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Random walk and Fibonacci matrices
Theo van Uem

(Communicated by Matthias Lowe)

Abstract. We study a discrete random walk on a one-dimensional finite lattice, where each
state has different probabilities to move one step forward, backward, staying for a moment, or
being absorbed. We obtain expected number of arrivals and expected time until absorption
using a new concept: Fibonacci matrices.

1. INTRODUCTION

A discrete random walk with variable absorbing probabilities is described
in every state ¢ (¢ =0,1,...,N) by the one-step forward probability p;, the
one-step backward probability g;, the probability to stay for a moment in the
same position r;, and s; is the probability of absorption in state ¢, where
pi+q+ri+s;=1(i=0,1,...,N). For this type of random walk, we use the
notation [pgrs]. In literature (see references), there is a focus on random walks
with one or two reflecting and/or absorbing barriers. In this paper, we have the
freedom of absorption/reflection in any point at any time with state dependent
probabilities. In this way, we can model more complicated situations in physics
and operations research. In Section 2, we analyze a set of difference equations
which is strongly related to the expected number of arrivals and expected time
until absorption. Fibonacci numbers and Fibonacci matrices (a new concept)
play an important role in this setting. In Sections 3 and 4, we obtain results
for expected number of arrivals and expected time until absorption for a [pgrs]
random walk on [0, N]. In Section 5, we analyze two simple random walks and
their relations to Fibonacci numbers.

2. DIFFERENCE EQUATIONS AND FIBONACCI MATRICES

In Section 3, we calculate the expected number of arrivals, and we have to
solve equations (see (3))

Tp = Pn—1Tn—1 + n+1Tn+1 + " Tpn + 5("; iO) (0 <n< N)7
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and in Section 4, we obtain results for expected time until absorption, where
we have to deal with (see (20))

m; = piMmit1 + gmi—1 +rim; +1 (1 <i< N —1).

We shall see that both sets of equations can be handled by solving the next
set, which will be the object of research in this section:

(1) Tit1 = Ani®i + Pmyi—1Ti—1 (1 =1,2,...,N),
xo=1, x1=An, (Mm€EZ).

We will define Fibonacci matrices which generate in a natural way a unique
solution of difference equations (1). We start with a Fibonacci sequence

fo=hH=1, for1=fot+tfacr (n=12,...)

Definition 2.1. Fibonacci matrices: Fy = [1], F1 = [Ay] (m € Z), where F, 41
(n=1,2,...) with elements 7" (i=1,2,...,n+1, j=12..., fus1) is
recursively defined by Table 1.

T

) 1. fn Fot 1o fu

. Fn anl
n 1...1
n+1 )\m+n e )\m+n Hm+4n—1 -+ bm+n—1
TABLE 1. F,4;

So we have
[ A 1
F = m :
2 _Am+1 Hm
[ A 1 Am
F3 = )\m+1 Hm 1 )

)\m+2 /\m+2 Hm+1

Am 1 Am A 1
Fy = Amt1 Hm 1 Am41 M
Am+2  Amt2  Hmtl 1 1
Am+3  Am+3  Am+43  Hm42  Mmt2

Lemma 2.2. 74,45 =Tij, where 1 <i<n—1,1<7< fr_1.

Proof. The element F,, in Table 1 can be split in F,,_; and F,,_s (and some
A, i, and 1 below). The element F,_; is in the upper left corner with rows 1
until n — 1 and columns 1 until f,,_;. The same element F,_; can be found
in rows 1 until n — 1 and columns f,, + 1 until f,, + fn—1 (= fat1)- O

Definition 2.3. Fj =1; F; = Y [T, 7™ (n=1,2,....N +1).
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Proposition 2.4. F}, wheren=0,1,...,N + 1, is a solution of (1).

