space S with action given by complex
conjugation. One obtains a fiber bundle
Sl — X X Cy Sl E) X

whose projection has a section induced by the inclusion of a fixed point for the
Cy-action on S'. From [25, Cor. F], it follows that X x¢, S is a PD space
of dimension 4, and it is not hard to see that it is orientable since Cy acts
orientation reversingly on both X and St Furthermore, [25, Thm. I| implies
that R

SF(X x¢, S) = p*(SF(X)) * Sy (p),
where S,(p) is the underlying sphere bundle of the vertical tangent bundle
of the fiber bundle p. Thus S,(p) has a vector bundle reduction, and by
Theorem 2.7, so does SF(X x ¢, S1). Thus also p*(SF(X)) has a vector bundle
reduction, i.e. the composite

SF(

X xe, 80 2 x X, g B(G/0)
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is trivial. Since p admits a section, it follows that also

SF(X)

X BG B(G/0)

is trivial as claimed. O

3. A GEOMETRIC APPROACH TO REDUCIBILITY

The purpose of this section is to give an alternative characterization of
reducible PD spaces using degree 1 normal maps, and to indicate how this
approach can lead to another proof of the main result. It is in this approach
where the earlier version of this paper contained a gap, as we will explain
below. We first recall the following result due to Sullivan.

Proposition 3.1. Let X be an n-dimensional PD space. Then X is reducible
if and only if there exists a degree 1 normal map f: M — X for a closed
n-dimensional manifold M.

Proof. A degree 1 normal map f: M — X more precisely consists of a pullback
diagram

V(M) 5 B
"
M — X

where E is a stable vector bundle over X, v(M) is the stable normal bundle
of M, and f has degree 1. Lemma 1.8 shows that the underlying spherical
fibration of E is the Spivak normal fibration of X, so X is reducible.
Conversely, if X is reducible, let E be a vector bundle reduction of SF(X).
Then the (unstable) Pontryagin-Thom collapse map cx : S — Th(FE) can be
made transverse to the zero section X — Th(E), giving rise to a submanifold
M of SN mapping to X, together with an identification of the normal bundle
of the embedding M C SN with the pullback of E. This shows that M — X
refines to a degree 1 normal map. O

Remark 3.2. By the transversality results available for zero sections of Top
and PL bundles, the above proposition (with essentially the same proof) is
also correct if reducible is replaced by Top- or PL-reducible, and M is a closed
topological or PL. manifold, respectively.

For 4-dimensional PD spaces, one can give a sufficient criterion for the
existence of a degree 1 normal map in terms of characteristic classes.

Proposition 3.3. Let X be a 4-dimensional oriented PD space. Then X is
reducible if and only if there exists a smooth closed oriented 4-manifold M and
a degree 1 map f: M — X such that f*(we(X)) = wa(M).
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Proof. By Proposition 3.1, if X is reducible, there exists a pullback diagram

v(M) —L > E
U

M — X

where f has degree 1 and FE is a vector bundle over X. Since the Stiefel-
Whitney classes of a vector bundle depend only on its underlying spherical
fibration, and X and M are orientable (in particular wy (X) = w1 (M) = 0), we
find that

wy(M) = wa(vyr) = f*(w2(E)) = f* (w2 (SF(X)) = frwa(X).
To show the converse implication, by Sullivan’s result, it suffices to find
a normal refinement of f, i.e. an oriented vector bundle E over X and an
isomorphism f*(FE) ~ v, are stable vector bundles over M.

First we claim that one can find an oriented vector bundle E over X such
that we(E) = wo(X). For this, one considers the fiber sequence

2
7<4(BSO) 25 K(2,/2,2) 225 K (2,5)
and deduces that there is no obstruction of lifting an element in H?(X;Z/2)
to a map
X — ’7'34(]380).

Using once again that X is a 4-dimensional PD space, it follows that there is
thus no obstruction to realizing any element in H?(X;Z/2) as ws of a stable
oriented vector bundle over X. So pick a bundle E with wy(E) = w2 (X). It has
a first Pontryagin class p1(FE) € H*(X;Z). There is a canonical identification
H*(X;Z) = Z because X is oriented, and we will suppress this identification
in the notation. Since

p1(E) = we(E)? = we(X)? mod 2,

its parity is determined by the cohomology ring of X and ws(X). It follows
that the parity of f*(p1(F)) and the parity of p; (M) agree:

pr(M) = wa(M)? = f*(w2(X)?) = f*(wa2(E)?) = f*(pr(E)) mod 2.

Thus f*(p1(E)) differs from p;(M) by an even number. It hence suf-
fices to argue why one can replace E by an oriented vector bundle E’ with
wa(F) = w2(E') and py (E’) being the same number as p; (M)—again, we iden-
tify H*(X;Z) = Z = H*(M; Z) using the respective orientations. Now observe
that the PD space X admits a degree 1 map to S* (use a general fact about
CW structures on oriented connected PD spaces of dimension different from 3,
see [34, Cor. 2.3.1], or use that S* — K(Z,4) is a 4-equivalence), and recall
that a generator of m4(BSO) has p; equal to £2. Thus pulling back the correct
generator of 74(BSO) along the degree 1 map X — S* provides an oriented
vector bundle over X with wy = 0 and p; = 2. Adding an appropriate multiple
of this bundle to E will produce the desired bundle E’.
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We have thus explained how to construct an oriented stable vector bundle
E over X such that f*(F) and v(M) have the same image under the map

[M,BSO] 2PV W2(01;7/2) x HY(M; Z).

It therefore suffices to know that this map is an injective group homomor-
phism. It is easy to see that this map is a group homomorphism because
H*(M;Z) is torsion-free (recall that p; is in general only primitive up to 2-
torsion). To see that it is injective, it thus suffice to show that an oriented
stable vector bundle V' over M where wy(V) = 0 = p;(V) is trivial. For this,
consider the diagram

/

K(Z,4) —— 7<4( BSO K(Z/2,2)

1

and notice that the commutativity of the diagram is a consequence of the fact
that the correct generator of m4(BSO) has p; equal to 2. By assumption, V' lifts
to K(Z,4), i.e. is given by an element V € H*(M;Z). This has the property
that

2-V=p(V)=0

and thus that V is in fact zero, as H*(M;Z) 2 Z. Thus the claim and with it
the lemma follows. O

We have now reduced the question of reducibility of a given PD space X
to the existence of specific maps from a manifold to X. The existence of such
maps can be determined by the (twisted) Atiyah—Hirzebruch spectral sequence
for spin bordism, as we explain now.

First, let us assume that X is spin, i.e. wq(X) = wy(X) =0. Then Proposi-
tion 3.3 says that X is reducible if and only if there is a degree 1 map M — X,
where M is a closed spin 4-manifold. This is the case if and only if the map

QP (X) 2 MSping(X) — Ha(X;2)

induced by the canonical map MSpin — HZ is surjective. In general, i.e. when
wo (X)) is not assumed to be trivial, we have to consider the twisted spin bordism
QPN (X wy) of X with twist given by the canonical map

X 22 K(2/2,1) — Bgl, (MSpin).

By a Pontryagin—Thom construction, elements of this twisted bordism theory
can be represented by oriented manifolds M equipped with a map to X such
that the composite

M — X 22 K(7/2,2)
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is equipped with a homotopy to we(M). There is a twisted Atiyah—Hirzebruch
spectral sequence

thq = H,(X; m4(MSpin)) = Qiii;(X; wa).

If wy = 0 is trivial, QSP"(X;0) is the ordinary spin bordism group of X, and
the twisted spectral sequence is the usual Atiyah—Hirzebruch spectral sequence
for spin bordism. In any case, the fundamental class [X] of X determines an
element in

E} o = Hy(X; mo(MSpin)).
Summarizing the above arguments, we arrive at the following theorem.

Theorem 3.4. Let X be an oriented 4-dimensional PD space. Then X s re-
ducible if and only if [X] is a permanent cycle in the twisted Atiyah—Hirzebruch
spectral sequence calculating Q5P (X ;ws).

By Theorem 2.7 or [14], X is reducible, and therefore [X] is indeed a per-
manent cycle in this spectral sequence. Conversely, if we can show that [X] is
a permanent cycle by other means, reducibility of X follows. Next, we analyze
what can be said about this question without yet alluding to Theorem 2.7. For
this, we recall that

Z for n =0,
T (MSpin) 2 < Z/2 forn=1,2,
0 for n = 3.

Therefore, there are two possibly nontrivial differentials emanating from Eio,
the do and the ds.

Lemma 3.5. In the situation described above, we have da[X] = 0.

Proof. The differential is given by the composite

Sq2 _)*
Hy(X:Z) — Ha(X32/2) 2 1y (X, 2)2),

where quj2 denotes the map H?(X;Z/2) — H*(X;Z/2) given by
x — Sq®(2) + wa U ;

see [33, Prop. 1] for a similar statement. The vanishing of the dz thus amounts
to the statement that, for every element z € H2(X;Z/2), one has

(8a®(2), [X]) = (w2 Uz, [X]),

which is a consequence of the Wu formula and the assumption that X is ori-
ented so that wa(X) = v2(X). O

Remark 3.6. In order to show that [X] is a permanent cycle in the above spec-
tral sequence, the task then lies in showing the vanishing of the ds-differential
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As in the proof of Lemma 3.5, the ds-differential appearing in the codomain is
determined by the formula

(da(a), ) = (w2 (X) Uz, )
for all z € HY(X;Z/2) and a € H3(X;Z/2). In particular, the d3 vanishes if
its target vanishes, which is the case if the map wo(X) U —: HY(X;Z/2) —
H3(X;Z/2) is injective (and hence an isomorphism by Poincaré duality, but
we shall ignore this). Using the Wu formula, this condition is equivalent to the
condition that the bilinear form on H'(X;Z/2) given by

(z,y) = (2® Uy, [X])

is non-degenerate, i.e. induces an injection H*(X;Z/2) — H;y (X;Z/2). We note
that this condition is not implied by the nontriviality of ws, as the example of
CP?#(S" x 53) shows.

As another extreme case, one can consider the case where wes = 0. Also
in this case, one can give a direct argument for the vanishing of the needed
ds-differential. We wish to thank Achim Krause for a nice Skype session about
this.