Proof.
Jrng1n+l fn n+1 fr+1 n+1
Fa= S I =0T+ Y T
J=1 k=1 j=1 k=1 j=fn+1k=1
fn n frnt1 -1
_ m) _(m) m)_(m
=S|+ 5 [T
Jj=1"%k=1 J=fn+1
fn+1 n—1
ST s S T
j=1k=1 Jj=fn+1k=1
frn—1n—1
= Am—i—nF; + Hm+n—1 Z H T]g;n) = )\m+nF7t + Hm+n— 1Fn 1
j=1 k=1
where we used Lemma 2.2 in the penultimate step. O

Theorem 2.5. The solution of the linear system (1) is

(2) wo=1, ZH (M (i=1,2,...,N +1),

j=1k=1

where
o forj < fit1,

)\m+i71 (j:1727"'7fi71)7
fgm) = tmt+i-2 (G=ficr+1,...,fi),
1 G=rfi+1,..., firr);

o forj> fii1, there exists n € N such that 1 + f, < j < fpy1. Let

. . n—1
ﬂ—j_(fn+fn—2+"'+fn—22) (é—ovla---a{ B) J)v
k=min{¢ € N|j, < fit1};

then
)\m+i—1 (jk = 1725"'7fi—1)7
(m) _ _(m) _ , Lo .
Tig = Tige — \ Hm+i-2 (jk _f1—1+1a"'7fz)a
1 Uk =fi+ 1., fixr)
Proof. We start with the first case.
Case j < fi+1: Substituting (2) in (1) yields

fit1 i+1 —1i—1
90| ETAERU o | EEVANES o) £11
j=1 k=1 j=1k=1 j=1 k=1
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SO

fit1
(m)_(m) M)
Z T T2i - 1+1,J Z Tl] T2J T Amti

Jj=1

+ Z le T2] e 1(m1)g L. Hm+i—1-

Using Lemma 2.2, we get

fiy1
(m)__(m) (m)

ZTU T2J - 1+1,J ZTU Toj - Tij Amti
— (m)
Z 7'17” TQ;n . Tlmlj Lo fbmsio1-
Jj=fi+1

It follows
Ti(-ﬁ),j =Amti (G i)

and

T(m)_l T(m) _ . (f+1<< .

ij = b i+1,5 — Hm+i—1 i AR fz+1)~
Case j > fiy1: there exists n € N such that 1+ f, < j < foy1, so

1 SJO:j_fn an—l-
Let jo (0 =1,2,...,[%51]) be defined by
Je=Je—1— fn—20 < frn—2e—1.

It follows

Je=73—(fn+ fn—o+ -+ fr_20) (520,1,...,{n;1J).

(m) _ (m) _ (m) _ L(m)

Using Lemma 2.2, 7, .7 =7, ;7 =7, | T; g, » where ¢ <n —1.
Let k =min{f € N | j, < fz+1} then jg S f1+1, so we can apply the first
part of this proof. |

Notation 2.6.

A = A (A p) = ZHW i=12... N+1),
j=1k=1

where \ = (/\ma/\m—i-lv - -;/\m+N)7 o= (,um,um_H, e 7Nm+N—1)-

Definition 2.7. Aém) =1, A(_nz) =0 (me€Z).
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Theorem 2.8. Ag{,nﬁl = /\mA%nH) + umAg\r,nflz), where me Z, N=0,1,2,....

Proof. We write the linear system
Tig1 = Appii + i1z (1=1,2,...,N),
ro=1, x1=Ap

in matrix notation

1 0 0o - ... ... 07
Am —1 0 0 . 1
m )\m _]- 0
M' +1 0 ) 0
' ' T2 — 0
L 0 0 0 - fmiN-1 Amyn —1]

The determinant of the matrix is (—1)¥*!. Using Cramer’s rule, we get

A%@l = IN+1

1 0 0 --- e e 1]
Am —1 0
Hm )\m+1 -1 0
= (—1)N*! det e
L 0 0 0 ot MUm4N-—1 )\m+N 0_
Am —1

Hm )\erl -1

Hm+N—-1 Am4N

A1 —1
= A\, det
Pm+N—-1  Am+N
Amy2  —1
+ i, det
Hmi+N—-1 AmiN
= A AT g, A O
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3. EXPECTED NUMBER OF ARRIVALS
We start with two definitions.

Definition 3.1. pgf) = P(system is in state j after k steps | start in 7).

Definition 3.2. z; =z;; = Y 1o pl(.f), where z; is the expected number of
arrivals in j when starting in <.