Proposition 3.7. Let X be a spin 4-dimensional PD space. Then d3[X] =0,
and hence [X] is a permanent cycle in the twisted Atiyah—Hirzebruch spectral
sequence calculating QSP™(X; w,).

Proof. As just explained, we need to show the vanishing of the differential
ds: Ha(X;Z) — Ha(X52/2),
in the usual Atiyah-Hirzebruch spectral sequence converging to QSP(X),
which is implied by the statement that
(ds(),z) =0

for all € Hy(X;Z) and = € H*(X;7Z/2). We represent = by a map J,: X —
K(Z/2,1) and consider the morphism of spectral sequences induced by the
map ¥,. This induces a commutative square

Hy(X;2Z) —— & H(X;Z/2)

wz)*l lm)*

0=Hy(K(Z/2,1);Z) —= H,(K(Z/2,1);Z/2)

where the vertical maps are induced by ¥,. This simply follows because all
do-differentials involving groups that occur in this diagram vanish since Sq?
vanishes on classes of degree 1 and the already established fact that [X] is in
the kernel of the dy. Since the lower left corner of this diagram is trivial, it
follows that

(V) (d3[X]) = O
for all x € H'(X;Z/2). This implies that d3[X] is zero as needed. O
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Remark 3.8. It would be nice to find an independent proof of the vanishing
of the ds-differential on [X] for a general oriented 4-dimensional PD space X.

Warning. In an earlier version of this paper, I intended to show the vanishing
of the above ds-differential by comparing MSpin to MSGpin, where the latter
is the Thom spectrum of the fiber of the map

BG MU k(7/2,1) % K(Z/2,2).

Indeed, one can show that [X] is a permanent cycle in the twisted spectral
sequence converging to Q3P (X;w,), so the result would follow if the canon-
ical map MSpin — MSGpin induced an isomorphism on m; for ¢ < 2. This
was claimed as Lemma 3.2 in an earlier version, but is wrong, as was pointed
out to us by Diarmuid Crowley; in fact, one has mo(MSGpin) = 0, whereas
72 (MSpin) = Z/2. T wish to thank Diarmuid for explaining to me the follow-
ing proposition, of which the just described vanishing is the special case n = 2.
To fix notation, we let BG(n + 1) = fib(BG — 7<,BG) and let MG(n + 1) be
the Thom spectrum of the tautological stable spherical fibration on BG{n + 1).
For instance, we have MG(1) = MG, MG(2) = MSG and MG(3) = MSGpin.

Proposition 3.9. For every n > 1, we have m,(MG(n + 1)) = 0.

Proof. Asn > 1, we find that the tautological spherical fibration on BG(n + 1)
is orientable, so the Thom isomorphism shows that

H;(MG(n + 1);Z) = H;(BG(n + 1); Z)

vanishes for 0 < 7 < n. Therefore, the Hurewicz theorem implies that the unit
map S — MG(n + 1) of the ring spectrum MG(n + 1) induces an isomorphism
on 7; for ¢ < n and surjection on m,. To show the proposition, it therefore
suffices to show that the map m,(S) = m,(MG{n + 1)) is also the zero map.
Now, via the isomorphism 7,,(S) 2 7, +1(BG), an element z of 7, (S) determines
an associated stable spherical fibration &, over S™*!. We shall make use of the
following well-known lemma, and will give a proof of it in modern language in
Appendix A.13

Lemma 3.10. There is a canonical cofiber sequence S* - S — M(&,) of
spectra.

We notice that S™*! is n-connected so that the classifying map &: S"*! —
BG lifts to a map ¢: S — BG(n + 1), and therefore that the unit map
S — MG(n + 1) factors as the composite

S — M(&) — MG{n + 1).

Therefore, the above lemma implies that the map 7, (S) = 7, MG(n + 1)) is
the zero map as needed. O

Remark 3.11. One can also give a proof of Theorem 2.8 using the geometric
approach presented in this section, as was explained to us by Wolfgang Liick.
More precisely, in analogy to Proposition 3.3, one first shows that it suffices
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to find a degree 1 map f: M — X with f*(w1(X)) = wi1(M). The twisted
Atiyah-Hirzebruch spectral sequence converging to Q5°(X;w;) shows such
a map to exist: there are no possible differentials on the fundamental class
because m;(MSO) = 0 for i € {1, 2,3}; see [10, Sec. 3].

4. FURTHER REMARKS

4.1. Non-orientable complexes of dimension 4. First, we want to men-
tion that a construction of Hambleton and Milgram gives a non-orientable
4-dimensional PD space whose Spivak normal fibration is not reducible. In-
deed, in [15, Sec. 4], the Spivak normal bundles of spaces called X* and X©
are discussed. We shall only be interested in X*. It is a space obtained from
RP? Vv S? by attaching one 3-cell and one 4-cell; see [15, 1. 7, p. 1325]. It follows
that, pinching the 2-skeleton of X, one obtains a cofiber sequence

5288 x/x®

because X is non-orientable and thus must have top cohomology (integrally)
isomorphic to Z/2.

We note that the above cell structure implies that 7 (X) = Z/2, so there
is a unique nontrivial real line bundle 7, over X. It is then shown, see [15,
Cor. 4.3], that the Spivak normal fibration of X is a sum of two spherical
fibrations, namely 71 @ (k) (in their notation), where (k) is a spherical fibration
making the diagram

S% —— X/X® X

commute. Here e; again denotes the exotic class as considered in Section 1. It
follows that e; (k) # 0 as both maps S% — X/X(?) <~ X induce an isomorphism
in third mod 2 cohomology. We conclude that e; (SF(X)) # 0: Suppose to the
contrary that e;(SF(X)) = 0. Then there exists a vector bundle reduction of
m @ (k). Since n; is realized by a vector bundle and 7, @ n; is trivial (recall
that, for v the universal line bundle over RP*°; one has that v ¢ « is trivial),
it would follow that (k) also admits a vector bundle reduction, contradicting
e1(k) #0.

We also want to mention that, since w1 (X) = Z/2, the orientation double
cover is simply connected and hence has reducible Spivak fibration by Corol-
lary 1.18 without alluding to the main theorem of this note or [14].

4.2. Relation to surgery theory. As indicated, the question whether or
not a PD complex X is reducible is the first obstruction in surgery theory.
Indeed, by Sullivan’s result, Proposition 3.1, a reducible PD complex X admits
a degree 1 normal map M — X. One can then try to improve this map, by
surgeries on M, to become a homotopy equivalence. For instance, if X has
odd dimension greater than or equal to 5 and is simply connected, the surgery
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obstruction groups vanish, and hence X is homotopy equivalent to a closed
smooth manifold.

Contrary to this, Wall [34] constructed examples of oriented 4-dimensional
PD complexes X with cyclic fundamental group of order p which satisfy

o(X) #p-o(X),

where o(—) denotes the signature and X the universal cover of X. By [14]
or the main result of this paper, we know that X is reducible. But X is not
homotopy equivalent to a closed manifold as the signature is multiplicative for
finite covers of closed manifolds, essentially since the signature can be expressed
in terms of rational Pontryagin classes by Hirzebruch’s signature theorem.

4.3. Higher-dimensional complexes. We now want to show how to use the
geometric method of Section 3 to show that there exists a 5-dimensional PD
complex X which is not reducible. The example is of course well-known and
several proofs are possible. The complex X is given as follows:

X =(S?Vv 83 ue D°,

where © = [12,13] + 7% € m4(S? vV §3). To be precise, * refers to the composite
2

5+, 8% 5 5%V S8,

It is not hard to check that X satisfies Poincaré duality.
Notice that X is stably equivalent to C(n?) V S? since © = n? stably, and
thus that
Sq?: H3(X;Z/2) — H*(X;7Z/2)

is trivial. Since w;(X) = 0, the Wu formula implies that we(X) = v2(X) = 0.
If X is reducible, then there exists a 5-manifold M mapping by a degree 1
normal map to X, as explained in the proof of Proposition 3.3. In particular,
there exists a degree 1 map f: M — X, where M is a spin 5-manifold. We
will show that no such map exists; in other words, we aim at showing that the
canonical map

QP (X) — H5(X;Z)
does not hit the fundamental class of X. Looking at the AHSS, we can neglect

the S3-summand of Y°X by naturality of the differentials. It then suffices to
know that the ds-differential

d32 H5(C(772); Z) — Hg(C(ﬂ2)§ Z/2)

is nontrivial, as then the generator of H5(X;Z) is not a permanent cycle and
hence not in the image of the above canonical map. The nontriviality of the
ds-differential follows from the fact that 7? is stably essential and detected pre-
cisely by the secondary operation given by this ds-differential. Notice that we
use here (to some extent) that the unit S — MSpin of the ring spectrum MSpin
is a 3-equivalence, so we can import differentials from the AHSS converging to
stable homotopy groups of C(n?).

Miinster Journal of Mathematics VoL. 15 (2022), 47-81



REDUCIBILITY OF LOW-DIMENSIONAL POINCARE DUALITY SPACES 71

Remark 4.4. Other proofs of the non-reducibility of X that we are aware of
explicitly use that the Spivak normal fibration over X is nontrivial. Of course,
we use this implicitly here as well: the attaching map of the top cell of an
oriented PD space is stably null-homotopic if and only if the Spivak normal
fibration is trivial, see for instance [21, Lem. 3.10], and thus all proofs crucially
use the fact that n? is stably essential.

Let us quickly comment on the obstruction theoretic point of view for
this example. As mentioned earlier, stably we have that X is equivalent to
S$3 Vv C(n?). Taking the defining cofiber sequence and mapping that to BO
and BG, one shows that the primary obstruction to finding a vector bundle
lift (i.e. the element e1(X) € H3(X;Z/2)) is in fact the only obstruction: The
diagram implies that the canonical map

[C(n*),BO] = [C(n?), BG]

is a bijection. It follows that the Spivak fibration of X, viewed as an element
of

[X,BG] = m3(BG) @ [C(n?),BG] = 713(BG) @ m2(BG)
has a nontrivial component in 7w3(BG). Thus e;(X) is nontrivial, but as ex-
plained earlier, we of the Spivak fibration vanishes. Thus all Stiefel-Whitney
classes (and Wu classes) of X vanish, but e; does not.