We analyze a finite discrete random walk with different absorbing probabil-
ities: in every state i (¢ =0,1,..., N), we have one-step forward probability
p;, one-step backward probability ¢;, probability to stay for a moment in the
same position r;, and s; is the probability of absorption in state i, where
pitqg+ri+s;=13E=0,1,...,N) and go = py = 0. The starting point of
the random walk on [0, N] is 39 (0 < iy < N).

Theorem 3.3.
(3) Tn = Pn—-1Tn—1 + Gnt1Tn+1 + Ta®n + 0(n,i0) (0 <n < N).
Proof. When 0 < ig < N, we have

zo =Y P =Pl + Zprfl Yt = 8(io ) + sz n szk Y
k=0

=0(i0,n) + Pp—1Tn—1 + Gn+1Tns1 + TnTn-
When ¢9 = 0 or ig = NN, the prove goes along the same lines. O
Lemma 3.4. The linear system
(4) Tig1 = Ny + pi—1xi—1 (i=1do+1,i0+2,...,N)
gwen x;, and x; 41 has the solution
(5) igrhi1 =Tig41 AT O 1) + pioin AT\ ) (k=1,2,...,N —ig).
Proof. We use induction.
(i) Substituting k =1 in (5) gives
i+ = Tig 1 AV TV O 1)+ 130 2ig AT TP (O 1) = Mg 12041+ pio iy -
(il) We give that (4) is correct for i = 4o + k — 1 and i = ip + k. We have
Tig+h+1 = Nig+kTig+k + Hig+k—1Tig+k—1
= Mgt k[0 1 AVOTY 4 g0y AT
+ i k— 1[x10+1A(10+1) + //L’LoxigA]E;iE;_Q)]
= [Nig+r A} ZO+ )4 ,Ui0+k—1A(iE+1)]mio+1
+[A 10+kA(10+ D ttig i1 AV T o i,

(io+1) (i0+2)
= xioJrlAk + MioxioAk—l )
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where in the last step we used that Agm) is a solution of (1); substitute m =
io+1l,i=k—1,and m=ip+2,i=k—21in (1). So (4) is also correct for
i=19+k+1

(iii) Apply induction. O

In this section, we use Agm)()\, i) (m > 0), where

)\:()\m7)\m+17"'7)\N)7 M:(Mmaum+la"'7MNfl)a

1—mr i
Ai = /L) fi = — b .
qi+1 qi+2

We also use Agm) (p,8) (m < 0), where

p:(pmapm-‘rl?"'apo)v 0= (0m79m+1;---;0—1)7

1—r; i
pfi:—ra 9%‘:_(1—'
Pi—1 Pi—2
Theorem 3.5.
e For0<ig<N,
A(27io)(p7 0) As\ifo-i-?) (A, 1) -1
(6) @iy = L= 1ip + Pig10ig 38 g, |
AL (p,0) AR O

Fork=0,1,...,N — i,
() Tigsrrr = Hioin [AL T (0 ) AGED (, p)
— AP O, AP O ALY ()Y
and for k=0,1,...,i0— 1,
2—1, 1—1
(8)  Tig—hrn) = —ioTig [AL " (0, 0) AL ") (p,0)
2—1, 1—1 1—14 —
— AP (p,0) AL (0, )][AL T (p,0)] 7

e Foriyg=0,

AW
(9) To = ](\(]3) )
NAN
AW 40 _ 4) 4(0)
(10) g = Nt (O)H Nl (i=1,...,N)

NAN
Proof. We treat the two cases separately.

Case 0 < ig < N: We introduce two artificial states, NV + 1 and —1, with spec-
ifications

(11) IN+1 = 0, r_1 = 0,
(12) gn+1 >0, p_1>0.
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Using (3), we get forward and backward equations

1—mr; Di—1

(13) Ti+1 = Ty — Ti—1
qi+1 qi+1
=N + Wi—1Ti—1 (t=1d0+ 1,90 +2,...,N),
1—7r X
(14) P Ti 25 — qi+1 Tirt
Pi—1 Pi—1

= p—iTi +0_(i11)Tit1 (i =1 —1,i0 — 2,...,0).

By induction, we can prove that solutions of (13) and (14) are (see Lemma 3.4
for a proof of the first linear system; the second one can be proved the same

way)

(15) Tigtk+1 = 3310+1A potl) (/\ 1)
iz AT ) (B=1,2,.. N — i),

(16) @iy (rrr) = Tig 1AL (p, )
0z AP (0,0) (k=1,2,...,i0).