APPENDIX A. A PARAMETERIZED HOMOTOPY THEORY VIEW ON PD SPACES

The purpose of this appendix is to give a short treatment of PD complexes
in the language of co-categories. Most of what we write is already contained
in [25], and we claim no originality for the material.

An important co-category is the one associated to topological spaces, i.e. the
localization of the usual category of topological spaces at the weak homotopy
equivalences. This co-category is traditionally called the co-category of spaces.
It is, however, confusing to do so: its objects are rather homotopy types than
actual topological spaces. Therefore, we follow the recent terminology used
in [6] and call the objects of the co-category associated to topological spaces
anima and the oco-category itself the co-category of animae, written An.

Furthermore, we denote by Sp the co-category of spectra. We recall that Sp
admits a symmetric monoidal structure, the smash product of spectra which we
however write as ®, uniquely determined by the property that it preserves co-
limits in each variable and that the suspension spectrum functor ¥5°: An — Sp
refines to a symmetric monoidal functor (with respect to the cartesian monoidal
structure on An). An object in An or Sp is called a finite anima, respectively
spectrum, if it is contained in the smallest subcategory of An, respectively
of Sp, closed under finite colimits and containing the point, respectively the
sphere spectrum, and it is called compact if it is a retract of a finite object.
This agrees with the general notion of compact objects in an oo-category C,
which are those objects X for which the functor Mape (X, —): € — An preserves
filtered colimits. The full subcategory of compact objects of an co-category €
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will be denoted C¥. A finite CW complex X determines a finite anima, and the
suspension spectrum functor ¥5°: An — Sp, by virtue of preserving colimits
and sending the point to the sphere spectrum, sends finite anima to finite
spectra, and compact anima to compact spectra. We note here that whether
or not a compact anima is finite is determined by its finiteness obstruction in
the sense of Wall, which vanishes for simply connected anima. From this (or
otherwise), one can show that a compact spectrum is finite, but we shall not
make use of this fact. With these definitions, every compact object in Sp is
dualizable, and vice versa, it turns out that dualizable objects are compact.

Recollection on parameterized spectra. For an anima X, we will consider
the stable oco-category Fun(X, Sp), which we will refer to as the co-category
of X-parameterized spectra. We will denote the mapping spectrum in this cat-
egory by mapy (—,—). The category Fun(X,Sp) is endowed with the pointwise
symmetric monoidal structure denoted by ® x or simply ® if X is understood.
Given a map f: X — Y, the restriction functor

f*: Fun(Y, Sp) — Fun(X, Sp)

is canonically symmetric monoidal, and preserves limits and colimits. There-
fore, it has a right adjoint f, and a left adjoint fi, given by right and left Kan
extension, respectively. In the extreme case r: X — % where Y is a point, the
functors r, and r simply take a limit and a colimit over X, respectively. We de-
fine a candidate of an internal mapping object as follows: given F,G: X — Sp,
consider the composite

o FeP.G o map
X— X x X ~2XPx X —285p®xSp——Sp

which is the functor taking a point z to the spectrum of maps mapg, (¥, 9z)
with functoriality given by conjugation with morphisms in X. We denote this
composite by homy (F,G). Straight from the definitions, we obtain a canonical
equivalence

hom x (F, homx (G, H)) ~ homx (F ®x G, H).
In particular, by forming limits over X, we obtain an equivalence

7« homx (F, homx (G, H)) ~ r, homx (F ®x G, H).

Now we claim that r, homx ~ map, showing that homx (F, —) is right adjoint
to F ® x —: To show the claim, we recall that the spectrum of maps in a functor
category to a stable category can be calculated by an end-formula, i.e. we have

mapX (9:7 9) = T};I(I;() mapSp(g:(x)v g(y))a

where Tw(X) is the twisted arrow category of X, see [12]. As X is a groupoid,
we find that the map Tw(X) — X°P x X is equivalent to the diagonal X —
X x X. Therefore, the right-hand side of the above equivalence is precisely
the limit over X of the functor homx (&, 9) as claimed.
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Again straight from the definitions, we see that, for a map f: X — Y, the
functor f* is compatible with the internal mapping object in the sense that

f*homy (F,9) ~ homx (f*F, f*9).

Symmetric monoidal functors between closed symmetric monoidal categories
which are also compatible with the internal mapping objects as just described
are also called closed symmetric monoidal functors. It is a completely formal
consequence that the left adjoint f) of f* then satisfies the projection formula

H(F) @y §~ fi(T@x f79).
Lemma A.1. Let X be a compact anima. Then the limit functor
li)r(n: Fun(X,Sp) — Sp
commutes with colimits. Likewise, the colimit functor

co}l{im: Fun(X,Sp) — Sp
commutes with limits.

Proof. We prove the first part; the second is analog. Since X is compact, there
exists a finite space Y and maps

X5y hx
whose composite pi is equivalent to the identity of X. Now let I — Fun(X, Sp)

be a functor sending i to a;. We note that i* and p* commute with colimits
and consider the commutative diagram

colim;ey limx i*p*a; —— colim;e; limy p*(a;) —— colim;eg limx
limy colim;ey i*p*(o;) — limy colim;es p*(a;) —— limy colim;er o;

showing that the right vertical map is a retract of the middle vertical map.
Therefore, it suffices to show the lemma for finite Y, in which case it follows
from the fact that, in stable categories, finite limits commute with colimits. [

Lemma A.2. Let X be a compact anima. Then there is a canonical inclusion
Fun(X, Sp“) C Fun(X, Sp)~.

Proof. Let F: X — Sp®, and let §: J — Fun(X, Sp) be a filtered diagram of
objects of Fun(X, Sp). We need to show that the canonical map

colimmap y (¥, G;) — map x (F, colim G;)

is an equivalence, where mapy (—, —) denotes the mapping spectrum in the
stable oo-category Fun(X,Sp). Again, the mapping spectrum can be calculated
by an end-formula, and using once more the equivalence of the map Tw(X) —
X°P x X with the diagonal X — X x X, we have

mapx (J, §) = limmapsg, (J(2), §()).
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Since X is compact, the limit over X commutes with colimits, by Lemma A.1.
In particular, we obtain the following chain of equivalences:

colimmap y (F, §;) ~ colim TliI(I)l() map(F(x), Gi(y))

i\z

T&I(I)l() coliun map(JF(x), G (y))
=N T&?)l() map(F(z), colim G, (y))

~ map y (&, colim G;),

where we have used that the values F(x) are compact spectra in the second to
last equivalence. O

Remark A.3. For sake of completeness, we record here that if G is a finite
group, then there is the reverse inclusion

Fun(BG, Sp)* C Fun(BG, Sp¥).

Here, BG refers to the category with one object and G as endomorphisms.
The same holds true for Sp replaced by the derived category D(R) of a ring R,
and in this case, the Verdier quotient (or its idempotent completion, depending
on conventions) is equivalent to the stable module category stmodg of G with
respect to R which is an interesting object in modular representation theory.

The dualizing spectrum. As indicated earlier, we will view Fun(X, Sp) as
a symmetric monoidal co-category with the pointwise tensor product of spectra
and write Sx for the unit. The symmetric monoidal functor

r*: Sp — Fun(X, Sp)

has a left adjoint r and a right adjoint r,, given by forming the colimit and limit
of a functor F: X — Sp, respectively. Lemma A.1 says that if X is compact,
then (co)limits over X behave like finite (co)limits so that r preserves limits
and likewise that r, preserves colimits. It follows from general Morita theory
that the functor

(1) Fun(X, Sp) — Fun®™(Fun(X, Sp), Sp),
FonrnFe-)

is an equivalence of categories, where the superscript L refers to the full sub-
category of the functor category consisting of the colimit preserving (or equiv-
alently left adjoint) functors. Hence, for a compact anima X, the functor r, is
equivalent to r(Dx ® —) for some essentially unique X-parameterized spec-
trum Dy. In addition, the unit of the adjunction (r*,r,) provides a canonical
map

S — rar*(S) ~r(Dx ®Sx)) =m(Dx)

called the Pontryagin—Thom collapse map, denoted by cx, where Sx = r*(S)
is the tensor unit of Fun(X, Sp).
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Definition A.4. Let X be a compact anima. The object Dx is called the du-
alizing spectrum of X, and the map c¢x: S — r(Dx) is called the Pontryagin—
Thom collapse map.

Any object F € Fun(X, Sp) equipped with a map ¢: S — r(F) determines
a canonical transformation r.(—) = r(F ® —), by means of the following com-
posite of natural transformations:
FR—
r«(—) ~mapy (Sx,—) —— mapy(F,F® —)

—"— map(r(F),n(F® —))
N map(S,n(Fe —)) ~n(Fe -),

and we say that ¢ exhibits JF as the dualizing spectrum Dx of X if this trans-
formation is an equivalence.

Now we expand slightly on the above situation. Namely, we consider the
following construction:

Fun(X, Sp)® — Fun®(Fun(X, Sp), Sp) Y Fun(X, Sp),
& mapy (&, —) =n(T(E)®—).

This gives rise to a functor T': (Fun(X,Sp)*)°? — Fun(X,Sp) given by sending
& to T(&) and which preserves the objects 7(S). Indeed, we have

r(is(S) ® F) = riy(S @ i*(9)) = i*(F) = map (ix(S), F)

by the projection formula. Since the objects 41(S) generate Fun(X, Sp)“, T re-
stricts to a functor

Dcw : (Fun(X, Sp)¥)°? — Fun(X, Sp)“
which comes with natural equivalences
mapy (&, Dew (F)) ~ r(Dew (&) ® Dew (F)) ~ map x (F, Dew (EF))

for &, F € Fun(X, Sp)¥. From this, one deduces that Dew is adjoint to the
opposite of Dow. Furthermore, one can see that Dcw is an equivalence of
categories, and hence a duality, in particular that D%y, ~ id. This duality
is called Costenoble-Waner duality (hence the notation). We summarize the
situation in the following lemma.

Lemma A.5. Let X be a compact anima, and let € € Fun(X, Sp)* and F €
Fun(X,Sp). Then we have a natural equivalence of functors mapx (€, F) =~
r(Dew (&) @ F).  In particular, we have Dx ~ Dcow(Sx) and a canonical
equivalence of functors mapy(Dx,—) ~ r(—): Fun(X, Sp) — Sp.