Using (11), (12), (15), and (16), we get

(17) TNt = Tigr1 AN (O 1) + iy AT (N 1) =0,
(18) T_1 = Tjy— 1A(1 lo)(p, 0) + o—igmioAl('?,;O)(p, 0) =0.

Substituting n = 4o in (3) gives
(19) (1= 7ig)Tip = 14 Pig—1Tig—1 + Gig+1Tig+1-

Using (17), (18), and (19), we get the expected number of arrivals in the
starting point ig; see (6).

For k=0,1,...,N — ig, we find the expected number of arrivalsin iqg + k£ + 1
(use (19), (17), and (15)); see (7).

For k=0,1,...,4, we get (8) (use (19), (18), and (16)).

Case ig =0 (i9p = N proceeds along the same lines): Instead of two artificial
states, we now need one artificial state N + 1 with xny11 =0, gny4+1 > 0. We
get (use (3))

1—-mr; Pi—1

Tiy1 = i — Tic1 =N + i1z (=1,2,...,N),
qi+1 qi+1
1—r 1 1
T = OCUO__:)\OxO__ (i =0),
q1 q1 q1

with solution (proved by induction)

1
2 = x0 A — q_Agg (i=1,2,...,N+1),
1
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where Agm) = Agm)(A, 1). Using the artificial state, we get
1
IN+1 = Z‘QAE\?ZH — —Ag\}) = 0,
q1
resulting in (9) and (10). O

Remark. Equation (9) can also be derived from (6): use Theorem 2.8 and
19 = 07 b-1= 0.

4. EXPECTED TIME UNTIL ABSORPTION

Let T; be the time until absorption when starting in ¢ (¢ =0,1,...,N).

Definition 4.1. m; = E[T;] = Y ;- kP(T; = k) (i =0,1,...,N), where m;
is the expected time until absorption when starting in .

In this section, we demand s; >0 (i =0,1,...,N). Let
s = min(sg, S1,--.,8N)-

Then P(no absorption after n steps) < (1 — s)™, so absorption will always oc-
cur: > oo P(T; =k) = 1.

Theorem 4.2.

mo = pom1 + romo + 1,
(20) m; = pimiy1 +qmi—y +rimi+1 (1 <i <N —1),

my =gNnmpy-1+rymy + 1.

Proof. We prove (20). The rest is going along the same lines.

mi = B[] =Y kP(Ti=k) =Y (k= 1)P(I;=k)+ > _ P(I; = k)
k=1 k=1 k=1
=) (k=1{piP(Tis1 =k -1+ q@P(Ti-a=k—1)
k=2 +rP(Ti=k—1)}+1
= PiMit1 + ¢imi—1 +mim; + 1. O

Another way to obtain (20) is by observing the next step of the random
walk: with probability p;, we move to state ¢ + 1, and then our expectation of
time until absorption is m;y;. But we did one step, so we have to deal with
14+ m;41. The last term is about absorption in one step:

m; =pi(L+mit1) +q(l+mi—1) +r(l+m)+s.1 1<i<N-1).
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In this section, we use the abbreviations

1—mr; .

wi=—"t (i=0,...,.N—1), wy=1-ry,
Di

¢Z:_%_+1 (ZZO,,N—Z), qu—l:_qNa
Pit+1
1

Q= —— (t=0,...,N—1), ay = —1.
Di

Theorem 4.3. For 0 <i <N,

(21) m; = ZAEE),C%A
k=1

AEO) [wn Zgﬂ A%lkak—l +oN-—1 Zé\:l Ag\?ll—kak—l + an]
WNAE\?) + ¢N—1A§8)_1

Proof. The N + 1 forward equations are (using Theorem 4.2)

(1 —’r‘o) 1
mp = ————mg — — = wWeMo + Qp,

Do Do

(1—ry) qi 1

miy+1 = m; — —Mmij—1 — —

Di Di Di

=wim; + ¢;_1mi_1 + (’L =1,2,...,N — 1),
(22) 0= (l—rN)mN—quN_1—lszmN—i—(bN_lmN_l—FaN.