Proof. The first equivalence is valid by definition of Costenoble-Waner duality.
Then we note that mapy(Sx, —) is equivalent to r.(—) by adjunction, so
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Dx ~ Dcw(Sx) by definition of Dx. We then deduce that
mapy (Dx, =) = 1(Dow(Dx) @ =) = ri(Dgw (Sx) © =) = (-)
since D2y is equivalent to the identity and Sx is the tensor unit of Fun(X,Sp).
O
As a consequence, we obtain a form of Atiyah duality, namely an identifica-

tion of the Spanier—Whitehead dual of the suspension spectrum of a compact
anima in terms of its dualizing spectrum.

Lemma A.6. Let X be a compact anima. Then there is a canonical equiva-
lence
D(X;) ~nr(Dx).

Proof. We consider the mapping spectrum mapy (Sx,Sx). Using Sx = r*(S),
the adjunction (r*,r,) and the defining property of the dualizing spectrum, we
obtain an equivalence
map  (r*(S), 7" (S)) =~ mapg, (S, r«(r*S)) = n(Dx).
On the other hand, using the (r1,r*) adjunction, we obtain an equivalence
map x (r*(S), 7" (S)) ~ mapx (7" (S), S).

The lemma then follows from the equivalence ri7*(S) ~ ¥£3° X, whose verifica-
tion we leave to the reader, and the fact that DY = map(Y,S) for spectray. O

We recall now that Pic(S) denotes the full subgroupoid of Sp™ on ®-invert-
ible spectra, i.e. spectra equivalent to S™ for some n € Z. We recall that there
are inclusions

Fun(X, Pic(S)) C Fun(X, Sp*) C Fun(X, Sp)“.

An object of the full subcategory Fun(X,Pic(S)) of Fun(X,Sp) is called a spher-
ical fibration. The dimension of a spherical fibration F is the (locally constant)
function X — Z which assigns to a point x the dimension of the sphere F,.

Definition A.7. A compact anima X is a called a PD complex if its dualizing
spectrum is a spherical fibration. In this case, its dualizing spectrum is also
called the Spivak normal fibration of X. The dimension of X is defined to be
the negative of the dimension of its Spivak normal fibration.

Remark A.8. For a spherical fibration £ € Fun(X, Pic(S)), the spectrum ()
is in fact a well-known object: it is the Thom spectrum M¢ of . Therefore,
Lemma A.6 says that the Spanier—Whitehead dual of a Poincaré duality com-
plex is equivalent to the Thom spectrum of its Spivak normal fibration.

Remark A.9. We recall from Lemma A.2 the inclusion
Fun(X, Sp*) C Fun(X, Sp)“

for a compact anima X. The object Sx is an object of Fun(X, Sp*) so that
Dx = Dcw(Sx) is always an object of Fun(X,Sp)¥. One may wonder under
what conditions Dx is an object of Fun(X,Sp®). This is in fact the case if and
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only if X is a PD complex in the sense of Definition A.7. In other words, Dx is
pointwise compact if and only if it is pointwise invertible, as we will show now.
To see the nontrivial statement, let us assume that Dx is pointwise compact,
and hence pointwise dualizable. Let DY denote the pointwise dual of Dx.
This is then the dual of Dx in the pointwise symmetric monoidal structure on
Fun(X, Sp). In particular, one has equivalences

r(F) ~ mapy (Dx,F) ~ mapx (Sx, Dy ® F)
~7. (DY ®@F) ~n(Dx ® Dy @ F),

natural in F. Therefore, Dx ® D}/( is equivalent to Sx, and hence Dx is
pointwise invertible as claimed.

Next, we show that a Poincaré duality space as defined in the beginning
of this document is indeed a PD complex in the sense of Definition A.7; see
Proposition A.12. Before doing so, we state the following recognition principle
for the Spivak normal fibration and its consequences for closed manifolds.

Proposition A.10. Let X be a finite anima equipped with an orientation local
system L and a class [X] € Hy(X; L) such that, for any other local system M
of abelian groups on X, the map

—N[X]: HF(X; M) = H, (X;M® L)

is an isomorphism.> Let F be a spherical fibration over X (of formal dimen-

sion —n) equipped with a map c: S — r(F) = MF. Assume that its Z-linear-
ization is equivalent to L]—n] such that, under the Thom isomorphism

Ho(MF;Z) 2 H,(X; L),

the class [c] is sent to the fundamental class [X]. Then the map c¢: S — r(F)
exhibits F as the Spivak normal fibration of X.