By induction (as in Lemma 3.4), we can prove

(23) mi =moA” +3 AW ey (i=0,1,...,N),
k=1

where Agm) = Agm)(w, @), with w = (W, ..., wn) and ¢ = (Gmy ..., ON_1)-
Substituting (23) in (22), we obtain my, and again using (23), we get (21). O

5. RANDOM WALK AND FIBONACCI NUMBERS

In this section, we study two simple random walks and their relation to
Fibonacci numbers.

5.1. Homogeneous transition probabilities. We first consider a random
walk on [0, N| where we have homogeneous transition probabilities and there
is no option to stay for a moment in any state: p; =p, ¢ =¢q, 7, =0, s; = s
(i=1,2...,N=1),p+q+s=1,po=p,so=1-p,qv=¢q, sy =1—q. We
start in 0.

Theorem 5.2.
5] Nk k
= —Ppq
@) mad o 2 GO Ly

S (VR (g
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Proof. Using (9) and homogeneity (superscripts in Agm) can be omitted, and

)\1':/\:%,m:,u:—g),weget,whenN:I,

R
@AY A g +p) 1-pg
Using (9) and Theorem 2.8 yields

(25) ahl =

€))
20— A 4
Q1A§'?1 qu+1
SO
Aj 141
=qxy,
Aot q%q
G _ A Aj _ A
0 qAjie M+ A} Ajp — pA;
B 1 B 1
= = _
1- PA 1 —pqxg]
We get
2] 1—pq ~ 1-pg
Ty = = ,
(1-pg) —pgl 1-2pg
S8 _ 1 —2pq 1—2pq
Bl =

(1—2pg) —pg(l —pg)  1—3pq—+ p3q?

This leads to (24), which can be proven by using induction to N.

(i) N =1 is correct; see (25).

(ii) Suppose (24) is correct up to N 4 1. We first rewrite (24) to xEN} =
then

1 —pquN] ~ oNt1—DpoN’

[N+1] _ 1 ON+1
x =

and for all terms except the first and last one in o1 — pgon,
N-k+1 N -k
aN+1—pan=Z< A )(—pq)k—qu( " >(—pq)k
B N-EkE+1 N-Ek+1 &
() (L e
N—Fk+2
= Z ( k )(—pQ)k = ON+2-

oN+1’

The first term in on41 — pgon is the first term in on41; the last term in
ON41 — pqon is the last term in —pgoy with index [§ ]+ 1= [2F2]. So (24)

is also correct for N + 2.
(iii) Apply induction to N.
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5.3. Partial absorbing barriers in the endpoints. Our next random walk
is more restricted. We study simple random walk with partial absorbing bar-
riers in the endpoints. See the previous random walk, but now with s; =0
(i=1,2,...,N—1), p+q=1.

Theorem 5.4.
N g+ — pN+1
L7 N—k L ﬁ (p # q),
(26) (—pa)" =
i\ F N+1 1
= SN (r=q=3)
Proof. The well-known probability of absorption in state 0 is
1- (B
_ q
qgro = W (p#q).
q
So we have
N+1 N+1

q - D

0= "N N5 PF D
gN+2 — pN+2

Using (24), we guess the first part of (26), which can be proven by induction
to N.

The second part of (26) is obtained by applying de ’'Hospitals rule on the
first result, or by induction to N. O

Theorem 5.5.

Nk 1 &N
( L )tk 2—NZ(2 +1)(1+4t)".

k=0
N
Proof. Let fy:= ,& 3 (N k)tk be the continuation of Z,&ié (N k)( —pq)F
to R. Taking t = —pq gives p> —p —t = 0 and
e = "t —pNTt (1 VT AN — (1 - T4 4N
e q-—p 2N+1/1 + 4¢

1 N+1
- 2n+1

[\)

)(1 + 41" O

Corollary 5.6.

1 N +1
N=0,1,2,...).
N 2N2(2n+1) ( 0777 )

By repeated differentiating of fy ¢, we get the “moments” of

IR
= (Y1)
k=0
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for example,

oz
w2

J

]
N —k 1 N+1
’ _ _ n—1
(fN,t)t:l = k_1k< 1 ) =582 2 (2n+ 1) n.b" T
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