Proof. We need to show that, for all X-parameterized spectra §: X — Sp, the
induced map

7’*(9) — 71!(3:® 9)

is an equivalence. We observe that both functors commute with colimits and
limits in G; for the latter, this is because ¥ ® — is an equivalence since F is
invertible. Moreover, since Fun(X, Sp) is generated by objects of the form
01(S), it suffices to check the equivalence for such objects. We note that, in this
case, both left and right-hand side are bounded below spectra as they are given
by a finite limit, respectively colimits, of pointwise bounded below objects. It
therefore suffices to show that the map

(9 RZ—->m(FRI L

IThat is, a PD space as described in the body of this paper.
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is an equivalence in D(Z), the derived oo-category of Z. We now use the
commutative diagram (recall that r, is essentially a finite limit)

Fun(X,Sp) ———— Sp

|-e2 ez

Fun(X, D(Z)) —— D(Z)
and see that it therefore suffices to prove that the map
(9 = n((FRZ)®9)
is an equivalence for all § € Fun(X, D(Z)) and ., viewed as functors
Fun(X,D(Z)) — D(Z).

Again, both of these functors commute with limits and colimits, so by the
(pointwise) Whitehead and Postnikov towers of G, it suffices to show that the
map
(M) = (M @ L[-n])

is an equivalence for all local systems of abelian groups M on X. But r.(M) =
C*(X;M) and (M @ L[—n]) = Co(X; M ® L)[—n] are cohomology and ho-
mology with local coeflicients, and the induced map between them is given by
cap product with the class corresponding to [¢] under the Thom isomorphism

Ho(M3; Z) = Ho(ML; Z) = Hy (X5 £).
By assumption, this class is [X], so the map is indeed an equivalence. O

Corollary A.11. Let M be a closed manifold. Then the geometric Pontryagin—
Thom collapse map cpr: S — Muyy exhibits the stable normal bundle vas of M
as the dualizing spectrum of M.

Proof. The orientation local system of M is determined by w1 (T M) = wy(vpr).
Therefore, the Z-linearization of vy, is equivalent to the orientation local sys-
tem of M. Furthermore, the Pontryagin—Thom collapse map has geometric
degree 1. Therefore, under the Thom isomorphism

Ho(Mv;Z) = H,,(M;Op),

the class [cps] corresponds to a generator, which is a fundamental class for [M].
Thus, classical Poincaré duality for M shows that M is a Poincaré duality
complex and that the underlying spherical fibration of vy is the Spivak normal
fibration on M. g

Proposition A.12. A finite anima is a PD complex in the sense of Defini-
tion A.7 if and only if it is one in the classical sense explained in Section 1.1.

Proof. Tt is easy to see that a finite PD space in the sense of Definition A.7 is
also one in the sense of the body of the paper: the orientation local system £
is the Z-linearization of its Spivak normal fibration, and the fundamental class
is obtained from the Pontryagin—-Thom collapse map. This data satisfies the
required properties by the same argument as given in Proposition A.10.
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Conversely, suppose X is a finite anima and a PD space in the sense of
the body of the paper. By Proposition A.10, it remains to show that there
exists a spherical fibration F over X and a map S — m(F) giving rise the
fundamental class of X under the Thom isomorphism. This is precisely the
classical existence statement for Spivak normal fibrations of Poincaré duality
spaces due to Spivak [32]. He gives a concrete construction of it as follows.
By assumption, X can be represented as a finite CW-complex, and then also
as a finite simplicial complex. Any such complex can be embedded into R™
for suitably large m. Omne can then thicken up the embedding to a closed
codimension zero embedding and therefore obtain a manifold N with boundary
(if X is a manifold, think of this as being a closed tubular neighborhood of
the embedded manifold, a space isomorphic to the disk bundle of the normal
bundle). This thickening can be chosen to retract onto to given embedding
of X. In particular, one can restrict this retraction to the boundary ON of N
and obtain a map 9N — X . The theorem of Spivak is then that the (homotopy)
fibers of this map are (have the homotopy type of) spheres if and only if X
satisfies Poincaré duality in the sense of Proposition A.10. See also [7, Sec. 5]
for the details. O

A.13. A proof of Lemma 3.10. We finish this appendix with a proof of
Lemma 3.10, whose set-up, we recall here for convenience. To begin, we note
that BG and Bgl;(S) are two notations for the same homotopy type. We
let n > 1 and fix an element £ € m,11(Bgl,(S)) viewed as a stable spherical
fibration (of formal rank 0) over S™*! and aim to give a presentation of the
Thom spectrum M. For this, we recall that the Thom spectrum is given by
the colimit over the functor

€: 8" — Bgl,(S) C Sp.

Writing S"t! as the suspension of S™, we obtain the following pushout de-
scribing the colimit of &:

Cohms’n n ————» S
|S

| l

S ——— colimgn+1 & = ME

By construction, § g is a constant functor, so the colimit evaluates to S @ S.
It follows that, under the equivalence colimg» ~ S ® S, the above pushout
square is equivalent to the square

St @S —2—'S
S — M¢

where the map pr is induced by the map S™ — *. The left vertical map is,
however, not simply the projection, rather it corresponds under adjunction
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to a map ST — map(S,S) = S which happens to land in the subspace gl; (S)
and is then induced by the clutching function S™ — gl;(S) associated to the
map &: S™ — Bgly(S). Therefore, under the isomorphism 7,1 (Bgl,(S)) =
T (gl1(S)) = 7, (S), the map £ corresponds to a map z: S™ — S, and we obtain
a pushout

ST®S 'S

SN

S — M¢
from which we obtain a cofiber sequence S™ ® S = S” 5 S — M¢ as claimed.
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